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Preface to the Series 


The Niels Henrik Abel Memorial Fund was established by the Norwegian gov- 
ernment on January 1, 2002. The main objective is to honor the great Norwegian 
mathematician Niels Henrik Abel by awarding an international prize for outstand- 
ing scientific work in the field of mathematics. The prize shall contribute towards 
raising the status of mathematics in society and stimulate the interest for science 
among school children and students. In keeping with this objective the board of the 
Abel fund has decided to finance one or two Abel Symposia each year. The topic 
may be selected broadly in the area of pure and applied mathematics. The Sym- 
posia should be at the highest international level, and serve to build bridges between 
the national and international research communities. The Norwegian Mathematical 
Society is responsible for the events. It has also been decided that the contributions 
from these Symposia should be presented in a series of proceedings, and Springer 
Verlag has enthusiastically agreed to publish the series. The board of the Niels Hen- 
rik Abel Memorial Fund is confident that the series will be a valuable contribution 
to the mathematical literature. 


Ragnar Winther 

Chairman of the board of the Niels Henrik Abel Memorial Fund 


Preface 


The 2007 Abel Symposium took place at the University of Oslo from August 5 to 
August 10, 2007. The aim of the symposium was to bring together mathematicians 
whose research efforts have led to recent advances in algebraic geometry, algebraic 
K- theory, algebraic topology, and mathematical physics. The common theme of this 
symposium was the development of new perspectives and new constructions with a 
categorical flavor. As the lectures at the symposium and the papers of this volume 
demonstrate, these perspectives and constructions have enabled a broadening of vis- 
tas, a synergy between once-differentiated subjects, and solutions to mathematical 
problems both old and new. 

This symposium was organized by two complementary groups: an external 
organizing committee consisting of Eric Friedlander (Northwestern, University of 
Southern California), Stefan Schwede (Bonn) and Graeme Segal (Oxford) and a 
local organizing committee consisting of Nils A. Baas (Trondheim), Bjprn Ian 
Dundas (Bergen), Bjprn Jahren (Oslo) and John Rognes (Oslo). 

The webpage of the symposium can be found at http://abelsymposium.no/ 
symp2007/info.html 

The interested reader will find titles and abstracts of the talks listed here 
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as well as a few online lecture notes. Moreover, one will find here useful information 
about our gracious host city, Oslo. 

The present volume consists of 12 papers written by participants (and their 
collaborators). We give a very brief overview of each of these papers. 
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“The classifying space of a topological 2-group” by J.C. Baez and D. Stevenson: 
Recent work in higher gauge theory has revealed the importance of categorising the 
theory of bundles and considering various notions of 2-bundles. The present paper 
gives a survey on recent work on such generalized bundles and their classification. 

“String topology in dimensions two and three” by M. Chas and D. Sullivan 
describes some applications of string topology in low dimensions for surfaces and 
3-manifolds. The authors relate their results to a theorem of W. Jaco and J. Stallings 
and a group theoretical statement equivalent to the three-dimensional Poincare 
conjecture. 

The paper “Floer homotopy theory, realizing chain complexes by module spectra, 
and manifolds with corners”, by R. Cohen, extends ideas of the author, J.D.S. Jones 
and G. Segal on realizing the Floer complex as the cellular complex of a natural 
stable homotopy type. Crucial in their work was a framing condition on certain 
moduli spaces, and Cohen shows that by replacing this by a certain orientability 
with respect to a generalized cohomology theory E*, there is a natural definition of 
Floer E* -homology. 

In “Relative Chern characters for nilpotent ideals” by G. Cortinas and C. Weibel, 
the equality of two relative Chern characters from K - theory to cyclic homology is 
shown in the case of nilpotent ideals. This important equality has been assumed 
without proof in various papers in the past 20 years, including recent investigations 
of negative K- theory. 

H. Esnault’s paper “Algebraic differential characters of flat connections with 
nilpotent residues” shows that characteristic classes of flat bundles on quasi- 
projective varieties lift canonically to classes over a projective completion if the 
local monodromy at infinity is unipotent. This should facilitate the computations in 
some situations, for it is sometimes easier to compute such characteristic classes for 
flat bundles on quasi-projective varieties. 

“Norm varieties and the Chain Lemma (after Markus Rost)” by C. Haesemeyer 
and C. Weibel gives detailed proofs of two results of Markus Rost known as the 
“Chain Lemma” and the “Norm principle”. The authors place these two results in 
the context of the overall proof of the Bloch-Kato conjecture. The proofs are based 
on lectures by Rost. 

In “On the Whitehead spectrum of the circle” L. Hesselholt extends the known 
computations of homotopy groups 7t q (Wh T ° v (S 1 )) of the Whitehead spectrum of 
the circle. This problem is of fundamental importance for understanding the home- 
omorphism groups of manifolds, in particular those admitting Riemannian metrics 
of negative curvature. The author achieves complete and explicit computations 
for q < 3. 

J.F. Jardine’s paper “Cocycle categories” presents a new approach to defining 
and manipulating cocycles in right proper model categories. These cocycle methods 
provide simple new proofs of homotopy classification results for torsors, abelian 
sheaf cohomology groups, group extensions and gerbes. It is also shown that the 
algebraic K-theory presheaf of spaces is a simplicial stack associated to a suitably 
defined parabolic groupoid. 
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IX 


“A survey of elliptic cohomology” by J. Lurie is an expository account of the rela- 
tionship between elliptic cohomology and derived algebraic geometry. This paper 
lies at the intersection of homotopy theory and algebraic geometry. Precursors are 
kept to a minimum, making the paper accessible to readers with a basic back- 
ground in algebraic geometry, particularly with the theory of elliptic curves. A more 
comprehensive account with complete definitions and proofs, will appear elsewhere. 

“On Voevodsky’s algebraic K - theory spectrum” by I. Panin, K. Pimenov and 
O. Rondigs resolves some AT-theoretic questions in the modern setting of motivic 
homotopy theory. They show that the motivic spectrum BGL , which represents 
algebraic K - theory in the motivic stable homotopy category, has a unique ring struc- 
ture over the integers. For general base schemes this structure pulls back to give a 
distinguished monoidal structure which the authors have employed in their proof of 
a motivic Conner-Floyd theorem. 

The paper “Chern character, loop spaces and derived algebraic geometry” 
authored by B. Toen and G. Vezzosi presents work in progress dealing with a 
categorised version of sheaf theory. Central to their work is the new notion of 
“derived categorical sheaves”, which categorises the notion of complexes of sheaves 
of modules on schemes. Ideas originating in derived algebraic geometry and higher 
category theory are used to introduce “derived loop spaces” and to construct a Chern 
character for categorical sheaves with values in cyclic homology. This work can be 
seen as an attempt to define algebraic analogs of elliptic objects and characteristic 
classes. 

“Voevodsky’s lectures on motivic cohomology 2000/2001” consists of four parts, 
each dealing with foundational material revolving around the proof of the Bloch- 
Kato conjecture. A motivic equivariant homotopy theory is introduced with the 
specific aim of extending non- additive functors, such as symmetric products, from 
schemes to the motivic homotopy category. The text is written by P. Deligne. 

We gratefully acknowledge the generous support of the Board for the Niels 
Henrik Abel Memorial Fund and the Norwegian Mathematical Society. We also 
thank Ruth Allewelt and Springer- Verlag for constant encouragement and support 
during the editing of these proceedings. 


Nils A. Baas 
Eric M. Friedlander 
Bjprn Jahren 
Paul Arne 0stvaer 


Trondheim, Los Angeles and Oslo 
March 2009 
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The Classifying Space of a Topological 2-Group 


John C. Baez and Danny Stevenson* 


Abstract Categorifying the concept of topological group, one obtains the notion 
of a “topological 2-group”. This in turn allows a theory of “principal 2-bundles” 
generalizing the usual theory of principal bundles. It is well known that under 
mild conditions on a topological group G and a space M, principal G -bundles 
over M are classified by either the Cech cohomology H l (M,G ) or the set of 
homotopy classes [M, BG ], where BG is the classifying space of G. Here we 
review work by Bartels, Jurco, Baas-Bokstedt-Kro, and others generalizing this 
result to topological 2-groups and even topological 2-categories. We explain vari- 
ous viewpoints on topological 2-groups and the Cech cohomology H l (M , Q) with 
coefficients in a topological 2-group Q, also known as “nonabelian cohomology”. 
Then we give an elementary proof that under mild conditions on M and Q there 
is a bijection H l (M , Q) = [M, B \Q\\ where B\Q\ is the classifying space of the 
geometric realization of the nerve of Q. Applying this result to the “string 2-group” 
String(G) of a simply-connected compact simple Lie group G, it follows that princi- 
pal String(G)-2-bundles have rational characteristic classes coming from elements 
of H*(BG , Q)/(c), where c is any generator of H 4 (BG , Q). 

1 Introduction 

Recent work in higher gauge theory has revealed the importance of categorifying 
the theory of bundles and considering “2-bundles”, where the fiber is a topological 
category instead of a topological space [4]. These structures show up not only in 
mathematics, where they form a useful generalization of nonabelian gerbes [8], but 
also in physics, where they can be used to describe parallel transport of strings 
[29,30]. 
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The concepts of “Cech cohomology” and “classifying space” play a well-known 
and fundamental role in the theory of bundles. For any topological group G, 
principal G -bundles over a space M are classified by the first Cech cohomology 
of M with coefficients in G. Furthermore, under some mild conditions, these Cech 
cohomology classes are in 1-1 correspondence with homotopy classes of maps from 
M to the classifying space BG. This lets us define characteristic classes for bundles, 
coming from cohomology classes for BG. 

All these concepts and results can be generalized from bundles to 2-bundles. 
Bartels [5] has defined principal G-2-bundles where Q is a “topological 2-group”: 
roughly speaking, a categorified version of a topological group. Furthermore, his 
work shows how principal G-2-bundles over M are classified by the 

first Cech cohomology of M with coefficients in Q. This form of cohomology, also 
known as “nonabelian cohomology”, is familiar from work on nonabelian gerbes 
[7,17]. 

In fact, under mild conditions on Q and M , there is a 1-1 correspondence 
between H l (M , Q) and the set of homotopy classes of maps from M to a certain 
space B \Q \ : the classifying space of the geometric realization of the nerve of Q. So, 
B \Q\ serves as a classifying space for the topological 2-group Q ! This paper seeks to 
provide an introduction to topological 2-groups and nonabelian cohomology leading 
up to a self-contained proof of this fact. 

In his pioneering work on this subject, Jurco [20] asserted that a certain space 
homotopy equivalent to ours is a classifying space for the first Cech cohomol- 
ogy with coefficients in Q. However, there are some gaps in his argument for this 
assertion (see Sect. 5.2 for details). 

Later, Baas, Bokstedt and Kro [1] gave the definitive treatment of classifying 
spaces for 2-bundles. For any “good” topological 2-category C, they construct a clas- 
sifying space BC. They then show that for any space X with the homotopy type of 
a CW complex, concordance classes of “charted C-2-bundles” correspond to homo- 
topy classes of maps from M to BC. In particular, a topological 2-group is just a 
topological 2-category with one object and with all morphisms and 2-morphisms 
invertible - and in this special case, their result almost reduces to the fact mentioned 
above. 

There are some subtleties, however. Most importantly, while their “charted 
C-2-bundles” reduce precisely to our principal G-2-bundles, their classify these 
2-bundles up to concordance, while we classify them up to a superficially differ- 
ent equivalence relation. Two G-2-bundles over a space X are “concordant” if they 
are restrictions of some G-2-bundle over X x [0, 1] to the two ends X x {0} and 
X x {1}. This makes it easy to see that homotopic maps from X to the classify- 
ing space define concordant G-2-bundles. We instead consider two G-2-bundles to 
be equivalent if their defining Cech 1 -cocycles are cohomologous. In this approach, 
some work is required to show that homotopic maps from X to the classifying space 
define equivalent G-2-bundles. A priori, it is not obvious that two G-2-bundles are 
equivalent in this Cech sense if and only if they are concordant. However, since the 
classifying space of Baas, Bokstedt and Kro is homotopy equivalent to the one we 
use, it follows from that these equivalence relations are the same - at least given Q 
and M satisfying the technical conditions of both their result and ours. 
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We also discuss an interesting example: the “string 2-group” String(G) of a 
simply-connected compact simple Lie group G [2, 18]. As its name suggests, this 
2-group is of special interest in physics. Mathematically, a key fact is that | String 
(G) |- the geometric realization of the nerve of String(G) - is the 3-connected cover 
of G. Using this, one can compute the rational cohomology of i?|String(G)|. This 
is nice, because these cohomology classes give “characteristic classes” for principal 
G-2-bundles, and when M is a manifold one can hope to compute these in terms 
of a connection and its curvature, much as one does for ordinary principal bundles 
with a Lie group as structure group. 

Section 2 is an overview, starting with a review of the classic results that 
people are now categorifying. Section 3 reviews four viewpoints on topological 
2- groups. Section 4 explains nonabelian cohomology with coefficients in a topolog- 
ical 2-group. Finally, in Sect. 5 we prove the results stated in Sect. 2, and comment 
a bit further on the work of Jurco and Baas-Bokstedt-Kro. 


2 Overview 

Once one knows about “topological 2-groups”, it is irresistibly tempting to general- 
ize all ones favorite results about topological groups to these new entities. So, let us 
begin with a quick review of some classic results about topological groups and their 
classifying spaces. 

Suppose that G is a topological group. The Cech cohomology H l (M , G) of a 
topological space M with coefficients in G is a set carefully designed to be in 1-1 
correspondence with the set of isomorphism classes of principal G -bundles on M. 
Let us recall how this works. 

First suppose U = {£/*■} is an open cover of M and P is a principal G -bundle 
over M that is trivial when restricted to each open set Ui . Then by comparing local 
trivialisations of P over U[ and Uj we can define maps gfj : U[ Pi Uj -> G : the 
transition functions of the bundle. On triple intersections Uj Pi U j P £4, these maps 
satisfy a cocycle condition: 


gij(x)gjk(x ) = g ik (x) 

A collection of maps gjj : Ui P Uj -> G satisfying this condition is called a 
“Cech 1 -cocycle” subordinate to the covert. Any such 1 -cocycle defines a principal 
G -bundle over M that is trivial over each set Uj . 

Next, suppose we have two principal G -bundles over M that are trivial over each 
set £//, described by Cech 1 -cocycles gjj and g[j , respectively. These bundles are 
isomorphic if and only if for some maps ft :Uj -> G we have 


gij(x)fj(x ) = fi(x)g / ij (x) 
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on every double intersection U[ Pi Uj . In this case we say the Cech 1 -cocycles 
are “cohomologous”. We define H l (U , G) to be the quotient of the set of Cech 
1 -cocycles subordinate to U by this equivalence relation. 

Recall that a “good” cover of M is an open cover U for which all the non- 
empty finite intersections of open sets U[ in U are contractible. We say a space 
M admits good covers if any cover of M has a good cover that refines it. For exam- 
ple, any (paracompact Hausdorff) smooth manifold admits good covers, as does any 
simplicial complex. 

If M admits good covers, H l (U , G) is independent of the choice of good cover 
hi. So, we can denote it simply by H l (M , G). Furthermore, this set H l (M , G) is 
in 1-1 correspondence with the set of isomorphism classes of principal G -bundles 
over M . The reason is that we can always trivialize any principal G -bundle over the 
open sets in a good cover. 

For more general spaces, we need to define the Cech cohomology more carefully. 
If M is a paracompact Hausdorff space, we can define it to be the inverse limit 

H\M,G ) = lim H 1 (U, G) 

u 

over all open covers, partially ordered by refinement. 

It is a classic result in topology that H l (M , G) can be understood using homo- 
topy theory with the help of Milnor’s construction [13, 26] of the classifying 
space BG : 

Theorem 0. Let G be a topological group. Then there is a topological space BG 
with the property that for any paracompact Hausdorff space M, there is a bijection 

H\M , G) ^ [M,BG] 

Here [ X , Y] denotes the set of homotopy classes of maps from X into Y. The 
topological space BG is called the classifying space of G. There is a canonical 
principal G -bundle on BG, called the universal G -bundle, and the theorem above 
is usually understood as the assertion that every principal G -bundle P on M is 
obtained by pullback from the universal G -bundle under a certain map M -> BG 
(the classifying map of P). 

Now let us discuss how to generalize all these results to topological 2-groups. 
First of all, what is a “2-group”? It is like a group, but “categorified”. While a 
group is a set equipped with functions describing multiplication and inverses, and 
an identity element , a 2-group is a category equipped with functors describing mul- 
tiplication and inverses, and an identity object. Indeed, 2-groups are also known as 
“categorical groups”. 

A down-to-earth way to work with 2-groups involves treating them as “crossed 
modules”. A crossed module consists of a pair of groups H and G, together with a 
homomorphism t: H -> G and an action a of G on H satisfying two conditions, 
(4) and (5) below. Crossed modules were introduced by Whitehead [35] without 
the aid of category theory. Mac Lane and Whitehead [22] later proved that just 
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as the fundamental group captures all the homotopy-invariant information about a 
connected pointed homotopy 1-type, a crossed module captures all the homotopy- 
invariant information about a connected pointed homotopy 2-type. By the 1960s 
it was clear to Verdier and others that crossed modules are essentially the same 
as categorical groups. The first published proof of this may be due to Brown and 
Spencer [10]. 

Just as one can define principal G -bundles over a space M for any topologi- 
cal group G, one can define “principal G-2-bundles” over M for any topological 
2-group Q. Just as a principal G -bundle has a copy of G as fiber, a principal Q- 2- 
bundle has a copy of Q as fiber. Readers interested in more details are urged to read 
Bartels’ thesis, available online [5]. We shall have nothing else to say about prin- 
cipal G-2-bundles except that they are classified by a categorified version of Cech 
cohomology, denoted H l (M , Q). 

As before, we can describe this categorified Cech cohomology as a set of cocy- 
cles modulo an equivalence relation. Let U. be a cover of M . If we think of the 
2-group Q in terms of its associated crossed module (G, H,t,a), then a cocycle 
subordinate to U consists (in part) of maps gij : U[ Pi U j ^ G as before. However, 
we now “weaken” the cocycle condition and only require that 


tQlijk)gij S jk — Si k (1) 

for some maps h[jk : £// D U j D Uk -> H . These maps are in turn required to satisfy 
a cocycle condition of their own on quadruple intersections, namely 


a(gij)(hjki)hiji — hijkhiki (2) 

where a is the action of G on H . This mildly intimidating equation will be easier 
to understand when we draw it as a commuting tetrahedron - see (6) in the next 
section. The pair (gij , h^k) is called a G-valued Cech 1 -cocycle subordinate to U. 
Similarly, we say two cocycles (gij , h^k) and (gL , h'^f) are cohomologous if 

t(kij)Sij fj = fiSij (^) 

for some maps /•: U{ -> G and kij\ U[ H Uj -> //, which must make a certain 
prism commute - see (7). We define H l (U , Q) to be the set of cohomology classes 
of G-valued Cech 1-cocycles. To capture the entire cohomology set H l (M , G), we 
must next take an inverse limit of the sets H l (U,Q) as U ranges over all covers of 
M . For more details we refer to Sect. 4. 

Theorem 0 generalizes nicely from topological groups to topological 2-groups: 

Theorem 1. Suppose that Q is a well-pointed topological 2-group and M is a 
paracompact Hausdorff space admitting good covers. Then there is a hijection 

H l (M, G) = [M,B \g\] 

where the topological group \Q\ is the geometric realization of the nerve ofQ. 
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One term here requires explanation. A topological group G is said to be “well 
pointed” if (G, 1) is an NDR pair, or in other words if the inclusion {1} G 
is a closed cofibration. We say that a topological 2-group Q is well pointed if the 
topological groups G and H in its corresponding crossed module are well pointed. 
For example, any “Lie 2-group” is well pointed: a topological 2-group is called a Lie 
2-group if G and H are Lie groups and the maps t,a are smooth. More generally, 
any “Frechet Lie 2-group” [2] is well pointed. We explain the importance of this 
notion in Sect. 5.1. 

Bartels [5] has already considered two examples of principal G-2-bundles, corre- 
sponding to abelian gerbes and nonabelian gerbes. Let us discuss the classification 
of these before turning to a third, more novel example. 

For an abelian gerbe [11], we first choose an abelian topological group H - in 
practice, usually just U(l). Then, we form the crossed module with G = 1 and this 
choice of //, with t and a trivial. The corresponding topological 2-group deserves 
to be called H[ 1], since it is a “shifted version” of H . Bartels shows that the classi- 
fication of abelian //-gerbes matches the classification of //[l]-2-bundles. It is well 
known that 


[1]| = BH 


so the classifying space for abelian //-gerbes is 

B\H[1]\ -= B(BH ) 


In the case H = U(l), this classifying space is just K( Z, 3). So, in this case, we 
recover the well-known fact that abelian U(l) -gerbes over M are classified by 

[M,K{ Z,3)] ^ H 3 (M, Z) 

just as principal U(l) bundles are classified by H 2 (M , Z). 

For a nonabelian gerbe [7, 16, 17], we fix any topological group H . Then we form 
the crossed module with G = Aut(H) and this choice of //, where t: H G sends 
each element of H to the corresponding inner automorphism, and the action of G on 
H is the tautologous one. This gives a topological 2-group called AUT (//). Bartels 
shows that the classification of nonabelian //-gerbes matches the classification of 
AUT(//)-2-bundles. It follows that, under suitable conditions on //, nonabelian 
//-gerbes are classified by homotopy classes of maps into /?|AUT(//)|. 

A third application of Theorem 1 arises when G is a simply-connected compact 
simple Lie group. For any such group there is an isomorphism // 3 (G, Z) ^ Z and 
the generator v e // 3 (G, Z) transgresses to a characteristic class c e // 4 (/?G, Z) 
^ Z. Associated to v is a map G ^ K( Z, 3) and it can be shown that the homotopy 
fiber of this can be given the structure of a topological group G . This group G is the 
3 -connected cover of G. When G = Spin (A), this group G is known as String (A). In 
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general, we might call G the string group of G. Note that until one picks a specific 
construction for the homotopy fiber, G is only defined up to homotopy - or more 
precisely, up to equivalence of A oq- spaces. 

In [2], under the above hypotheses on G, a topological 2-group subsequently 
dubbed the string 2-group of G was introduced. Let us denote this by String(G). 
A key result about String(G) is that the topological group |String(G)| is equivalent 
to G. By construction String(G) is a Frechet Lie 2-group, hence well pointed. So, 
from Theorem 1 we immediately conclude: 

Corollary 1. Suppose that G is a simply -connected compact simple Lie group. Sup- 
pose M is a paracompact Hausdorff space admitting good covers. Then there are 
bijections between the following sets: 

• The set of equivalence classes of principal String(G) -2 -bundles over M 

• The set of isomorphism classes of principal G -bundles over M 

• H 1 (M, String(G)) 

• H 1 (M, G) 

• [M, BG] 

One can describe the rational cohomology of B G in terms of the rational coho- 
mology of BG, which is well understood. The following result was pointed out to 
us by Matt Ando (personal communication), and later discussed by Greg Ginot [15]: 

Theorem 2. Suppose that G is a simply-connected compact simple Lie group , and 
let G be the string group of G. Let c e H A (BG, Q) = Q denote the transgression 
of the generator v e // 3 (G, Q) = Q. Then there is a ring isomorphism 

H*(£G,Q) ^ H*(BG,Q)/{c) 

where (c) is the ideal generated by c. 

As a result, we obtain characteristic classes for String(G)-2-bundles: 

Corollary 2. Suppose that G is a simply -connected compact simple Lie group and 
M is a paracompact Hausdorff space admitting good covers. Then an equivalence 
class of principal Stving(G) -2 -bundles over M determines a ring homomorphism 

H*(BG,Q)/(c) -> 

To see this, we use Corollary 1 to reinterpret an equivalence class of principal 
G-2-bundles over M as a homotopy class of maps f'.M -> B \Q\. Picking any 
representative /, we obtain a ring homomorphism 

/*:#*(£!£!, Q) -> H*(M,Q). 

This is independent of the choice of representative. Then, we use Theorem 2. 

It is a nice problem to compute the rational characteristic classes of a princi- 
pal String(G)-2-bundle over a manifold using de Rham cohomology. It should be 
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possible to do this using the curvature of an arbitrary connection on the 2-bundle, 
just as for ordinary principal bundles with a Lie group as structure group. Sati 
et al. [29] have recently made excellent progress on solving this problem and its 
generalizations to n -bundles for higher n. 


3 Topological 2-Groups 


In this section we recall four useful perspectives on topological 2-groups. For a more 
detailed account, we refer the reader to [3]. 

A topological 2- group is a groupoid in the category of topological groups. In 
other words, it is a groupoid Q where the set Ob((5) of objects and the set Mor(^) 
of morphisms are each equipped with the structure of a topological group such that 
the source and target maps s, t: Mor(C?) -> Ob(£?), the map i : Ob(^) -> Mor(^) 
assigning each object its identity morphism, the composition map o: Mor(^) x 0 b (Q) 
Mor(^) -> Mor(^), and the map sending each morphism to its inverse are all 
continuous group homomorphisms. 

Equivalently, we can think of a topological 2-group as a group in the category 
of topological groupoids. A topological groupoid is a groupoid Q where Ob((5) and 
Mor(^) are topological spaces and all the groupoid operations just listed are con- 
tinuous maps. We say that a functor f'.Q^Q' between topological groupoids is 
continuous if the maps / : Ob((5) -> Ob (Q') and / : Mor(^) -> Mor(^ / ) are contin- 
uous. A group in the category of topological groupoids is such a thing equipped with 
continuous functors m:Q x Q -> Q, inv: Q -> Q and a unit object 1 e Q satisfying 
the usual group axioms, written out as commutative diagrams. 

This second viewpoint is useful because any topological groupoid Q has a 
“nerve” NQ, a simplicial space where the space of n-simplices consists of com- 
posable strings of morphisms 


/l fl fn-l fn 

Xo > X\ y • • • y x n — \ y x n 

Taking the geometric realization of this nerve, we obtain a topological space which 
we denote as \Q\ for short. If Q is a topological 2-group, its nerve inherits a group 
structure, so that NQ is a topological simplicial group. This in turn makes \Q\ into 
a topological group. This passage from the topological 2-group Q to the topological 
group \Q\ will be very important in what follows. 

A third way to understand topological 2-groups is to view them as topological 
crossed modules. Recall that a topological crossed module (G, H,t, a) consists of 
topological groups G and H together with a continuous homomorphism 


t:H ^y G 
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and a continuous action 

cr.G x H -> H 
(. g,h ) h* a(g)h 

of G as automorphisms of H, satisfying the following two identities: 

t(a(g)(h )) = gt(h)g~ l (4) 

a(t(h))(h f ) = hh'h~ l . (5) 

The first equation above implies that the map t: H G is equivariant for the action 
of G on H defined by a and the action of G on itself by conjugation. The second 
equation is called the Peiffer identity. When no confusion is likely to result, we 
will sometimes denote the 2-group corresponding to a crossed module (G, H,t, a) 
simply by H -> G. 

Every topological crossed module determines a topological 2-group and vice 
versa. Since there are some choices of convention involved in this construction, 
we briefly review it to fix our conventions. Given a topological crossed module 
(G, H,t, a), we define a topological 2-group Q as follows. First, define the group 
Ob(£) of objects of Q and the group Mor(G) of morphisms of Q by 

Ob (Q) = G, Mor(G) = H x G 

where the semidirect product H xi G is formed using the left action of G on H 
via a: 

(h,g)-(h',g') = (ha(g)(h W) 

for g,g' e G and h,h' e H . The source and target of a morphism (h,g) e Mor(G) 
are defined by 

s(h, g) = g and t(h, g) = t(h)g 

(Denoting both the target map t: Mor(G) Ob(G) and the homomorphism 
t: H G by the same letter should not cause any problems, since the first is the 
restriction of the second to H c Mor(G).) The identity morphism of an object 
g e Ob(G) is defined by 

i(g) = (l,g). 

Finally, the composite of the morphisms 

a = (h, g): g -> t(h)g and = (ti , t(h)g): t(h)g -* t(h'h)g' 


is defined to be 


P o a = (h'h, g): g t(h'h)g 

It is easy to check that with these definitions, Q is a 2-group. Conversely, given a 
topological 2-group Q, we define a crossed module (G, H,t,a) by setting G to be 
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Ob(G), H to be ker(v) c Mor(G), t to be the restriction of the target homomorphism 
t : Mor(G) -> Ob(G) to the subgroup H C Mor(G), and setting 

a{g)ih) = i(g)hi(g )~ 1 

If G is any topological group then there is a topological crossed module 1 -> G 
where t and a are trivial. The underlying groupoid of the corresponding topological 
2-group has G as its space of objects, and only identity morphisms. We sometimes 
call this 2-group the discrete topological 2-group associated to G - where “discrete” 
is used in the sense of category theory, not topology ! 

At the other extreme, if H is a topological group then it follows from the Peiffer 
identity that H -> 1 can be made into topological crossed module if and only if 
H is abelian, and then in a unique way. This is because a groupoid with one object 
and H as morphisms can be made into a 2-group precisely when H is abelian. We 
already mentioned this 2-group in the previous section, where we called it H[l]. 

We will also need to talk about homomorphisms of 2-groups. We shall understand 
these in the strictest possible sense. So, we say a homomorphism of topological 
2-groups is a functor such that / : Ob(G) -> Ob (Q r ) and / : Mor(G) -> Mor(G0 
are both continuous homomorphisms of topological groups. We can also describe 
/ in terms of the crossed modules (G, H,t,a) and (G\ H r ,t' , a ') associated to Q 
and Q ' respectively. In these terms the data of the functor / is described by the 
commutative diagram 


H—^H' 

t t' 

y Y 

Gty^G' 

where the upper / denotes the restriction of / : Mor(G) -> Mor(Q') to a map from 
H to H f . (We are using / to mean several different things, but this makes the 
notation less cluttered, and should not cause any confusion.) The maps f.G^G' 
and f:H — ^ H' must both be continuous homomorphisms, and moreover must 
satisfy an equivariance property with respect to the actions of G on H and G' on 
H'\ we have 

= a(f(g))(fm 

for all g e G and h e H. 

Finally, we will need to talk about short exact sequences of topological groups 
and 2-groups. Here the topology is important. If G is a topological group and H is 
a normal topological subgroup of G, then we can define an action of H on G by 
right translation. In some circumstances, the projection G -> G/H is a Hurewicz 
fibration. For instance, this is the case if G is a Lie group and H is a closed normal 
subgroup of G. We define a short exact sequence of topological groups to be a 
sequence 
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of topological groups and continuous homomorphisms such that the underlying 
sequence of groups is exact and the map underlying the homomorphism G -> K is 
a Hurewicz fibration. 

Similarly, we define a short exact sequence of topological 2-groups to be a 
sequence 

l -> g' -> g -> g" -> 1 

of topological 2-groups and continuous homomorphisms between them such that 
both the resulting sequences 

i -> ob (g f ) -* ob(g) -> ob {g") -> i 

1 -> Mor (<?') -> Mor (£) -> Mor(£") -> 1 

are short exact sequences of topological groups. Again, we can interpret this 
in terms of the associated crossed modules: if (G,H,t,a), (G', H f ,t f , a') and 
(G", H", t", a") denote the associated crossed modules, then it can be shown that 
the sequence of topological 2-groups 1 — > ^ > 1 is exact if and only 

if both rows in the commutative diagram 



are short exact sequences of topological groups. In this situation we also say we 
have a short exact sequence of topological crossed modules. 

At times we shall also need a fourth viewpoint on topological 2-groups: they are 
strict topological 2-groupoids with a single object, say •. In this approach, what 
we had been calling “objects” are renamed “morphisms”, and what we had been 
calling “morphisms” are renamed “2-morphisms”. This verbal shift can be confus- 
ing, so we will not engage in it! However, the 2-groupoid viewpoint is very handy 
for diagrammatic reasoning in nonabelian cohomology. We draw g e Ob(G) as an 
arrow: 


8 

• 


>■ • 


and draw (h, g) e Mor(G) as a bigon: 


8 
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where g' is the target of (h,g), namely t(h)g. With our conventions, horizontal 
composition of 2-morphisms is then given by: 




4 Nonabelian Cohomology 

In Sect. 2 we gave a quick sketch of nonabelian cohomology. The subject deserves 
a more thorough and more conceptual explanation. 

As a warmup, consider the Cech cohomology of a space M with coefficients in a 
topological group G. In this case, Segal [31] realized that we can reinterpret a Cech 
1 -cocycle as a functor. Suppose U is an open cover of M . Then there is a topological 
groupoid U whose objects are pairs (x , i ) with x G (/,•, and with a single morphism 
from (x , i ) to (x , / ) when x e Ui D U j , and none otherwise. We can also think of 
G as a topological groupoid with a single object •. Segal’s key observation was that 
a continuous functor 


g\U — ► G 

is the same as a normalized Cech 1 -cocycle subordinate to 

To see this, note that a functor g\U G maps each object of U to •, and 
each morphism (x , i ) -> (x, j) to some gij(x) e G. For the functor to preserve 
composition, it is necessary and sufficient to have the cocycle equation 


gij(x)gjk(x ) = gikipc) 
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We can draw this suggestively as a commuting triangle in the groupoid G : 





For the functor to preserve identities, it is necessary and sufficient to have the 
normalization condition ga(x) = 1. 

In fact, even more is true: two cocycles gij and g[j subordinate to U are coho- 
mologous if and only if the corresponding functors g and g' from U to G have a 
continuous natural isomorphism between them. To see this, note that gij and g\j are 
cohomologous precisely when there are maps fi :Ui -> G satisfying 


gij(x)fj(x ) = fi(x)g / ij (x ) 


We can draw this equation as a commuting square in the groupoid G : 


gij (*) 

• >- • 


fi(x) 


fjG) 


4-G) 


This is precisely the naturality square for a natural isomorphism between the 
functors g and g'. 

One can obtain Cech cohomology with coefficients in a 2-group by categorify- 
ing Segal’s ideas. Suppose Q is a topological 2-group and let (G, H,t,a) be the 
corresponding topological crossed module. Now Q is the same as a topological 
2-groupoid with one object •. So, it is no longer appropriate to consider mere func- 
tors from IA into Q. Instead, we should consider weak 2- functors, also known as 
“pseudofunctors” [21]. For this, we should think of U as a topological 2-groupoid 
with only identity 2-morphisms. 

Let us sketch how this works. A weak 2-functor g:U — ^ Q sends each object of 
U to •, and each 1 -morphism (x , i ) -> (x, j) to some gij (x) e G. However, com- 
position of 1-morphisms is only weakly preserved. This means the above triangle 
will now commute only up to isomorphism: 



gik 
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where for readability we have omitted the dependence on x e Ui D Uj D £ 4 - Trans- 
lated into equations, this triangle says that we have continuous maps h[jk : £// fl Uj D 
Uk -> H satisfying 

gik(x) = t (hijk (x))gij (x)g jk (x) 

This is precisely (1) from Sect. 2. 

For a weak 2-functor, it is not merely true that composition is preserved up to 
isomorphism: this isomorphism is also subject to a coherence law. Namely, the 
following tetrahedron must commute: 



where again we have omitted the dependence on x. The commutativity of this 
tetrahedron is equivalent to the following equation: 


oi(gij)(hjki)hiji — hijkhiu 


holding for all x e Ui D Uj D £4 D U[. This is (2). 

A weak 2-functor may also preserve identity 1-morphisms only up to isomor- 
phism. However, it turns out [5] that without loss of generality we may assume that 
g preserves identity 1-morphisms strictly. Thus we have ga (x) = 1 for all x e Ui. 
We may also assume hijk(x) = 1 whenever two or more of the indices i, j and k 
are equal. Finally, just as for the case of an ordinary topological group, we require 
that g is a continuous weak 2-functor We shall not spell this out in detail; suffice it 
to say that the maps gij : U{ Pi Uj ^ G and hijk'. Ui D Uj D Uk — ► H should be con- 
tinuous. We say such continuous weak 2-functors g'.U^Q are Cech 1 -cocycles 
valued in Q, subordinate to the cover U. 

We now need to understand when two such cocycles should be considered 
equivalent. In the case of cohomology with coefficients in an ordinary topolog- 
ical group, we saw that two cocycles were cohomologous precisely when there 
was a continuous natural isomorphism between the corresponding functors. In 
our categorified setting we should instead use a “weak natural isomorphism”, 
also called a pseudonatural isomorphism [21]. So, we declare two cocycles to 
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be cohomologous if there is a continuous weak natural isomorphism f:g => g' 
between the corresponding weak 2-functors g and g' . 

In a weak natural isomorphism, the usual naturality square commutes only up 
to isomorphism. So, /: g => g' not only sends every object (x , i ) of U to some 
fi(x) e G, but also sends every morphism (x , i ) -> (x, j) to some kfj(x) e H 
filling in this square: 


ft 



fj 


Translated into equations, this square says that 

t(kij )gijfj = fig'ij 


This is (3). 

There is also a coherence law that the kij must satisfy: they must make the 
following prism commute: 





( 7 ) 
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At this point, translating the diagrams into equations becomes tiresome and 
unenlightening. 

It can be shown that this notion of “cohomologousness” of Cech 1 -cocycles 
g: U -> Q is an equivalence relation. We denote by H l (U , Q) the set of equivalence 
classes of cocycles obtained in this way. In other words, we let H l (U , Q) be the 
set of continuous weak natural isomorphism classes of continuous weak 2-functors 
g'.U-+G. 

Finally, to define H l (M , Q), we need to take all covers into account as follows. 
The set of all open covers of M is a directed set, partially ordered by refinement. 
By restricting cocycles defined relative to U to any finer cover V, we obtain a map 
H l (U , Q) -> H l (V , Q). This allows us to define the Cech cohomology H l (M , Q) 
as an inverse limit: 

Definition 3. Given a topological space M and a topological 2-group Q, we define 
the first Cech cohomology of M with coefficients in Q to be 

H l (M, Q) = YimH l {U,Q) 
u 

When we want to emphasize the crossed module, we will sometimes use the notation 
H 1 (M, H -> G) instead of H 1 (M, Q) . Note that H 1 (M, C?) is a pointed set, pointed 
by the trivial cocycle defined relative to any open cover {[//} by gij = 1, hijk = 1 
for all indices i , j and k. 

In Theorem 1 we assume M admits good covers, so that every cover U. of M has 
a refinement by a good cover V. In other words, the directed set of good covers of 
M is cofinal in the set of all covers of M . As a result, in computing the inverse limit 
above, it is sufficient to only consider good covers U. 

Finally, we remark that there is a more refined version of the set 
defined using the notion of “hypercover” [7, 9, 19]. For a paracompact space M 
this refined cohomology set H l (M , G) is isomorphic to the set H l (M , G) defined 
in terms of Cech covers. While the technology of hypercovers is certainly useful, 
and can simplify some proofs, our approach is sufficient for the applications we 
have in mind (see also the remark following the proof of Lemma 2 in Sect. 5.4). 


5 Proofs 

5.1 Proof of Theorem 1 

First, we need to distinguish between Milnor’s [26] original construction of a 
classifying space for a topological group and a later construction introduced by 
Milgram [25], Segal [31] and Steenrod [33] and further studied by May [24]. 
Milnor’s construction is very powerful, as witnessed by the generality of Theorem 0. 
The later construction is conceptually more beautiful: for any topological group G, it 
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constructs BG as the geometric realization of the nerve of the topological groupoid 
with one object associated to G. But, it seems to give a slightly weaker result: to 
obtain a bijection 

H l (M,G ) ^ [M,BG] 

all of the above cited works require some extra hypotheses on G: Segal [32] requires 
that G be locally contractible; May, Milgram and Steenrod require that G be well 
pointed. This extra hypothesis on G is required in the construction of the universal 
principal G -bundle E G over BG\ to ensure that the bundle is locally trivial we must 
make one of the above assumptions on G. May’s work goes further in this regard: 
he proves that if G is well pointed then EG is a numerable principal G -bundle over 
BG , and hence EG -> B G is a Hurewicz fibration. 

Another feature of this later construction is that E G comes equipped with the 
structure of a topological group. In the work of May and Segal, this arises from the 
fact that EG is the geometric realization of the nerve of a topological 2-group. We 
need the group structure on £G, so we will use this later construction rather than 
Milnor’s. For further comparison of the constructions see tom Dieck [13]. 

We prove Theorem 1 using three lemmas that are of some interest in their own 
right. The second, as far as we know, is due to Larry Breen: 

Lemma 1. Let Q be any well-pointed topological 2-group, and let (G, H,t,a) be 
the corresponding topological crossed module. Then: 

1. \Q\ is a well-pointed topological group. 

2. There is a topological 2-group Q such that \Q\ fits into a short exact sequence of 
topological groups 


l -* h -* \q\ 4 \g\ -* i. 


3. G acts continuously via automorphisms on the topological group EH, and there 
is an isomorphism \Q\ = G ix EH. This exhibits \Q\ as G k h EH, the quotient 
ofG\x EH by the normal subgroup H. 


Lemma 2. If 


1 -> H 


K 


is a short exact sequence of topological groups, there is a bijection 


H l (M , H -» G) ^ H l (M, K) 


Here H -> G is our shorthand for the 2 -group corresponding to the crossed module 
(G, H,t,a) where t is the inclusion of the normal subgroup H in G and a is the 
action of G by conjugation on H. 


1 Qo — ► Qi — ► Gi 1 


Lemma 3. If 
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is a short exact sequence of topological 2 -groups, then 

4 H l (M, Qi) P X H\M,Q 2 ) 
is an exact sequence of pointed sets. 

Given these lemmas the proof of Theorem 1 goes as follows. Assume that Q is a 
well-pointed topological 2-group. From Lemma 1 we see that \Q\ is a well-pointed 
topological group. It follows that we have a bijection 

H\M,\g\) =* [M,B\g\\ 

So, to prove the theorem, it suffices to construct a bijection 

H\M,g ) =* H\M,\g\) 

By Lemma 1, \Q\ fits into a short exact sequence of topological groups: 

1 -> H -> G x EH -> \g\ -> 1 
We can use Lemma 2 to conclude that there is a bijection 

H 1 (M, H G k £//) s H 1 (M, \g\) 

To complete the proof it thus suffices to construct a bijection 
H l (M, H -* G k £7/) s H l (M, g) 

For this, observe that we have a short exact sequence of topological crossed 
modules: 


1 > 1 >• H - H 1 

t 

Y V V 

1 ^ EH G ix EH ^ G >* 1 


So, by Lemma 3, we have an exact sequence of sets: 

H\M, EH) -> H l (M, H -> G x £iT) H l (M, H -> G) 

Since EH is contractible and M is paracompact Hausdorff, H l (M , EH) is easily 
seen to be trivial, so the map H l (M , H -> G ix if//) -> H l (M , // -> G) is 
injective. To see that this map is surjective, note that there is a homomorphism of 
crossed modules going back: 
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1 



1 » EH ^ G ix EH - — * G ^ I 


where i is the natural inclusion of G in the semidirect product G ix EH . This homo- 
morphism going back “splits” our exact sequence of crossed modules. It follows 
that H l (M , H -> G ix EH) -> H l (M , H -> G) is onto, so we have abijection 

H\M,H -4Gk EH) G) = H l {M,g) 

completing the proof. 


5.2 Remarks on Theorem 1 

Theorem 1, asserting the existence of a classifying space for first Cech cohomol- 
ogy with coefficients in a topological 2-group, was originally stated in a preprint 
by Jurco [20]. However, the argument given there was missing some details. In 
essence, the Jurco ’s argument boils down to the following: he constructs a map 
H l (M , \Q\) -> H l (M , G) and sketches the construction of a map H l (M , (y) -> 
H l (M , |(y |). The construction of the latter map however requires some further jus- 
tification: for instance, it is not obvious that one can choose a classifying map 
satisfying the cocycle property listed on the top of page 13 of [20]. Apart from 
this, it is not demonstrated that these two maps are inverses of each other. 

As mentioned earlier, Jurco and also Baas, Bokstedt and Kro [1] use a differ- 
ent approach to construct a classifying space for a topological 2-group Q. In their 
approach, Q is regarded as a topological 2-groupoid with one object. There is a well- 
known nerve construction that turns any 2-groupoid (or even any 2-category) into a 
simplicial set [14]. Internalizing this construction, these authors turn the topologi- 
cal 2-groupoid Q into a simplicial space, and then take the geometric realization of 
that to obtain a space. Let us denote this space by BQ. This is the classifying space 
used by Jurco and Baas-Bokstedt-Kro. It should be noted that the assumption that 
G is a well-pointed 2-group ensures that the nerve of the 2-groupoid G is a “good” 
simplicial space in the sense of Segal; this “goodness” condition is important in the 
work of Baas, Bokstedt and Kro [1]. 

Baas, Bokstedt and Kro also consider a third way to construct a classifying space 
for G • If we take the nerve NG of G we get a simplicial group, as described in 
Sect. 3 above. By thinking of each group of />-simplices ( NQ) P as a groupoid with 
one object, we can think of NG as a simplicial groupoid. From NG we can obtain 
a bisimplicial space NNG by applying the nerve construction to each groupoid 
( NG ) P • NNG is sometimes called the “double nerve”, since we apply the nerve 
construction twice. From this bisimplicial space NNG we can form an ordinary 
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simplicial space dNNQ by taking the diagonal. Taking the geometric realization of 
this simplicial space, we obtain a space \dNNQ\. 

It turns out that this space \dNNQ\ is homeomorphic to B \Q\ [6, 28]. It can also 
be shown that the spaces \dNNQ\ and BQ are homotopy equivalent - but although 
this fact seems well known to experts, we have been unable to find a reference in 
the case of a topological 2-group Q. For ordinary 2-groups (without topology) the 
relation between all three nerves was worked out by Moerdijk and Svensson [4] 
and Bullejos and Cegarra [12]. In any case, since we do not use these facts in our 
arguments, we forgo providing the proofs here. 


5.3 Proof of Lemma 1 


Suppose Q is a well-pointed topological 2-group with topological crossed module 
(G, H,t,a), and let \Q \ be the geometric realization of its nerve. We shall prove that 
there is a topological 2-group Q fitting into a short exact sequence of topological 
2-groups 

1 q Q -> \ ( 8 ) 

where H is the discrete topological 2-group associated to the topological group H . 
On taking nerves and then geometric realizations, this gives an exact sequence of 
groups: 

i -* h -* \g\ -* \g\ -* i 

Redescribing the 2-group Q with the help of some work by Segal, we shall show 
that \Q\ = G ix EH and thus \Q\ = (G ix EH)/ H . Then we prove that the above 
sequence is an exact sequence of topological groups: this requires checking that 
\Q\ -> \G\ is a Hurewicz fibration. We conclude by showing that \Q\ is well pointed. 

To build the exact sequence of 2-groups in (8), we construct the corresponding 
exact sequence of topological crossed modules. This takes the following form: 

1 1 > H ^ H >• 1 



t' 

' f „ s 

' , /' ) 


Here the crossed module ( G x H, H, t', a 1 ) is defined as follows: 


t'Qi) = (1 ,h) 

a'(g,h)(h>) = a(t(h)g)(h f ) 
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while / and /' are given by 


f\H ^GkH 
h (t(h),h~ l ) 

f:GxH ^ G 

(g,h) t(h)g 

It is easy to check that these formulas define an exact sequence of topological 
crossed modules. The corresponding exact sequence of topological 2-groups is 

i^h ^g^g^i 

where 0 denotes the topological 2-group associated to the topological crossed 
module (G ix H , H , t ' , a'). 

In more detail, the 2-group Cj has 

Ob 0) = GkH 

Mor(G) = (G x H) x H 

s{{g , A), ti) = (g, A), r ((g, A), A') = (g, h'h) 

i(g,h) = ((g,A),l), ((g,A'A),A")o((g,A),A') = ((g,h),h"h f ) 

Note that there is an isomorphism (G ix //) ix ^ G ix H 2 sending ((g, A), AO to 
(g, (A, A' A)). Here by G x H 2 we mean the semidirect product formed with the diag- 
onal action of G on H 2 , namely g(h,h') = (a(g)(h),a(g)(h')). Thus the group 
Mor(G) is isomorphic to G x H 2 . 

We can give a clearer description of the 2-group Q using the work of Segal [31]. 
Segal noted that for any topological group H, there is a 2-group H with one object 
for each element of H, and one morphism from any object to any other. In other 
words, H is the 2-group with: 

Ob(77) = H 

Mor(77) = H 2 

s(h,h') = A, t(h,h') = h r 

i (A) = (A, A), (A', A") o (A, A') = (A, A") 

Moreover, Segal proved that the geometric realization | // 1 of the nerve of H is a 
model for EH . Since G acts on H by automorphisms, we can define a “semidirect 
product” 2-group G x // with 

Ob(G x 77) = G x // 

Mor(G x 77) = G x H 2 
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t(g,(h,h')) = ( g ,h') 

C g,(h l ,h"))o(g,(h,h l )) = (g,(h,h ")) 


The isomorphism (G x //) x // = G x H 2 above can then be interpreted as an 
isomorphism Mor(G) = Mor(G x //). It is easy to check that this isomorphism is 
compatible with the structure maps for Q and G x //, so we have an isomorphism 
of topological 2-groups: 

G = G x 77 

It follows that the nerve NQ of Q is isomorphic as a simplicial topological group to 
the nerve of G x H . As a simplicial space it is clear that N(G x H) = G x N H . 
We need to identify the simplicial group structure onG x N H . From the definition 
of the products on Ob(G x H ) and Mor(G x //), it is clear that the product on 
N(G x H ) is given by the simplicial map 

(G x NTT) x (G x NTT) -> G x NTT 


defined on />-simplices by 

(Or, (hi,..., h p )), (g', h' p ))) (gg\ ( hMg)(K ), ■■., h p a(g){ti p ))) 


Thus one might well call N(G x H ) the “semidirect product” G k N H . Since 
geometric realization preserves products, it follows that there is an isomorphism of 
topological groups 

|G| = G x EH. 

Here the semidirect product is formed using the action of G on EH induced from 
the action of G on H . Finally note that H is embedded as a normal subgroup of 
G k EH through 

H G x EH 
h m- 

It follows that the exact sequence of groups 1 H — >► \Q\ ->■ \Q\ -> 1 can be 
identified with 

1 -► H G x EH \g\ 1 (9) 

It follows that \Q\ is isomorphic to the quotient Gx//£'//ofGx J £'//by the normal 
subgroup H . This amounts to factoring out by the action of H on G x EH given 
by h(g,x) = ( t(h)g,xh ~ l ). 

Next we need to show that (9) specifies an exact sequence of topological groups: 
in particular, that the map G k EH -> \Q\ = G k h EH is a Hurewicz fibration. To 
do this, we prove that the following diagram is a pullback: 

G x EH EH 


G k h EH 


>BH 
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Since H is well pointed, EH -> BH is a numerable principal bundle (and hence 
a Hurewicz fibration) by the results of May [24] referred to earlier. The statement 
above now follows, as Hurewicz fibrations are preserved under pullbacks. 

To show the above diagram is a pullback, we construct a homeomorphism 

a: (G x H EH) x BH EH G ix EH 

whose inverse is the canonical map /3: G ix EH — ► (G x H EH) x BH EH . To do 
this, suppose that ([ g , x], y) e (G x H EH) x BH EH . Then x and y belong to the 
same fiber of EH over BH , so y~ l x e H. We set 

“([£>*]. y) = (t(y~ x x)g,y) 

A straightforward calculation shows that a is well defined and that a and /3 are 
inverse to one another. 

To conclude, we need to show that \Q\ is a well-pointed topological group. For 
this it is sufficient to show that AG is a “proper” simplicial space in the sense of 
May [23] (note that we can replace his “strong” NDR pairs with NDR pairs). For, 
if we follow May and denote by F p \Q\ the image of \J f =0 A 1 x AG/ in |G|, it then 
follows from his Lemma 11.3 that (| G | , F p \ Q |) is an NDR pair for all p. In particular 
(|G|, Fo|G|) is an NDR pair. Since G) I G | = G and (G, 1) is an NDR pair, it follows 
that (| G |, 1) is an NDR pair: that is, |G| is well pointed. □ 


5.4 Proof of Lemma 2 

Suppose that M is a topological space admitting good covers. Also suppose that 
l^//-^>G-^A^lisan exact sequence of topological groups. 

This data gives rise to a topological crossed module H G where G acts on 
H by conjugation. For short we denote this by H G. The same data also gives a 
topological crossed module 1 — >► K. There is a homomorphism of crossed modules 
from H — G to 1 — K, arising from this commuting square: 


H ^ 1 

t 

G — P —^ K 


Call this homomorphism a. It yields a map 


a* 


: H\M, H ^ G) -+ H\M, 1 -► K). 
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Note that H l (M , 1 — > i^) is just the ordinary Cech cohomology H l (M , K ). To 
prove Lemma 2, we need to construct an inverse 

p: H\M , 70 -> H l (M, H -> G). 

Let G = {£// } be a good cover of M ; then, as noted in Sect. 4 there is a bijection 

H l (M, K ) = H\U,K) 

Hence to define the map ft it is sufficient to define a map /3: H l (U, K) -> 
H l (U, H G). Let kij be a AT-valued Cech 1 -cocycle subordinate to G. Then 
from it we construct a Cech 1 -cocycle (gyy , hijk ) taking values in // -> G as fol- 
lows. Since the spaces £7/ Pi Uj are contractible and p\ G -> AT is a Hurewicz 
fibration, we can lift the maps kij\ U{ D Uj -> K to maps gij : £// H Uj -> G. 
The tf/y need not satisfy the cocycle condition for ordinary Cech cohomology, but 
instead we have 

t Qlijk)§ij £ jk = 

for some unique h^k’. Ui H Uj D Uk H . In terms of diagrams, this means we 
have triangles 


• >- • 

gik 




The uniqueness of h^k follows from the fact that the homomorphism t : H -> G is 
injective. To show that the pair {gij , h^k) defines a Cech cocycle we need to check 
that the tetrahedron (6) commutes. However, this follows from the commutativity of 
the corresponding tetrahedron built from triangles of this form: 





and the injectivity of t. 

Let us show that this construction gives a well-defined map 

p: H\M , K) = H l (U, K) -> H l (M, H -> G) 

sending [kij] to [gij , h^k]. Suppose that k^ is another K -\ alued Cech 1-cocycle sub- 
ordinate to U, such that k[j and kij are cohomologous. Starting from the cocycle k[j 
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we can construct (in the same manner as above) a cocycle (g-j , h^) taking values 
in H -> G. Our task is to show that (gij , hijk ) and (gC , hk k ) are cohomologous. 
Since kij and k[j are cohomologous there exists a family of maps K\ \U[ -> K fitting 
into the naturality square 

kjj (X) 


Ki (X) 


• ^ m 


t t 

• >■ • 


Kj(x) 


k'ijOc) 


Choose lifts fi’.Ui G of the various k l . Since p(gij) = p(g[j) = kij and 
p(fi ) = Ki, p(fj ) = Kj there is a unique map igj : U[ Pi U j — > H 

t(.mj)gijfj = fig ■ 


So, in terms of diagrams, we have the following squares: 


gij 

• >- • 



The triangles and squares defined so far fit together to form prisms: 
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It follows from the injectivity of the homomorphism t that these prisms commute, 
and therefore that (gij , hij k ) and (g[j , h ! rjk ) are cohomologous. Therefore we have 

a well-defined map H l (U , AT) — ► H l (U, H — >► G) and hence a well-defined map 
/3: H l (M, K ) -> H l (M, H -> G). 

Finally we need to check that o' and /3 are inverse to one another. It is obvi- 
ous that o' o p is the identity on H l (M , AT). To see that ft o a is the identity on 
H l (M , // -> G) we argue as follows. Choose a cocycle (#// , /z/ y ^) subordinate to 
a good cover G = {£/*■}. Then under o' the cocycle [gyy , h^k] is sent to the AT- valued 
cocycle [p (gij )] . But then we may take gyy as our lift of p(gij) in the definition of 
P(p(gij ))• It is then clear that (/3 o a)[gij , h ijk \ = [gij , □ 

At this point a remark is in order. The proof of the above lemma is one place 
where the definition of H l (M , H G) in terms of hypercovers would lead to 
simplifications, and would allow us to replace the hypothesis that the map under- 
lying the homomorphism G — K was a fibration with a less restrictive condition. 
The homomorphism of crossed modules 


H » J 


t 



gives a homomorphism between the associated 2-groups and hence a simplicial map 
between the nerves of the associated 2-groupoids. It turns out that this simplicial 
map belongs to a certain class of simplicial maps with respect to which a subcat- 
egory of simplicial spaces is localized. In the formalism of hypercovers, for M 
paracompact, the nonabelian cohomology H l (M , Q) with coefficients in a 2-group 
Q is defined as a certain set of morphisms in this localized subcategory. It is then 
easy to see that the induced map H l (M , H G) — >► H l (M , K) is a bijection. 


5.5 Proof of Lemma 3 


Suppose that 

1 -► Go 4 £i 4 g 2 1 

is a short exact sequence of topological 2-groups, so that we have a short exact 
sequence of topological crossed modules: 



1 


1 
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Also suppose that U = {77/ } is a good cover of M, and that (gyy , /z/y^) is a cocycle 
representing a class in H l (U , Gi). We claim that the image of 

/*: H l (M, g 0 ) H l (M, G\) 

equals the kernel of 

/>*: H l (M, Q\) -+ H\M,g 2 ). 

If the class [gyy , hijk ] is in the image of /*, it is clearly in the kernel of p *. Con- 
versely, suppose it is in kernel of p *. We need to show that it is in the image 
of /*. 

The pair ( p(gij ), pQiijk )) is cohomologous to the trivial cocycle, at least after 
refining the cover Z7, so there exist X \ : £/*■ -> G 2 and ^ : C// Pi Uj -> H 2 such that 
this diagram commutes for all x 6 [/,■ H Uj D C4: 



1 


Since p: G\ -> G 2 is a fibration and G/ is contractible, we can lift X/ to a map 
X/ : G/ -> Gi . Similarly, we can lift ^ to a map £// : G/ D Gy -> //1 . There are then 
unique maps y/y : G/ D Gy -> Gi giving squares like this: 


Sij 

• >■ • 



• >■ • 

Yij 
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namely 

Yij = XigijXj t (f/y ) 

Similarly, there are unique maps C/y*: £/*■ H Uj D Uk -> //i making this prism 
commute: 



Yik 


To define C/y^, we simply compose the 2 -morphisms on the sides and top of the 
prism. 

Applying p to the prism above we obtain the previous prism. So, y/y and c/y£ 
must take values in the kernel of p\G\ — >► G2 and p: Hi -> 7/2, respectively. It 
follows that y/y and C/y^ take values in the image of /. 

The above prism says that (y/y , C/y ^ ) is cohomologous to (gyy , /z/y^ ), and therefore 
a cocycle in its own right. Since y/y and C[jk take values in the image of /, they 
represent a class in the image of 

UH\M,Q 0 ) H'CM.a 1). 

So, [gyy , hijk ] = [y/y , c/y£] is in the image of /*, as was to be shown. □ 
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The following proof was first described to us by Matt Ando (personal communica- 
tion), and later discussed by Greg Ginot [15]. 

Suppose that G is a simply-connected, compact, simple Lie group. Then the 
string group G of G fits into a short exact sequence of topological groups 

1 -> K{ Z, 2) -> G -> G -> 1 

for some realization of the Eilenberg-Mac Lane space K( Z, 2) as a topological 
group. Applying the classifying space functor B to this short exact sequence gives 
rise to a fibration 

K( Z,3) BG - 4 - BG. 

We want to compute the rational cohomology of BG. 

We can use the Serre spectral sequence to compute H*(BG, Q). Since BG is 
simply connected the E 2 term of this spectral sequence is 

E p ' q = H P (BG,Q) 0 H q (K(Z,3),Q). 

Because K( Z, 3) is rationally indistinguishable from S 3 , the first nonzero differen- 
tial is d/[. Furthermore, the differentials of this spectral sequence are all derivations. 
It follows that d\(y (g) X 3 ) = (— 1 ) p y (g) d^x^) if y e H P (BG, Q). It is not hard 
to identify ^(xs) with c, the class in H A (BG, Q) which is the transgression of the 
generator v of // 3 (G, Q) = Q. It follows that the spectral sequence collapses at the 
E 5 stage with 


E PA = E p,q = ) u 

5 00 \HP(BG,Q)/{c) if = 0. 

One checks that all the subcomplexes F l H * {B G , Q) in the filtration of H * {B G , Q) 
are zero for i > 1. Hence H P (BG, Q) = E = H P (BG,Q)/ (c) and so 
Theorem 2 is proved. □ 
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String Topology in Dimensions Two and Three 


Moira Chas and Dennis Sullivan 


1 Introduction 


Let V denote the vector space with basis the conjugacy classes in the fundamental 
group of an oriented surface S. In 1986 Goldman [1] constructed a Lie bracket 
[, ] on V. If a and b are conjugacy classes, the bracket [a,b] is defined as the 
signed sum over intersection points of the conjugacy classes represented by the 
loop products taken at the intersection points. In 1998 the authors constructed a 
bracket on higher dimensional manifolds which is part of String Topology [2]. This 
happened by accident while working on a problem posed by Turaev [3], which was 
not solved at the time. The problem consisted in characterizing algebraically which 
conjugacy classes on the surface S are represented by simple closed curves. Turaev 
was motivated by a theorem of Jaco and Stallings [4,5] that gave a group theoretical 
statement equivalent to the three dimensional Poincare conjecture. This statement 
involved simple conjugacy classes. 

Recently a number of results have been achieved which illuminate the area 
around Turaev’s problem. Now that the conjecture of Poincare has been solved, 
the statement about groups of Jaco and Stallings is true and one may hope to find 
a Group Theory proof. Perhaps the results to be described here could play a role in 
such a proof. See Sect. 3 for some first steps in this direction. 


2 Algebraic Characterization of Simple Closed Curves 
on Surfaces 

Let a and b be conjugacy classes in the fundamental group of the surface S. Let 
i ( a , b) denote the minimal number of intersection points with multiplicity of rep- 
resentatives of a and b. Let M(v) for v in V denote the sum of the absolute values 
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Fig. 1 An example of a pair of nondisjoint curves with zero bracket 


of the coefficients of v in the given basis of V. From the definition of the Goldman 
bracket it is clear that M([a,b]) is at most i(a,b). There are examples showing 
equality may not hold, e.g., a = xy and b = xyy on the disk with two punctures 
where x and y are the generators running around two of the boundary components, 
with counterclockwise and clockwise orientations respectively (see Fig. 1). Note 
both a and b have self-intersections in this example. 

Theorem 1. [6]. If a is represented by a curve without self-intersections then for all 
conjugacy classes b, i(a , b ) = M([a , b]). In other words , there is no cancellation 
in the bracket where at least one factor is simple. 

Corollary. Let a and b both be simple. Then the function i (< a , b) used to compactify 
Teichmuller space in Thurston ’s work can be encoded in the algebraic structure of 
the bracket on V with the given basis. 

To describe the next result note the following: If a is a simple conjugacy class, 
for all integers n and m the bracket of the n- th power of a with the m-th power of a 
is zero, [a n ,a m ] = 0. This is true because a n and a m have disjoint representatives. 

Theorem 2. [7]. Suppose S is a surface with at least one puncture or boundary 
component and let a be a conjugacy class which is not a power of another class. 
Then a has a simple representative if and only if [a n ,a m ] = 0 for all pairs of 
positive integers n and m. 

Theorem 3. [7]. Suppose S is a surface with at least one puncture or boundary 
component, a is any conjugacy class and m and n are distinct positive integers 
such that one of them is at least three. Then the bracket [a n , a m ] counts the minimal 
number of self intersections of any representative of a. 

Turaev’s question concerned a Lie cobracket 8 defined on the vector space V\ 
defined as V modulo the one dimensional subspace generated by the trivial con- 
jugacy class (see [3]). The cobracket 8 is a sum over self intersection points of a 
representative of the wedge product of the two classes obtained by oriented recon- 
necting at the intersection point. (Notice that there are two ways to reconnect, but 
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only one of them yields two loops. Also the order of the loops for defining the wedge 
is determined by the orientation of the surface). 

Theorem 4. [8]. Let S be a surface with at least one puncture or boundary compo- 
nent and let a be a conjugacy class which is not the power of another class. Then a 
has a simple representative if and only ifS(a n ) = 0 for all n. Moreover, the equation 
8(a n ) = 0 for any fixed n at least three suffices to insure the existence of a simple 
representative of a. 

Theorem 5. [8]. Let S be a surface with at least one puncture or boundary com- 
ponent and let n be an integer larger than four. Then for any conjugacy class a the 
number of terms in 8(a n ) counts the minimal number of self intersection points of 
representatives of a. 

Theorem 1 uses the HNN extension or the free product with amalgamation 
decomposition of the fundamental group associated to a simple element a to 
compute [a, b] in terms of a canonical form for the conjugacy class b. 

Theorems 2-5 uses Combinatorial Group Theory and the presentation of the 
Goldman-Turaev Lie bialgebra given in [9]. Extending this algorithm and the 
Theorems 2-5 to closed surfaces is work in progress. 

The bracket and cobracket were defined as part of String Topology on the reduced 
circle equivariant homology of the free loop space of any manifold (generalizing V') 
(see the 2003 Abel Proceedings [10]). 


3 Three Manifolds 

3.1 The Statement About Groups for Closed Surfaces 
and Surfaces with Boundary 

We recall the statement about groups that is equivalent to the Poincare conjecture 
[4, 5]. Let Ttg denote the fundamental group of a closed orientable surface of genus 

g and let F g denote the free group on g generators, g = 2,3, The statement 

about groups equivalent to the three dimensional Poincare conjecture is 

* Every surjection 7t g F g x F g contains in its kernel a conjugacy class 
represented by a simple closed curve. 

Now, Theorems 2 and 4 above, characterized simple conjugacy classes on sur- 
faces with boundary. So here is a variant of * that fits with these theorems. Let 
be an orientable surface of genus g with one boundary component. Let A denote the 
conjugacy class of the boundary component in the fundamental group of 
(A = [xi , ji] • [x 2 , 3 ^ 2 ] •••[%, Jg] in the standard generating set of E g ). 

Theorems 2 and 4 characterize simple conjugacy classes on E^ in terms of the 
bracket and the cobracket on E^. The following statement is equivalent to * above. 
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** Any surjection F 2g — > F g x F g that sends A ±l = (Y[l x i > yt]) ±l to the 
identity also sends a distinct nontrivial simple conjugacy class to the identity. 

Proof that * and ** are equivalent. In effect, we are studying free homotopy 

s' s 

classes of maps E^ — >- T g x T g and E g — > T g x T g where E g is the closed 
surface of genus g and T g is a graph whose first homology has rank g. Then a map 
s' extends to s if and only if s' sends A to the identity. Any two extensions are 
homotopic because T g x T g has contractible universal cover. 

Writing E g as E^ union a two-disk we see any nontrivial embedded closed curve 
in E g can be isotoped into E^ giving a nontrivial embedded curve distinct from the 
boundary. Conversely, if a nontrivial embedded curve on the surface with boundary 
is not freely homotopic to the boundary then it is still nontrivial in the closed surface. 
This proves the equivalence of * and **. 


3.2 Two Properties of the Kernel 

Consider maps ^ r? x r,, which are surjective on the fundamental group. 
Denote by 's the induced map on conjugacy classes. Denote by s' the map induced 
by s on tti , where the basepoint of E^ is taken on the boundary and the basepoint 
of T g x T g is the image by s of the basepoint of E^. 

Let K denote the linear span of the classes of Fi g that are sent by 'v to the trivial 
class in F g x F g . Let J denote the group ring of the kernel of the homomorphism 
F 2g — > F g x F g induced by s. 

Proposition. K is a subLie algebra of the Goldman Lie algebra V. For the natural 
String Topology action of V on the group ring of F 2g by derivations [11], K keeps 
J invariant. 

Proof. Both the bracket and the action are defined as a sum over transversal inter- 
section points of loop compositions with a sign coming from the orientation and 
where we drop the base point in the bracket case and where we move the base point 
back to the boundary in the case of the action.The connected sum at an intersection 
point of a disk on x a generator of K and a disk on j, a generator of J is a disk on 
that term of the action of x on y . This proves the second part. The proof for the first 
part is the same. □ 


3.3 Irreducible Three Manifolds 

The results of [12] plus geometrization show that String Topology in dimension 
three vanishes in a certain sense precisely on closed hyperbolic manifolds. These 
ideas can be extended to a relationship between the torus decomposition and the Lie 
algebra structure for irreducible three manifolds. This is also work in progress. 
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Floer Homotopy Theory, Realizing Chain 
Complexes by Module Spectra, and Manifolds 
with Corners 


Ralph L. Cohen 


Abstract In this paper we describe and continue the study begun in Cohen et al. 
(Progress in Mathematics, vol. 133, Birkhauser, Boston, 1995, pp. 287-325) of the 
homotopy theory that underlies Floer theory. In that paper the authors addressed 
the question of realizing a Floer complex as the cellular chain complex of a 
CW-spectrum or pro-spectrum, where the attaching maps are determined by the 
compactified moduli spaces of connecting orbits. The basic obstructions to the exis- 
tence of this realization are the smoothness of these moduli spaces, and the existence 
of compatible collections of framings of their stable tangent bundles. In this note we 
describe a generalization of this, to show that when these moduli spaces are smooth, 
and are oriented with respect to a generalized cohomology theory E*, then a Floer 
E* -homology theory can be defined. In doing this we describe a functorial view- 
point on how chain complexes can be realized by E -module spectra, generalizing 
the stable homotopy realization criteria given in Cohen et al. (Progress in Mathemat- 
ics, vol. 133, Birkhauser, Boston, 1995, pp. 287-325). Since these moduli spaces, if 
smooth, will be manifolds with corners, we give a discussion about the appropriate 
notion of orientations of manifolds with corners. 


1 Introduction 

In [5], the author, J.D.S Jones, and G. Segal began the study of the homotopy the- 
oretic aspects of Floer theory. Floer theory comes in many flavors, and it was the 
goal of that paper to understand the common algebraic topological properties that 
underly them. A Floer stable homotopy theory of three-manifolds in the Seiberg- 
Witten setting was defined and studied by Manolescu in [16, 17]. This in turn was 
related to the stable homotopy viewpoint of Seiberg- Witten invariants of closed 
four-manifolds studied by Bauer and Furuta in [2, 3]. A Floer stable homotopy type 
in the setting of the symplectic topology of the cotangent bundle, T*M, was shown 
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to exist by the author in [4], and it was calculated to be the stable homotopy type 
of the free loop space, LM . These were the results reported on by the author at the 
Abel conference in Oslo. 

In this largely expository note, we discuss basic notions of Floer homotopy type, 
and generalize them to discuss obstructions to the existence of a Floer E* -homology 
theory, when E* is a generalized cohomology theory. 

In a “Floer theory” one typically has a functional, A : y -> M, defined on an 
infinite dimensional manifold, y, whose critical points generate a “Floer chain com- 
plex”, (CF*(A), 9^). The boundary maps in this complex are determined by the 
zero dimensional moduli spaces of flow lines connecting the critical points, much 
the same as in classical Morse theory. In Morse theory, however, given a Morse 
function / : M -> R, there is an associated handlebody decomposition of the man- 
ifold. This leads to a corresponding C W -complex X / with one cell for each critical 
point of /, which is naturally homotopy equivalent to M. The associated cellular 
chain complex, (C* , 9/), is equal to the Morse chain complex generated by critical 
points, with boundary homomorphisms computed by counting gradient flow lines. 
The relative attaching map between cells of Xf , in the case when the corresponding 
critical points a and /3 labeling these cells are “successive”, was shown by Franks 
in [11] to be given by a map of spheres, which, under the Pontrjagin-Thom con- 
struction, is represented by the compact framed manifold of flow lines, M(a, /3), 
connecting a to /3. In [5] this was generalized so as not to assume that a and /3 are 
successive. Namely it was shown that all the stable attaching maps in the complex 
X f are represented by the framed cobordism classes of the compactified moduli 
spaces M(y,8) of flow lines. Here these moduli spaces are viewed as compact, 
framed, manifolds with corners. 

A natural question, addressed in [5], is under what conditions, is there an underly- 
ing C W -complex or spectrum, or even “prospectrum” as described there, in which 
the underlying cellular chain complex is exactly the Floer complex. In particular, 
given a Floer functional, A : y -> M, one is looking for a C W -(pro)-spectrum 
that has one cell for each critical point, and whose relative attaching maps between 
critical points a and /3 of relative index one are determined by the zero dimensional, 
compact, oriented moduli space M(a, /3) of gradient flow lines connecting them. 
Moreover, one would like this “Floer (stable) homotopy type” to have its higher 
attaching maps, that is to say its entire homotopy type, determined by the higher 
dimensional compactified moduli spaces, M(y, S), in a natural way, as in the Morse 
theory setting. Roughly, the obstruction to the existence of this Floer homotopy type 
was shown in [5] to be the existence of the structures of smooth, framed manifolds 
with corners on these compact moduli spaces. This was expressed in terms of the 
notion of “compact, smooth, framed” categories. 

The goal of the present paper is to review and generalize these ideas, in order to 
address the notion of when a “Floer E* -theory” exists, where E* is a multiplica- 
tive, generalized cohomology theory. That is, E* is represented by a commutative 
ring spectrum E. (By a “commutative” ring spectrum, we mean an E 0 o-ring spec- 
trum in the setting of algebra spectra over operads as in [8], or a commutative 
symmetric ring spectrum as in [14].) We will show that if the compact moduli 
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spaces M(y, S ) are smooth manifolds with corners, and have a compatible family 
of E* -orientations, then a Floer is* -theory exists. 

In order to state this result more precisely, we observe that this Floer theory 
realization question is a special case of the question of the realization of a chain 
complex by an is -module spectrum. When E is the sphere spectrum *S°, then this 
question becomes that of the realization of a chain complex by a stable homotopy 
type. To be more precise, consider a connective chain complex of finitely generated 
free abelian groups, 


-> >Q 



3/-i 

> • • • 


Co 


where we are given a basis, £>/ , for the chain group Q . For example, if this is a 
Morse complex or a Floer complex, the bases £>/ are given as the critical points of 
index i. Now consider the tensor product chain complex, (C* (8) is*, 3 (8> 1), where 
E * = is* (S' 0 ) is the coefficient ring. Notice that for each i, one can take the free 
is -module spectrum generated by 23/, 

Si =\J E, 

aeBj 

and there is a natural isomorphism of is* -modules, 


7T*(f/) ~ Ci (8) £*. 


Definition 1. We say that an is -module spectrum X realizes the complex C* (8) is*, 
if there exists a filtration of E -module spectra converging to X , 

satisfying the following properties: 

1. There is an equivalence of E -module spectra of the subquotients 

Xi/Xi-x ~ 

2. The induced composition map in homotopy groups, 

Ci ® s n.+iiXi/Xi- 1) X n.+i&Xi-O 7T* +I (i:(V-i/V-2)) 

= C /— i (8) E * 

is the boundary homomorphism, 9/(8) 1 . 

Here the subquotient X/ /X/_i refers to the homotopy cofiber of the map X/-\ 

Xi , the map p/ : X/ -> X/ /X/_i is the projection map, and the map 9/ : X/ / X- L -\ 

Pi 

ST/_i is the Puppe extension of the homotopy cofibration sequence X/_i X/ 

Xi/Xi-,. 
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In [5], the authors introduced a category Jo, whose objects are the nonnega- 
tive integers Z + , and whose space of morphisms from i to j for i > j + 1 is 
homeomorphic to the one point compactification of the manifold with corners, 

Morj(i,j) ^ (M+y -7 ’ -1 U oo 

and Morj(j + 1 , j ) = S°. Here M+ is the space of nonnegative real numbers. The 
following is a generalization of the realization theorem proved in [5]. 

Theorem 2. Let E — mod be the category of E -module spectra. Then realizations 
of the chain complex C* (g) E* by E -module spectra correspond to extensions of the 
association j Sj to functors Z : J — >► E — mod, with the property that for each 
j , the map 


Zj+Uj '■ Morj(j + j) a £j+i -* £j 
S° a £ J+ i -a £j 

induces the boundary homomorphism 9y+i (g) 1 on the level ofhomotopy groups. 

This theorem was proved for E = S° in [5] by displaying an explicit geometric 
realization of such a functor. In this note we indicate how that construction can be 
extended to prove this more general theorem. 

The next question that we address in this paper is how to give geometric condi- 
tions on the moduli spaces of flow lines to induce a natural £ -module realization of 
a Floer complex. That is, we want to describe geometric conditions that will induce 
a functor Z : J — >► E — mod as in Theorem 2. Roughly, the condition is that the 
moduli spaces are smooth and admit a compatible family of E* -orientations. 

The compatibility conditions of these orientations are described in terms of the 
“flow-category” of a Floer functional (see [5]). One of the conditions required is that 
this category be a “smooth, compact, category”. This notion was defined in [5]. Such 
a category is a topological category C whose objects form a discrete set, whose mor- 
phism spaces, Mor(a,b), are compact, smooth manifolds with corners, and such 
that the composition maps /x : Mor(a , b ) x Morfb , c ) -> Mor(a , c ) are smooth 
codimension one embeddings whose images lie in the boundary. In [4] this was elab- 
orated upon by describing a “Morse-Smale” condition on such a category, whereby 
the objects are equipped with a partial ordering and have the notion of an “index” 
assigned to them. The “flow category” of a Morse function / : M — >► M satisfies 
this condition if the metric on M is chosen so that the Morse-Smale transversal- 
ity condition holds. This is the condition which states that each unstable manifold 
and stable manifold intersect each other transversally. When the flow category of a 
Floer functional satisfies these properties, we call it a “smooth Floer theory” (see 
Definition 4 below). 

In Sect. 4 we study the issue of orientations of the manifolds with corners com- 
prising the morphism spaces of a smooth, compact category. This will involve a 
discussion of some basic properties of manifolds with corners, following the expo- 
sition given in [15]. In particular we will make use of the fact that such manifolds 
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with comers define a diagram of spaces, via the corner structure. Our notion of an 
E * -orientation of a smooth compact category will be given by a functorial collec- 
tion of F*-Thom classes of the Thom spectra of the stable normal bundles of the 
morphism manifolds. These Thom spectra themselves are corresponding diagrams 
of spectra, and the orientation maps representing the Thom classes are morphisms 
of diagrams of spectra. See Definition 10 below. 

Our main result of this section is stated in Theorem 1 below. It says that if a 
smooth Floer theory has an E*- orientation of its flow category, then the Floer com- 
plex has a natural realization by an E -module spectrum. The homotopy groups of 
this spectmm can then be viewed as the “Floer E* -homology”. 


2 Floer Homotopy Theory 

2.1 Preliminaries from Morse Theory 

In classical Morse theory one begins with a smooth, closed n -manifold M n , and a 
smooth function / : M n -> M with only nondegenerate critical points. Given a 
Riemannian metric on M, one studies the flow of the gradient vector field V/. In 
particular a flow line is a curve y : M -> M satisfying the ordinary differential 
equation, 

4-yCs) + V/(y(s)) = 0. 
at 

By the existence and uniqueness theorem for solutions to ODEs, one knows that if 
x e Mis any point then there is a unique flow line y x satisfying y x (0) = x. One 
then studies unstable and stable manifolds of the critical points, 

W u (a) = {x eM : lim y x (t) = a} 

t — > — oo 

W\a) = {x eM : lim y x (t) = a}. 

r^+oo 

The unstable manifold W u (a) is diffeomorphic to a disk D^ a \ where fi(a) is the 
index of the critical point a. Similarly the stable manifold W s (a) is diffeomorphic 
to a disk 

For a generic choice of Riemannian metric, the unstable manifolds and stable 
manifolds intersect transversally, and their intersections, 

W(a,b) = W u (a) (T W s (b), 

are smooth manifolds of dimension equal to the relative index, fi(a) — When 
the choice of metric satisfies these transversality properties, the metric is said to be 
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“Morse-Smale”. The manifolds W(a, b) have free M-actions defined by “going with 
the flow”. That is, for t e M, and x e M, 


t -X = Yx(t). 


The “moduli space of flow lines” is the manifold 

M(a,b) = W(a,b)/R 

and has dimension fi{a) — fi(b) — 1 . These moduli spaces are not generally compact, 
but they have canonical compactifications in the following way. 

In the case of a Morse-Smale metric, (which we assume throughout the rest of 
this section), there is a partial order on the finite set of critical points given by a > b 
if M(a, b) 7 ^ 0. We then define 

M{a,b) = [J M(aua 2 ) x • • • x M(a k -i,a k ), (1) 

a=a\>a2>—>ai i =b 

The topology of A4(a, b ) can be described as follows. Since the Morse function 
/ : M — ► M is strictly decreasing along flow lines, a flow y : M M with 
the property that y(0) e W(a , /?) determines a diffeomorphism M = ( f(b ), /(a)) 
given by the composition, 



This defines a parameterization of any y e Ad (a, /?) as a map 

y :[/(&)./(*)]-► M 

that satisfies the differential equation 

dy = v/(y(^)) 

^ I/(k(^))I 2 ’ 

as well as the boundary conditions 

y(f(b)) = b and y(f(a)) = a. (3) 

From this viewpoint, the compactification M(a,b) can be described as the space 
of all continuous maps [ f(b ), f(a)] -> M that are piecewise smooth (and indeed 
smooth off of the critical values of / that lie between f(b) and f(a )), and that 
satisfy the differential equation (2) subject to the boundary conditions (3). It is 
topologized with the compact-open topology. 

These moduli spaces have natural framings on their stable normal bundles (or 
equivalently, their stable tangent bundles) in the following manner. Let a > b be 
critical points. Let € > 0 be chosen so that there are no critical values in the half 


Floer Homotopy Theory 


45 


open interval [f{a) — 6, / (a)). Define the unstable sphere to be the level set of the 
stable manifold, 

S u (a) = W u (a)nf- l (f(a)-e). 

The sphere S u (a ) has dimension /. i(a) — 1 . Notice there is a natural diffeomorphism, 

M(a,b) s S u (a) n W s (b). 

This leads to the following diagram, 

W s {b) — > M 

u| |u (4) 

M(a,b) > S u (a). 


From this diagram one sees that the normal bundle v of the embedding A4 (a , b) 
S u (a ) is the restriction of the normal bundle of W s ( b ) M . Since W s ( b ) is a disk, 

and therefore contractible, this bundle is trivial. Indeed an orientation of W s (b) 
determines a homotopy class of trivialization, or a framing. In fact this framing 
determines a diffeomorphism of the bundle to the product, W s (b) x W u (b). Thus 
these orientations give the moduli spaces M(a,b) canonical normal framings, v = 
M(a,b) x W u (b). 

In the case when a and b are successive critical points, that is when there are 
no intermediate critical points c with a > c > b, then (1) tells us that M(a,b) 
is already compact. This means that M(a,b) is a closed, framed manifold, and its 
framed cobordism class is represented by the composition, 


x pro i 

r a , b : S u {a) -> M v {a,b) ~ M(a,b)+ A (W u {b) U oo) —A W u {b) U oo 


Here r : S u (a) — ► M v (a , b) is the “Thom collapse map” from the ambient sphere 
to the Thom space of the normal bundle. This map between spheres was shown 
by Franks in [11] to be the relative attaching map in the C W -structure of the 
complex X / . 

Notice that in the special case when ji(a) = ji(b) + 1 the spheres S u (a) and 
W u (b ) U oo have the same dimension (= /jl (b)), and so the homotopy class of 
t a ,b is given by its degree; by standard considerations this is the “count” #M(a , b ) 
of the number of points in the compact, oriented (framed) zero-manifold M(a,b) 
(counted with sign). Thus the “Morse-Smale chain complex”, (C* , 9), which is the 
cellular chain complex of the C W -complex X f, is given as follows: 


C 


C- 


3/-i 


i — 1 


C J 

'-'n 


(5) 


f 

where C( is the free abelian group generated by the critical points of / of index i , 
and 
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3 da] = E #M(a, b) [b]. ( 6 ) 

li(b)=i-\ 

The framings on the higher dimensional moduli spaces, M(a,b), extend to their 
compactifications, M(a,b), and they have the structure of compact, framed mani- 
folds with corners. In [5] it was shown that these framed manifolds define the stable 
attaching maps of the C W -complex Xf , thus generalizing Franks’ theorem. 

The moduli spaces M(a,b) fit together to define the flow category, C/, of the 
Morse function / : M -> M. The objects of this category are the critical points of 
/ and the morphisms are given by the spaces M(a,b). The compositions are the 
inclusions into the boundary, 

M(a , b) x M(b , c ) M(a , c ). 

What the above observations describe, is the structure on the flow category C/ of a 
smooth, compact, Morse-Smale category as defined in [5] and [4]: 

Definition 3. A smooth, compact category is a topological category C whose objects 
form a discrete set, and whose morphism spaces, Mor(a , b ) are compact, smooth 
manifolds with corners, such that the composition maps, v : Mor(a,b ) x 
Mor(b , c ) -> Mor(a , c ), are smooth codimension one embeddings (of manifolds 
with corners) whose images lie in the boundary. 

A smooth, compact category C is said to be a “Morse-Smale” category if the 
following additional properties are satisfied: 

1. The objects of C are partially ordered by the condition 

a >b if Mor(a,b ) ^ 0. 


2. Mor(a,a) = {identity}. 

3. There is a set map, \i : Ob(C) -> Z, which preserves the partial ordering, such 
that if a > b, 

dim Mor(a , b ) = /x(a) — fi(b) — 1. 

The map /x is known as an “index” map. A Morse-Smale category such as this is 
said to have finite type, if there are only finitely many objects of any given index, 
and for each pair of objects a > b, there are only finitely many objects c with 

a > c > b. 

As was described in [5] and [4], the Morse framings of the moduli spaces 
M(a,b) are compatible with the composition structure in the flow category C/ 
which gives the category the structure of a “smooth, compact, framed” category. We 
will recall this notion in Sect. 4 when we generalize it to the notion of a “smooth, 
compact, E* -oriented” category, for E* a multiplicative generalized cohomology 
theory. It was also shown in [5] that the framing on this category was precisely 
what was needed to (functorially) realize the Morse chain complex (5) by a sta- 
ble homotopy type; which in this case was shown to be the suspension spectrum 
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of the manifold, £°°(M+). It was shown also that if the framing was changed 
one produced a change in realization, typically to the Thom spectrum of a virtual 
bundle, M^. 


2.2 Smooth Floer Theories 

In Floer theory, many, although not all of the above constructions go through. In 
such a theory, one typically starts with a smooth map 

A jC — M 

where often C is an infinite dimensional manifold, and the functional A is defined 
from geometric considerations. For example, in symplectic Floer theory C is the 
loop space of a symplectic manifold and A is the “symplectic action” of a loop. 
In “instanton” Floer theory, C is the space of gauge equivalence classes of SU(n)~ 
connections on the trivial bundle over a fixed three-manifold and A is the Chern- 
Simons functional. 

Oftentimes the functional A is then perturbed so that the critical points are 
isolated and nondegenerate. Also, a choice of metric on C is typically shown to 
exist so that the Morse-Smale transversality conditions hold. So even though it is 
often the case that the unstable and stable manifolds, W u (a ) and W s (a) are infinite 
dimensional, in such a Floer theory the intersections 

W(a,b) = W u {a) n W\b) 

are finite dimensional smooth manifolds. Thus even when one cannot make sense 
of the index, /x(a), one can make sense of the relative index, 

li(a , b ) = dim W(a , b). 

One can then form the moduli spaces, M(a,b ) = W(a , Z?)/M, with dimension 
fi(a 7 b) ~ 1. One can also form the space of “piecewise flows”, M(a,b), using 
the same method as above (1). However in general these space may not be compact 
This is typically due to bubbling phenomena. Moreover, the smoothness of M(a, b ) 
may be difficult to establish. In general this is a deep analytic question, which has 
been addressed in particular examples throughout the literature (e.g. [1, 7, 9, 20]). 
Furthermore a general analytical theory of “poly folds” is being developed by Hofer 
(see for example [13]) to deal with these types of questions in general. However in 
Floer theory one generally knows that when the relative index fi(a,b) is 1, then the 
spaces M(a,b) are compact, oriented, zero dimensional manifolds. By picking a 
“base” critical point, say ao, one can then can form a “Floer chain complex” (relative 
to ao). 


48 


R.L. Cohen 



(7) 


where Cf A is the free abelian group generated by the critical points a of A of index 
n(a,ao ) = i, and 



( 8 ) 


[i(b)=i — 1 


By allowing the choice of base critical point ao to vary one obtains an inverse system 
of Floer chain complexes as in [5]. Another way of handling the lack of well defined 
index is to use coefficients in a Novikov ring as in [18]. 

The specific question addressed in [5] is the realizability of the Floer complex by 
a stable homotopy type: a spectrum in the case of a fixed connective chain complex 
as (7), or a prospectrum in the case of an inverse system of such chain complexes. In 
this note we ask the following generalization of this question. Given a commutative 
ring spectrum E , when does the Floer complex C £ (g) E* have a realization by an 
if -module spectrum as in Definition 1 in the introduction? 

Ultimately the criteria for such realizations rests on the properties of the flow 
category of the Floer functional, C^. This is defined as in the Morse theory case, 
where the objects are critical points and the morphisms are the spaces of piecewise 
flow lines, The first criterion is that these moduli spaces can be given 

be given the structure of smooth, compact, manifolds with corners. As mentioned 
above, this involves the analytic issues of transversality, compactness, and gluing: 

Definition 4. We say that a Floer functional A : C -> M generates a “smooth Floer 
theory” if the flow category C 4 has the structure of a smooth, compact, Morse- 
Smale category of finite type, as in Definition 3. 

Remark. Notice that in this definition we are assuming that a global notion of index 
can be defined, as opposed to only the relative index with respect to a base critical 
point. If this is not the case, one can often replace the flow category with an inverse 
system of categories, each of which has a global notion of index. See [5] for a more 
thorough discussion of this point. 

Examples of “smooth Floer theories” were given in [5] and [4]. In particular, 
the symplectic Floer theory of the cotangent bundle T*M was shown to have this 
property in [4] . 

In the next section we establish a general functorial description of realizations 
of chain complexes by E -module spectra, and in Sect. 4 we interpret these criteria 
geometrically, in terms of the flow category C 4 of a smooth Floer theory. 


3 Realizing Chain Complexes by E -module Spectra 


Suppose one is given a chain complex of finitely generated free abelian groups, 
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where C, has a given basis, B,- . In the examples of a smooth Floer theory and Morse 
theory, B\ represents the set of critical points of index i . In the category of spectra, 
the wedge Z/ = where S° is the sphere spectrum, realizes the chains in 

the sense that 

H*(Zi) ^ Q. 

Equivalently, if H represents the integral Eilenberg-MacLane spectrum, the wedge 
Hi = V /3et3j H has the property that 7r* (Hi ) = C /. More generally, given a com- 
mutative ring spectrum E , the wedge £/ = V^g 23 ? ^ is a free £ -module spectrum 
with the property that its homotopy groups, 


7T*(f/) ^ Q 0 E *. 


The key in the realization of the chain complex (C* (g) £*, 9 (g) 1) by an 
£ -module spectrum is to understand the role of the attaching maps. To do this, 
we “work backwards”, in the sense that we study the attaching maps in an arbitrary 
£ -module spectrum. For ease of exposition, we consider a finite £ -module spec- 
trum. That is, we assume X is an £ -module that has a filtration by ^-spectra, 

where each X- t -\ ^ Xi is a cofibration with cofiber, K t = X/ U c(X/_i), a free 
£ -module in that there is an equivalence 

Ki ~ \J E' E 

• Vt 


where T>[ is a finite indexing set. 

Following the ideas of [5], then one can “rebuild” the homotopy type of the n- 
fold suspension, X, as the union of iterated cones and suspensions of the K;’ s, 

YTX ~ YTKq U c(E" _1 ATi) U • • • U c‘(£” _i AT,) U • • • U c n K n . (10) 


This decomposition can be described as follows. Define a map <$,■ : £" ' K, — > 
£"-‘ + i Ki-\ to be the iterated suspension of the composition, 

Si : Ki i -> SAT/-! 


where the two maps in this composition come from the cofibration sequence, 
Xi- 1 — > A, — > AT,- — ET,-! •••. Notice that Sj is a map of £ -module spectra. 
As was pointed out in [4], this induces a “homotopy chain complex”, 


K„ -4 J-K, , 


$n - 1 

-1 ► 


V + l 


» Ki 


^ n ~ i+l Ki- 




: S' ! X 0 . 

( 11 ) 
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We refer to this as a homotopy chain complex because examination of the defining 
cofibrations leads to canonical null homotopies of the compositions, 

8j o8 j+ i. 

This canonical null homotopy defines an extension of Sj to the mapping cone of 
s j + i ; 

c(X n - j - l K j+ 1) U iy+1 T, n ~ j Kj — ► X n ~J +l Kj-i. 

More generally, for every q , using these null homotopies, we have an extension to 
the iterated mapping cone, 

c ?( S »-;-9 Kj+g) U c q ~ x ~ q+l K j + q -\) U ••• 

U c(X n - j - l K j+l ) U Sj+l X n ~ j Kj — ► (12) 

In other words, for each p > q, these null homotopies define a map of free 
spectra, 

<p P , q : c p - q - l X n - p K p -> H n - q K q . (13) 

To keep track of the combinatorics of these attaching maps, a category J was 
introduced in [5] and used again in [4]. The objects of J are the integers, Z. To 
describe the morphisms, we first introduced spaces J(n , m) for any pair of integers 
n > m. These spaces were defined by: 

J(n,m) = {(ti, i G Z), where each ti is a nonnegative real number, and^- = 0, 
unless m < i < n.} (14) 

Notice that J(n,m) = where is the space of ^-tuples of nonnegative 

real numbers. Furthermore there are natural inclusions, 

l : J(n,m) x J(m,p) J(n,p). 

The image of i consists of those sequences in J(n , p) which have a 0 in the mth 
coordinate. This then allows the definition of the morphisms in J as follows. For 
integers n < m there are no morphisms from « tom. The only morphism from an 
integer n to itself is the identity. If n = m + 1 , the space of morphisms is defined to 
be the two point space, Mor(m + 1, m) = S°. If n > m + 1, Mor(n,m ) is the one 
point compactification, 

Mor(n,m) = J(n,m) + = J(n,m) U oo. 


For consistency of notation we refer to all the morphism spaces Mor(n,m ) as 
J(n, m) + . Composition in the category is given by addition of sequences, 


J(n,m) + A J(m, p) + -> J(n, p) + . 
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In this smash product, the points at infinity are the basepoints, and this map is base- 
point preserving. A key feature of this category is that for a based space or spectrum, 
Y, the smash product J(n,m) + A Y is homeomorphic iterated cone, 

J(n,m) + A F = c n ~' n ~ l (Y). 

Given integers p > q, then there are subcategories Jq defined to be the full sub- 
category generated by integers q > m > p. The category J q is the full subcategory 
of J generated by all integers m > q. 

As described in [5], given a functor to the category of spaces, Z : J q -> 
Spaces *, one can take its geometric realization, 

|Z| = JJZC/)A/(7\<7 — l) + /~ (15) 

q<j 

where one identifies the image of Z (/ ) A J (j, i) + A J(i,q- 1) + in Z(j) A J (j, q - 
1) + with its image in Z(i) A /(/, q — 1) under the map on morphisms. 

For a functor whose value is in E -modules, we replace the above construction of 
the geometric realization \Z\ by a coequalizer, in the following way: 

Let Z : J q -> E — mod . Define two maps of ^-modules, 

A/i: V Z (y) A JU, i) + A J(i, q - 1)+ V Z ^') A J( J' * - J ) + - 

Q<] Q—j 

The first map i is induced by the composition of morphisms in J q , J( j, / ) + A 
J(i,q — 1) + J(j,q ~ 1) + - The second map p is the given by the wedge of 
maps, 

i | A 1 . 

Z(J) A J(j,i) + A J(i,q- 1) + —A Z(i) A J(i,q- 1) + 

where /i (/ : Z( j) A J( j, i ) + Z{i) is the action of the morphisms. 

Definition 5. Given a functor Z : J cj E — mod we define its geometric real- 
ization to be the homotopy coequalizer (in the category E — mod) of the two 
maps, 


L, p 


V Z(J) A J(j,i) + A J(i,q- 1)+ — . V Z (i) A - 1) + 

q<j q<j 


The following is a more precise version of Theorem 2 of the introduction. 
Theorem 6. Let E be a commutative ring spectrum, and let 


r 



Q 



3,-i 

> 


Co 


be a chain complex of finitely generated free abelian groups where Ci has basis 
Bi. Then each realization of C * ( 8 ) E* by an E -module spectrum X, occurs as the 
geometric realization \ Zx \ of a functor 
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Z z : Jo -> E — mod 


with the following properties: 


1. Z X (i ) = Vb ; E. 


2. On morphisms of the form J(i, i — 1) + = S°, the functor Z z : \J E 
\/ Bj_i E induces the boundary homomorphism on homotopy groups: 


3 i : Q 0 ^ Q - 1 (8) E, 


Proof The proof mirrors the arguments given in [5] and [4] which concern realizing 
chain complexes of abelian groups by stable homotopy types. We therefore present 
a sketch of the constructions and indicate the modifications needed to prove this 
theorem. 

First suppose that Z : Jo — >► E — mod is a functor satisfying the properties (1) 
and (2) as stated in the theorem. The geometric realization | Z | has a natural filtration 
by E -module spectra, 




where the £th-filtration, \Z\k, is the homotopy coequalizer of the maps i and /x as 
in Definition 5, but where the wedges only involve the first /c-terms. Notice that the 
subquotients (homotopy cofibers) are homotopy equivalent to a wedge, 


\Z\ k /\Z\ k - X ~\J?: k E ~ E*Z(i). 


The second equivalence holds by property (1) in the theorem. Furthermore, by 
property 2 the composition defining the attaching map, 

C* 0 £* ^ 7t* +k (\Z\ k /\Z\ k -i) -> 7T* + £(E|Z|£_i) -> 7r* + ^(S(|Z^_i/|Z|^_ 2 ) 
= C]c—l ® 

is the boundary homomorphism, 0 1 . Thus the geometric realization of such a 
functor Z : Jo -> E — mod gives a realization of the chain complex C* 0 E* 
according to Definition 1 . 

Conversely, suppose that the filtered E — module 



X k 


...x 


realizes C* 0 E* as in Definition 1 . We define a functor 
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by letting Zx (i ) = V#- E = Z l X[/ X- L -\ . To define the value of Zx on morphisms, 
we need to define compatible maps of E — modules, 

AZ x (i)^ Z X (j) 

v-JXj/Xj-i 

These are defined to be the maps faj given by the attaching maps in a filtered 
E -module as described above in ( 1 3 ) . □ 


4 Manifolds with Corners, E* -orientations of Flow Categories, 
and Floer E* -homology 

Our goal in this section is to apply Theorem 6 to a Floer chain complex in order 
to determine when a smooth Floer theory (Definition 4) can be realized by an 
E -module to produce a “Floer E * -homology theory”. To do this we want to identify 
the appropriate properties of the moduli spaces M(a,b ) defining the morphisms in 
the flow category C 4 so that they induce a functor : Jo -> E — mod that satis- 
fies Theorem 6 . The basic structure these moduli spaces need to possess is an E*- 
orientation on their stable normal bundles. The functor will then be defined via a 
Pontrjagin-Thom construction. 

These moduli spaces have a natural corner structure and these E * -orientations 
must be compatible with this corner structure. Therefore we begin this section with a 
general discussion of manifolds with corners, their embeddings, and induced normal 
structures. This general discussion follows that of [15]. 

Recall that an ^-dimensional manifold with corners, M, has charts which are 
local homeomorphisms with W + . Let x/r : U R+ be a chart of a manifold with 
corners M . For x e U, the number of zeros of this chart, c(x) is independent 
of the chart. We define a face of M to be a connected component of the space 
{meM such that c(m) = 1}. 

Given an integer k, there is a notion of a manifold with corners having “codi- 
mension k”, or a (k) -manifold. We recall the definition from [15]. 

Definition 7. A (k ) -manifold is a manifold with corners, M, together with an 
ordered k - tuple (d\M , . . . , 9^M) of unions of faces of M satisfying the following 
properties: 

1. Each meM belongs to c(m ) faces. 

2. d\MU- • = 8M. 

3. For all 1 <i ^ j <k , 9/ M Pi9y M is a face of both 9/ M and 9 y - M . 

The archetypical example of a (A;) -manifold is . In this case the face Fj C 

consists of those ^-tuples with the j th-coordinate equal to zero. 
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As described in [15], the data of a (k ) -manifold can be encoded in a categorical 
way as follows. Let 2 be the partially ordered set with two objects, {0, 1}, generated 
by a single nonidentity morphism 0 — >► 1. Let 2 k be the product of k -copies of 
the category 2. A (A;) -manifold M then defines a functor from 2 k to the category 
of topological spaces, where for an object a = («!,••• ,cik) e 2 k , M(a ) is the 
intersection of the faces 9/(M) with at = 0. Such a functor is a ^-dimensional 
cubical diagram of spaces, which, following Laures’ terminology, we refer to as a 
(k)- diagram, or a (A;) -space. Notice that R+(<z) c consists of those ^-tuples of 
nonnegative real numbers so that the i th-coordinate is zero for every i with < 2 / = 0. 
More generally, consider the (A;) -Euclidean space, x R”, where the value on 
a e 2 k is R+(<z) x R”. In general we refer to a functor 0 : 2 k -> C as a (A;) -object 
in the category C. 

In this section we will consider embeddings of manifolds with corners into 
Euclidean spaces M x R” of the form given by the following definition. 

Definition 8. A “neat embedding” of a (A;) -manifold M into x R m is a natural 
transformation of (A:) -diagrams 


e : M ^ R*. x R m 

that satisfies the following properties: 

1. For each ae2 k , e(a) is an embedding. 

2. For all b < a, the intersection M(a ) Pi (R+(Z?) x R m ) = M(b ), and this 
intersection is perpendicular. That is, there is some € > 0 such that 

M(a) H (R^_(ft) x [0, €) k (a - b) x M m ) = M(b) x [0, e) k (a - b). 

Here a— b denotes the object of 2 k obtained by subtracting the k -vector b from the 
k- vector a. 

In [15] it was proved that every (A;) -manifold neatly embeds in x R N for 
N sufficiently large. In fact it was proved there that a manifold with corners, M, 
admits a neat embedding into x R N if and only if M has the structure of a (k)- 
manifold. Furthermore in [12] it is shown that the connectivity of the space of neat 
embeddings, Emb{j c )(M\M k ^ x R^) increases with the dimension N . 

Notice that an embedding of manifolds with corners, e : M ^ x K'", has a 
well defined normal bundle. In particular, for any pair of objects in 2*, a > b, the 
normal bundle of e(a) : M(a) ^ R k + (a) x R m , when restricted to M(b), is the 
normal bundle of e(b) : M(b) M^_(b) x W n . 

Now let C be the flow category of a smooth Floer theory. Recall from Defini- 
tion 4 that this means that C is a smooth, compact, Morse-Smale category of finite 
type. By assumption, the morphism spaces, Mor(a,b ) = M(a,b), are compact, 
smooth, manifolds with corners. Notice that in fact they are (k (a, b)) -manifolds, 
where k(a,b ) = fi(a) — /i(b) — 1. This structure is given by the faces 
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dj(M(a,b))= M(a,c) x 

fi(c)=fi(a)-j 

These faces clearly satisfy the intersection property necessary for being a {k(a, b))- 
manifold (Definition 7). The condition on the flow category C necessary for it to 
induce a geometric realization of the Floer complex by E -modules will be that the 
moduli spaces, M(a,b), admit a compatible family of E* -orientations. To define 
this notion carefully, we first observe that a commutative ring spectrum E induces 
a (k)- diagram in the category of spectra C{k) -spectrum”), E{k), defined in the 
following manner. 

For k = 1, we let E(l) : 2 -> Spectra be defined by is (1)(0) = *S°, the sphere 
spectrum, and is (1)(1) = E. The image of the morphism 0 — 1 is the unit of the 
ring spectrum S° -> E. 

To define E(k) for general k , let a be an object of 2 k . We view a as a vector 
of length k , whose coordinates are either zero or one. Define E(k)(a) to be the 
multiple smash product of spectra, with a copy of S° for every zero coordinate, 
and a copy of E for every string of successive ones. For example, if k = 6, and 
a = (1,0, 1, 1,0, 1), then E(k) (a) = EaS°aEaS°aE. 

Given a morphism a -> a f in 2 k , one has a map E(k)(a) -> E(k)(a f ) defined 
by combining the unit S° -> E with the ring multiplication E A E — >► E. 

Said another way, the functor E(k) : 2 k Spectra is defined by taking the 
£-fold product functor E(l) : 2 -> Spectra which sends (0 -> 1) to S° -> E , and 
then using the ring multiplication in E to “collapse” successive strings of E s. 

This structure allows us to define one more construction. Suppose C is a smooth, 
compact, Morse-Smale category of finite type as in Definition 3. We can then define 
an associated category, Ec , whose objects are the same as the objects of C and whose 
morphisms are given by the spectra, 

Mor Ec (a,b ) = E(k(a,b)) 

where k(a,b) = p(a) — p(b ) — 1. Here p(a) is the index of the object a as in 
Definition 3. The composition law is the pairing, 

E(k(a , b)) A E(k(b , c)) = E(k(a , b)) A S° A E(k(b , c)) 

E{k(a,b )) a E( 1) a E(k(b,c)) 

A E(k(a, c)). 

Here u : S° -> E = is(l) is the unit. This category encodes the multiplication in 
the ring spectrum E. 

We now make precise what it means to say that the moduli spaces in a Floer 
flow category, M(a,b), or more generally, the morphisms in a smooth, compact, 
Morse-Smale category, have an E* -orientation. 

Let M be a (k) -manifold, and let e : M x R N be a neat embedding. 

The Thom space, Th(M , e ), has the structure of an (A;) -space, where for a e 2 k , 
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Th(M , e)(a) is the Thom space of the normal bundle of the associated embedding, 
M(a ) ^ M+(<z) x R n . We can then desuspend and define the Thom spectrum, 
= T l ~ N Th(M,e), to be the associated (£)-spectrum. The Pontrjagin-Thom 
construction defines a map of (k) -spaces, 

z e : (K+ xl' v )Uoo = ((K^) U oo) a S n — »■ Th(M, e). 

Desuspending we get a map of (/c) -spectra, E°°((R+) U oo) — »■ M v e . Notice that 
the homotopy type (as (k) -spectra) of M v e is independent of the embedding e. We 
denote the homotopy type of this normal Thom spectrum as M v , and the homotopy 
type of the Pontrjagin-Thom map, x : £°°((M+) U oo) -> M v . 

We define an E* -normal orientation to be a cohomology class (Thom class) 
represented by a map u : M v -> E such that cup product defines an isomorphism, 

U u : E*(M) 4- E*(M 1 * * * V ). 

In order to solve the realization problem, we need to have coherent E*- 
orientations of all the moduli spaces, making up a smooth Floer theory. In 

order to make this precise, we make the following definition. 


Definition 9. Let C be the flow category of a smooth Floer theory. Then a “normal 
Thom spectrum” of the category C is a category, C v , enriched over spectra, that 
satisfies the following properties: 


1. The objects of C v are the same as the objects of C. 

2. The morphism spectra Morcv(a,b ) are (k (a, b)) -spectra, having the homo- 
topy type of the normal Thom spectra M(a,b ) v , as (k (a, b)) -spectra. The 
composition maps, 

o : Mo rev (a,b) A Morcv (b,c) -> Mor^ {a, c ) 
have the homotopy type of the maps, 

M(a, b) v A M(b , c) v -> M(a, c) v 

of the normal bundles corresponding to the composition maps in C, M(a,b) x 
M(b,c) M(a,c). Recall that these are maps of (k(a, c )) -spaces induced by 
the inclusion of a component of the boundary. 

3. The morphism spectra are equipped with maps r a ,b • ^ 00 (*^(/ x (^)^(^)) + ) = 
£°°((M^’^) U oo)) -> Morcv (a, b) that are of the homotopy type of the 
Pontrjagin-Thom map r : E°°((IR^’^) U oo)) M(a,b) v , and such that 
the following diagram commutes: 
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^(J(pL(a),fi(b)) + )A^(JOi(b),ti(c)) + ) > X°°(J( l i(a), f i(c)) + ) 



*a.b^b,c ^ 

Mo rev (a,b) A Morcv (b, c) 


Mo rev (a, c ). 


Here the top horizontal map is defined via the composition maps in the category 
J , and the bottom horizontal map is defined via the composition maps in C v . 

Notice that according to this definition, a normal Thom spectrum is simply a 
functorial collection of Thom spectra of stable normal bundles. Finite, smooth, 
compact categories have such normal Thom spectra, defined via embeddings into 
Euclidean spaces (see [4]). 

We can now define what it means to have coherent E* -orientations on the moduli 
spaces M(a,b). 

Definition 10. An E* -orientation of a flow category of a smooth Floer theory, C, is 
a functor, u : C v -> Ec, where C v is a normal Thom spectrum of C, such that on 
morphism spaces, the induced map 


Morcv (a, b) -> E(k(a,b )) 


is a map of (k (a, b)) -spectra that defines an E* orientation of Morcv (a, b) ~ 
M(a, b) v . 

Notice that when E = *S°, the sphere spectrum, then an E* -orientation, as 
defined here, is equivalent to a framing of the category C, as defined in [5] and [4]. 
We can now indicate the proof of the main theorem of this section. 

Theorem 11. Let C be the flow category of a smooth Floer theory defined by a 
functional A : C M, and let E be a commutative ring spectrum. Let u : C v Ec 
be an E* -orientation of the category C. Then the induced Floer complex (C£, 9) has 
a natural realization by an E -module, |Z^ |. 


Remarks. 


1. In the case when E = *S°, this is a formulation of the result in [5] that says that 
a Floer theory that defines a framed, smooth, compact flow category defines a 
“Floer stable homotopy type”. 

2. When E = H Z, the integral Eilenberg-MacLane spectrum, then the notion of 
an //Z-orientation of a flow category C is equivalent to the existence of ordinary 
“coherent orientations” of the moduli spaces, M(a,b), as was studied in [10]. 

3. Given a flow category C satisfying the hypotheses of the theorem with respect 
to a ring spectrum E , then one defines the “Floer E* -homology groups of 
the functional A” to be the homotopy groups of the corresponding realization, 



Proof. Let C be such a category and u : C v Ec an E* -orientation. Consider the 
corresponding Floer complex [see (7)]: 
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Recall that the chain group C A has a basis, £>/, consisting of the objects (critical 
points) of index i , and the boundary maps are defined by counting (with sign) the 
elements of the oriented moduli spaces M(a,b), where a and b have relative index 
one (11(a) = 11(b) + 1.) 

We define a functor Z A : Jo -> E — mod that satisfies the conditions of 
Theorem 6. As required, on objects we define 

z£(i) = \Je. (17) 

Bi 

To define Z A on the morphisms in Jo we need to define, for every i > /, 
£ -module maps 


z£(ij):J(i,j )+ a z£(i)^z£(j) 

\/j(i,j) + ae^\Je. 

Bi Bj 

Since finite coproducts (wedges) and products coincide in the category of spectra, it 
suffices to define, for each a e Bi and b e Bj, an £ -module map 

z£(a, b) : J(i,j) + A E ^ E. 

This is equivalent to defining an ordinary map of spectra, 

E. 

This map is defined by the E * -orientation of the moduli space M(a,b) as the 
composition, 


S“(/(i,y) + ) ^ Mor c «(a,b) \ E(i-j - 1) 

where z a .h is the Pontrjagin-Thom collapse map of the normal Thom spectrum 
Morcv(a,b) ~ M(a,b) v (see Definition 9), and u is the map of (i — j — 1)- 
spectra coming from the E * -orientation (Definition 10). The functorial properties 
of these maps is precisely what is required to show that they fit together to define 
a functor, Z A : Jo -> E — mod. It is straightforward to check that this functor 
satisfies the conditions of Theorem 6 and so, by that theorem, \Z A \ is an ^-module 
spectrum that realizes the Floer complex C A ® E*. □ 
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1 Introduction 

When A is a unital ring, the absolute Chern character is a group homomorphism 
ch* : K* (A) -> HN* ( A ), going from algebraic K - theory to negative cyclic homol- 
ogy (see [7, 11.4]). There is also a relative version, defined for any ideal I of A : 

ch * : K*(A, I) -> HN*(A, I). (1.1) 

Now suppose that A is a Q-algebra and that I is nilpotent. In this case, Goodwillie 
proved in [4] that (1.1) is an isomorphism. His proof uses another character 

cA'* : K*(A, I) -> HN*(A, I) (1.2) 

which is defined only when I is nilpotent and QcT Goodwillie showed that (1.2) 
is an isomorphism whenever it is defined, and that it coincides with (1.1) when I 2 = 
0. Using this and a 5 -Lemma argument, he deduced that (1.1) is an isomorphism for 
any nilpotent I . The question of whether ch* and ch * agree for general nilpotent 
ideals I was left open in [4], and announced without proof in [7, 11.4.11]. This 
paper answers the question, proving in Theorem 6.5.1 that 

ch * = ch * for all nilpotent ideals I . (1.3) 

Here are some applications of (1.3). Let I a nilpotent ideal in a commutative 
Q-algebra A. Cathelineau proved in [1] that (1.2) preserves the direct sum decom- 
position coming from the eigenspaces of A -operations and/or Adams operations. By 
(1.3), the relative Chern character (1.1) preserves the direct sum decomposition for 
nilpotent ideals. Next, Cathelineau’s result and (1.3) are used in [2] to prove that 
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the absolute Chern character ch* also preserves the direct sum decomposition. In 
addition, our result (1.3) can be used to strengthen Ginot’s results in [3]. 

This paper is laid out according to the following plan. In Sect. 2 we show that 
the bar complex B(H) of a cocommutative Hopf algebra H has a natural cyclic 
module structure. The case H = k[G] is well known, and the case of enveloping 
algebras is implicit in [6]. In Sect. 3, we relate this construction to the usual cyclic 
module of the algebra underlying H. In Sect. 4 we consider a Lie algebra g and factor 
the Loday-Quillen map A ;/ g -> C ^_ , ( U g) through our construction. In Sect. 5 we 
consider a nilpotent Lie algebra g and its associated nilpotent group G and relate 
the constructions for U g and Q[G] using the Mal’cev theory of [10, Appendix A]. 
In Sect. 6, we review the definitions of ch* and ch * and prove our main theorem, 
that (1.3) holds. 


1.1 Notation 


If M = B ) is a mixed complex [7, 2.5.13], we will write HH(M) for the 

chain complex (M*,6), and HN(M ) for the total complex of Connes’ left half- 
plane (i b , B )- complex (written as BM~ in [7, 5.1.7]). By definition, the homology 
of HH(M) is the Hochschild homology ////* ( M ) of M, the homology of HN(M) 
is the negative cyclic homology HN* ( M ) of M, and the projection tt : HN(M ) -> 
HH(M) induces the canonical map HN*(M ) -> 

We refer the reader to [7, 2.5.1] for the notion of a cyclic module. There is 
a canonical cyclic ^-module C(A) associated to any algebra A, with C n (A) = 
whose underlying simplicial module (C,b) is the Hochschild complex 
(see [7, 2.5.4]). We will write HH(A ) and HN(A ) in place of the more awkward 
expressions HH(C(A )) and HN(C(A)). 

We write C> n for the good truncation r> n C of a chain complex C [13, 1.2.7]. If 
n > 0, then C> n can and will be regarded as a simplicial module via the Dold-Kan 
correspondence [13, 8.4]. 


2 Cyclic Homology of Cocommutative Hopf Algebras 


If A is the group algebra of a group G, then the bar resolution E(A) = k[EG] admits 
a cyclic G-module structure and the bar complex B(A) = k[BG] also admits a 
cyclic ^-module structure [7]. In this section, we show that the cyclic modules E (A) 
and B (A) can be defined for any cocommutative Hopf algebra A. 
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2.1 Bar Resolution and Bar Complex of an Augmented Algebra 


Let k be a commutative ring, and A an augmented unital ^-algebra, with augmen- 
tation € : A — > k. We write E(^4) for the bar resolution of k as a left ^-module 
[13, 8.6.12]; this is the simplicial ^-module E w (/1) = A® n+l , whose face and 
degeneracy operators are given by 

\ii : E n (A) -> E„_i (A) (i = 0, . . . , n) 
ill (tf 0 ® ® a n ) = a 0 ® • • • ® aiUi+i ® • • • ® (/ < n) 

linifLo (8) • • • (8) «„) = e(a n )ao 0 • • • 0 tf„-i (2.1.1) 

Vy : E„(^) -> E n+ i(^) (j = 0, . . . , n) 

Sj (ao 0 • • • 0 a n ) =a 0 <8> ,,, (8)^ 0 1 0 aj+i 0 • • • 0 a n 

We write 3' for the usual boundary map YH=o(~ : E zz (^4) -> E w _i(^4). The 
augmentation induces a quasi-isomorphism € : E(^4) -> k. The unit r] : k — ► A 
is a k -linear homotopy inverse of c; we have erj = 1 and the extra degeneracy 
v : E (A) n -* E(^4) w+ i, 


v(x) = 1 (8) x (2.1.2) 

satisfies 1 — r]€ = [9', v]. The Zw complex of ^4 is B(^4) = k 0^ E(^4); B zz (^4) = 
A® n . We write 3 = 103': B(^4) zz -> B(^4) zz _i for the induced boundary map, and 
E (^4) norm and B (^4) norm for the normalized complexes. 


2.2 The Cyclic Module of a Cocommutative Coalgebra 

If C is a k -coalgebra, with counit € : C k and coproduct A, we have a sim- 
plicial k -module R(C ), with R n (C ) = C®” +1 , and face and degeneracy operators 
given by 


£ t : R n {C) -> ^ z -i(C) (/ = 0 ,...,«) 

£/ (c 0 0 • • • 0 c„) = €(c z )c 0 ® * * * ® C-i 0 Q+i 0 • • • c n 

A / : ^z(C) -> /Wi(C) O' = 0 ,...,«) 

A z (c 0 0 • • • 0 c n ) = c 0 0 . . . c z _i 0 ef 0 cP 0 • • • 0 c zz 

Here and elsewhere we use the (summationless) S weedier notation A(c) = 
c ( °) 0 c (1) of [12]. 

We remark that each R n (C ) has a coalgebra structure, and that the face maps £ z 
are coalgebra homomorphisms. If in addition C is cocommutative, then the degen- 
eracies Ay are also coalgebra homomorphisms, and R(C) is a simplicial coalgebra. 
In fact R n (C) is the product of n + 1 copies of C in the category of cocommutative 
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coalgebras, and R(C) is a particular case of the usual product simplicial resolution 
of an object in a category with finite products, which is a functor not only on the 
simplicial category of finite ordinals and monotone maps, but also on the larger cate- 
gory £in with the same objects, but where a homomorphism is just any set theoretic 
map, not necessarily order preserving. By [7, 6.4.5] we have: 

Lemma 2.2.1. For a cocommutative coalgebra C, the simplicial module R(C) has 
the structure of a cyclic k -module, with cyclic operator 


X(c 0 (8) • • • (8) c n ) = {-\) n c n (8) c 0 (8) • • • (8) c n - \. 


Remark 2.2.2. Let G be a group; write k[G] for the group algebra. Note k[G] is a 
Hopf algebra, and in particular, a coalgebra, with coproduct determined by A (g) = 
g®g. The cyclic module /?(£[G]) thus defined is precisely the cyclic module whose 
associated cyclic bicomplex was considered by Karoubi in [5, 2.21], where it is 
written C**(G). 


2.3 The Case of Hopf Algebras 

Let H be a Hopf algebra with unit rj, counit € and antipode S. We shall assume that 
S 2 = 1, which is the case for all cocommutative Hopf algebras. We may view R( H) 
as a simplicial left H -module via the diagonal action: 

a • (ho ( 8 ) • • • ( 8 ) h n ) = a^ho ( 8 ) • • • ( 8 ) a^h n . 

Consider the maps (defined using summationless S weedier notation): 




a : E„(H) — ► 

R n ( H), 


a(h 0 ® • • • 

® hf) — 

h ( y <g> h?hT> <g> 


(2.3.1) 



P:R»( H)^ 

E„(H), 


P(h o<g) 

• • • (8) hf) 

= h ( y ® ® ® (Sh^Jhn 

(2.3.2) 


A straightforward computation reveals: 

Lemma 2.3.3. The maps (2.3.1) and (2.3.2) are inverse isomorphisms of simplicial 
W-modules: E W (H) = /?, 7 (H). 


2.4 Cyclic Complexes of Cocommutative Hopf Algebras 


From now on, we shall assume that H is a cocommutative Hopf algebra. In this 
case the cyclic operator X : R( H) -> R( H) of Lemma 2.2.1 is a homomorphism 
of H -modules. Thus R( H) is a cyclic H -module, and we can use the isomorphisms 
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a and /3 of Lemma 2.3.3 to translate this structure to the bar resolution E(H). We 
record this as a corollary: 

Corollary 2.4.1. When H is a cocommutative Hopf algebra, E(H) is a cyclic H- 
module, andB>(H) = £(£)hE(H) is a cyclic k -module. The cyclic operator t := /3Xa 
on E(H) is given by the formulas t(h ) = h, t(ho 0 h\) = —hohf^ 0 Sh^ and: 

t(ho ® • • • ® K) = (~\) n h 0 hf . . . ft<°> ® S(h ( y . . . hW) ® hf <g> * * * <g> . 


Remark 2.4.2. If go , . . . , g n c H are grouplike elements then 

gn) = (~l)"gO ■ ■ ■ gn ®(g 1 • • • g«) _1 ® gl ® • ■ • <E> gn-1 ■ 

In particular, for H = k[G ], B(£[G]) with the cyclic structure of Corollary 2.4.1 is 
the cyclic module associated to the cyclic set B(G, 1) of [7, 7.3.3]. 

For the extra degeneracy of [7, 2.5.7], 

/ = (-1 y+hs n : E„(H) E„ +1 (H), (2.4.3) 

it is immediate from (2.1.1) and Corollary 2.4.1 that s' is signfree: 

s' (h 0 0 • • • 0 h n ) = hohf ] . . . hf ] 0 SQi^ . . . h ( n l) ) 0 hf* 0 • • • 0 hf\ 


By Corollary 2.4.1, the Connes’ operator B' is the H-module homomorphism: 


B' = (1 -t)s' : E„(H) — > E„+i(H). (2.4.4) 

1=0 

(See [8, p. 569].) We write B : B(H), Z -> B(H) w +i for the induced ^-module map. 

Definition 2.4.5. We define the mixed H-module complex M' = M'(H), and the 
mixed k -module complex M = M(H) to be the normalized mixed complexes 
associated to the cyclic modules E*(H) and B*(H) of Corollary 2.4.1: 

M'(H):= (E*(H) norm ,9 ',*') 

M(H) := k 0 H M'(H) = (B*(H) norm , 9, B). 

Remark 2.4.6. Consider the map s" = (— l)”^ : E, Z (H) -> E w +i(H), and set 
B" = — ts"N , where as usual N = Jft 1 is the norm map. Then B' = B" on 
E(H) nor m because the relations sot n = (— 1 ) n tf l+l s n and tN = N yield for all 
x e E„(H): 
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(- B " - B')(x) = ((- \y +l ts n N + (-1)"(1 - t)ts n N)(x) 

= (-l) n (-ts„N(x) + ts„N(x ) - f 2 s„,/V(x)) 

= - s 0 tN(x ) = -s 0 N(x) = 0 in E(H) norm . 

Lemma 2.4.7. 77z^ 5' : E(H) nom i E(H) norm [l] induced by (2.4.4) A gzvew 

£>y explicit formula: 

n 

B'(ho 8 • • • 8 M = £(-l - 8> ^ (+1 8 • • • 8 4 0) ® 5(/i ( 1 1) - • • ^ 1, ) 

/=() 

0 /zf } 0 • • • 0 . 

Proof. For convenience, let us write Sh ^ for S(h^- • • hip). It follows from Corol- 
lary 2.4.1, cocomutativity and induction on i that t l (hf) = ho, and if i < n 
then: 


C(/z 0 0 ••• 0 A w ) = 

{-\) ni h 0 hf . . . hf_ i+x ® hf_ i+2 <g> • • • ® A, ( ( 0) ® Sh (l) <g> /zf ® • • • <S> Aff. 

Let s" = (— l)”^ be as in Remark 2.4.6 and set m = n(i + 1) + 1. We have 

—ts"t l (ho 0 • • • 0 /z n ) = (— l) n+1 ^ n ^ (/zo 0 • • • 0 & n ) 

= (-lr^/zo/z? • • • /z<°2 f+1 0 /,f /+ 2 0 • • • 0 hn )} 0 S/z (1) 0 h\ 2) 0 • • • 0 0 1) 

= (— • • • hf_i 8 ^°2 i+1 8 • • • 8 hf 8 8 hf> 8 • • • 8 ^ • (2.4.5) 

Now sum up over i to get B" and use Remark 2.4.6. □ 

Corollary 2.4.8. Suppose that X \, . . . , x n are primitive elements of H, and he H. 
Then B r (h 0 X\ 0 • • • 0 x w ) = 0 m E(H) nor m- 

Proof When x is primitive, r^0r^0r^ is I0l0r + 20i0l+r0l0l. 
By Lemma 2.4.7, B r (h 0 X\ 0 • • • 0 x n ) is a sum of terms of the form 

±ti <g> x^ <g> • • • <g> x‘ 0) ® S(xP- • • x‘ u ) <g> x{ 2) <g> • • • <g) xf . 

By inspection, each such term is degenerate, and vanishes in E(H) nor m- □ 


2.5 Adic Filtrations and Completion 

As usual, we can use an adic topology on a Hopf algebra to define complete Hopf 
algebras, and topological versions of the above complexes. 
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First we recall some generalities about filtrations and completions of k -modules, 
following [10]. There is a category of filtered k -modules and filtration-preserving 
maps; a filtered module V is a module equipped with a decreasing filtration V = 
MV) ^ T\ (V) ^ . The completion of V is V = lim n V / T n V ; it is a filtered 

module in the evident way. If W is another filtered k -module, then the tensor product 
V (8) W is a filtered module with filtration 

T n ( V <g> W) = ima g <g> ^ H' -* K <g> IT). (2.5.1) 


We define V ® W to be V <g> W. Note that 

T n {V ® PT) D imager y ® W + V ® F n W ^ V ®w) ^ T 2n {V ® IT). 

(2.5.2) 

Hence the topology defined by {T n (V (8) W)} is the same as that defined by {ker(T (8) 
W -> V I T n V (8) IF/JT^ IT)}. It follows that F(8)1T satisfies 

F0# = 70lT. (2.5.3) 

All this has an obvious extension to tensor products of finitely many factors. 

If A is a filtered algebra (an algebra which is filtered as a k -module by ideals), 
then A is an algebra. If I is an ideal then {/”} is called the I - adic filtration on A. 

Now suppose that H is a cocommutative Hopf algebra, equipped with the I- adic 
filtration, where I is both a (2-sided) ideal and a (2-sided) coideal of H, closed under 
the antipode S and satisfying e(I) = 0. The coideal condition on I means that 

A(/)cH®/ + /®H. 

This implies that A : H — >► H ® H is filtration-preserving; by (2.5.3) it induces a 
map A : H -> H(8)H, making H into a complete Hopf algebra in the sense of [10]. 

Consider the induced filtrations (2.5.1) in E n (H) and B W (H) ( n > 0). It is clear, 
from the formulas (2.1.1) and our assumption that e(I) = 0, that the simplicial 
structures of E(H) and B(H) are compatible with the filtration; i.e., E(H) and B(H) 
are simplicial filtered objects. Since I is a coideal closed under S , the formula in 
Corollary 2.4.1 implies that t preserves the filtration. Thus E(H) and B(H) are cyclic 
filtered modules. It follows that M^H) and M(H) are filtered mixed complexes. 

The identities (2.5.3) show that the completed objects E(H), B(H), etc., depend 
only on the topological Hopf algebra H, and can be regarded as its topological bar 
resolution, bar complex, etc., which are defined similarly to their algebraic coun- 
terparts, but substituting ® for ® everywhere. In this spirit, we shall write E top (H), 
B top (H), etc., for E(H), B(H), etc. 
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3 Comparison with the Cyclic Module of the Algebra H 

Let H be a cocommutative Hopf algebra. In this section, we construct an injec- 
tive cyclic module map r : B(H) -> C(H), from the cyclic bar complex B(H) of 
Corollary 2.4.1 to the canonical cyclic k - module C(H) of the algebra underlying 
H [7, 2.5.4], and a lift c of r to the negative cyclic complex HN(H ) of H. 

In the group algebra case, these constructions are well-understood. The cyclic 
module inclusion r : B (k[G]) c C(k[G]) is given in [7, 7.4]; see Example 16 
below. Goodwillie proved in [4] that r admits a natural lifting to a chain map c : 
B(£[G]) -> HN(k[G]) to the negative cyclic complex, and that c is unique up to 
natural homotopy. An explicit formula for such a lifting was given by Ginot [3], in 
the normalized, mixed complex setting. 


3.1 A Natural Section of the Projection 




Recall from Definition 2.4.5 that M' = M^H) is a mixed complex whose underlying 
chain complex is HH{ M') = (E(H) nor m, 9'), and write n' for the projection from the 
negative cyclic complex HN{ M') to HH{ M'). Following the method of Ginot [3], 
we shall define a natural H -linear chain homomorphism Y' : HH{ M') -> HN{ M') 
such that 7r' Y' = 1. 

We shall use a technical lemma about maps between chain complexes of modules 
over a ^-algebra A. Assume given all of the following: 

1. A homomorphism of chain A-modules / : C — >► D, with C n = 0 for n < no 

2. A decomposition C n = A ® V n for each n , where V n is a k -module 

3. A k -linear chain contraction s for D 

Lemma 3.1.1. Given (l)-(3), there is an A-linear chain contraction k? of f, 

r 

defined by k 11{) (av) = as f (v) and the inductive formula: 



Proof We have to verify the formula f(av ) = k? d(av) + die? (av) for a e A and 
v G V n . When n = no, this is easy as d(av) = 0 and / (v) = dsf (v): 


dK,{ 0 (av) = adsfiv) = af(v ) = /(av). 


Inductively, suppose that the formula holds for ft — 1. Since dv e C n ~ i, we have 
d{f — d)(v) = f(dv) — die? {dv) = (k^ d)(dv) = 0. 
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f 

Using this, and the definition of K n , we compute: 

(d*f)(v) = ds(f — K f d)(v) = (1 - sd)(f - tc f d)(v) = (/ -K f d)(v). 
Since a/ d(av) = k? (a dv) = aic^ (dv) by construction, 

dicf(av) + d(av) = adic^ (v) + aK^ (dv) = af(v) = f(av). ^ 

Lemma 3.1.2. There is a sequence of H- linear maps Y' n : E(H) — ► E(H)[2n], 
starting with Y /0 = 1, such that B'( Y m 9' — 3'Y' n ) = 0. 

They induce maps on the normalized complexes Y fn : ////(M') -> M(M')[2n]. 

Proof Inductively, we suppose we have constructed Y m satisfying 2?'[Y' n , 9'] = 0. 
Now any chain map from C = E(H) to E(H)[2 n + 1] must land in the good trunca- 
tion D = E(H)[2 n + l]>o, and the k - linear chain contraction — s of (2.1.2) is also 
a contraction of D. We claim that the H-linear map / = —B'T' n : C — >► D is a 
chain map. Since the differential on D is —3', the claim follows from: 

/( 3') - (-90/ = -B'T fn d f - 9' £'Y m = 5' (9'Y m - Y'”9') = 0. 

We define Y' //+l to be the H-linear chain contraction of / = —B'Y' n given by the 
formulas in Lemma 10. That is, 

Y ,w+1 := K f = K - B ' T ' n ( n > 0). (3.1.3) 

The chain contraction condition [Y' n+1 ,9'] = / for (3.1.3) implies that the 
inductive hypothesis B f [Y f 11+1 , 9'] = B f f = 0 holds. 

Finally, note that the normalized mixed complex HH(M r ) is a quotient of E(H), 
and its terms have the form HH(M') n = H (8) W n for a quotient module W n of 
V n . By naturality of in /, the above construction also goes through with E(H) 
replaced by M'(H), and the maps Y' on E(H) and HH(M r ) are compatible. □ 

We define maps Y': 7T7T(E(H)) -> HN(E(H)) and Y': HH( M') -> HN(M') by 

Y' = V T z - (3.1.4) 

*-^n= 0 

That is, Y' (x) is (• • • , Y m (x) , • • • , Y' 1 (x) , x) . 

Lemma 3.1.5. The maps Y' in (3.1.4) are morphisms of chain W-modules , and 
7t' Y' = 1. Here tt' is the appropriate canonical projection, either HN(E(H)) -> 
7T7T(E(H)) or HN(M') -> 7T7T(M0. 

Proof It is clear that Y f is H-linear and that jt'Y' = Y /0 = 1. To see that it is a 
chain map, we observe that the nth coordinate of (B' + 9') Y' — Y'9' is B'Y' n ~ l + 
3'Y' 11 — Y' n 9'. This is zero by the chain contraction condition for (3.1.3). □ 
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Remark 3.1.6. Write [1]” for the element 1 (8) • • • (8) 1 of k® n . By induction, we 
may check that T'"(l) = (-l)”(2n)!/«! [l] 2n+1 . Thus T'(l) = (0, . . . , 0, 1) in 

HN(M'). 

Recall from Definition 2.4.5 that M = k ®h M and that B(A) = k ® a E(A). 

Corollary 3.1.7. There are morphisms of chain k-modules, T : H H (B(H)) — >■ 
HN{ B(H)) and T : HH( M) HN( M), defined by 

T = E°° r m , 


and 7t T = 1. Here tt is the appropriate projection tt : HN HH. 


3.2 The Lift M(B(H)) HN( H) 

Recall that C(H) denotes the canonical cyclic complex of the algebra underlying 
H [7, 2.5.4]. We set r 0 = rj : k ^ H. 

Lemma 3.2.1. Let H be a cocommutative Hopf algebra. Then the k-linear map 

x : B(H) -> C(H) 

x{h\ (8) • • • ® h n ) = S(hf^ . . . hf (8) h^ (8) • • • ® h\f, n > 0, 

is an injective homomorphism of cyclic k-modules. It induces an injection of the 
associated mixed complexes, M( H) C(H) norm . 

Proof. One has to check that r commutes with the face, degeneracy and cyclic oper- 
ators; these are all straightforward, short calculations. The fact that the maps are 
injective follows from the antipode identity (Sh^)h^ = rjcQi). □ 

Remark 3.2.2. If gi , . . . , g n e H are grouplike, then 

r(gl ® • • • ® gn) = (g 1 • • • gn)~ l ®gl®--®gn- 

Thus for H = k[G ], the r of Lemma 3.2.1 is the map k[B(G , 1)] HH(k[G]) 

of [7, 7.4.5]. 

We define c : B(H) -> HN(H) to be the natural chain map 

c : B(H) -L HN( B(H)) -A HN( H). (3.2.3) 

We will also write c for the normalized version HH(M) — > H N (H) norm of 
this map. 
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Theorem 3.2.4. The following diagram commutes 


HN(H) 



B(H) 


r 


HH( H). 


Proof By (3.2.3), Lemma 3.2.1 and Corollary 3.1.7, tt c = nr T = tttY = r. □ 

Remark 3.2.5. Goodwillie proved in [4, II. 3. 2] that, up to chain homotopy, there 
is a unique chain map B(£[G]) -> HN(k[G]) lifting r, natural in the group G. 
Ginot [3] has given explicit formulas for one such map; it follows that Ginot’s map 
is naturally chain homotopic to the map c constructed in (3.2.3) for H = k[G]. 


3.3 Passage to Completion 

If A is a filtered algebra, the induced filtration (2.5.1) on the canonical cyclic mod- 
ule C(A) makes it a cyclic filtered module. Passing to completion we obtain a 
cyclic module C top (^4) with C,5° p (/f) = A® n+l . In the spirit of Sect. 2.5, we write 
HH top (A ), HN top (A ), etc., for the Hochschild and cyclic complexes, etc., of the 
mixed complex associated to C top (^4). 

In particular this applies if A = H is a cocommutative Hopf algebra, equipped 
with an /-adic filtration, where I is an ideal and coideal of H with c(I) = 0, closed 
under the antipode S . Write H for the associated complete Hopf algebra. 

It is clear from the formula in Lemma 3.2.1 that r is a morphism of cyclic filtered 
modules. Hence it induces continuous maps r between the corresponding complexes 
for HH,HN , etc. 

Proposition 3.3.1. The map c of (3.2.3) induces a continuous map c which fits into 
a commutative diagram 


HN top (f\) 



B top (H) HH to v( H). 


Proof. It suffices to show that Y (and hence c) is a filtered morphism. We observed 
in Sect. 2.5 that E(H) is a cyclic filtered module. Similarly, it is clear that s, s' 
and B' are filtered morphisms from their definitions in (2.1.2), (2.4.3) and (2.4.4). 
The recursion formulas in Lemma 3.1.1 and (3.1.3) show that each Y m is filtered, 


whence so are Y' and Y, as required. 


□ 
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4 The Case of Universal Enveloping Algebras of Lie Algebras 

Let 0 be a Lie algebra over a commutative ring k. Then the enveloping algebra 
Uq is a cocommutative Hopf algebra, so the constructions of the previous sections 
apply to U 0 . In particular a natural map c : B (U -> HN(U 0 ) was constructed in 
(3.2.3). In this section, we show that the Loday-Quillen map 


A0 -A c Vg)[-1] -A HN{U g) 


factors through c up to chain homotopy (see Theorem 4.2.2). 


4.1 Chevalley-Eilenberg Complex 

The Chevalley-Eilenberg resolution of k as a U 0 -module has the form (U $ (g) 
A and is given in [13, 7.7]. Tensoring it over U 0 with k, we obtain a complex 
(A0, d). Kassel showed in [ 6 , 8.1] that the anti-symmetrization map 


e : a' ! 0 -* (Uq) 


(4.1.1) 



induces chain maps e : A0 -> B(£/ 0 ) and l(g)e:£/0(g)A0— E(£/ 0 ), because 
ed = de and (1 (g )e)d' = 9'(1 ®e). Moreover, e and 1 ®e are quasi-isomorphisms; 
see [ 6 , 8 . 2 ]. 


Lemma 4.1.2. The map \j/ f : Uq (g) A0 -> HN(M'(U 0)) defined by 


= (. . . , 0, 0, 0, 1 (g) e(x )) 


is a morphism of chain U 0- modules , and the map x/r : A0 — HN(M(U 0)) 
defined by 

x//(x) = (. . . , 0 , 0 , 0 , e{x)) 
is a morphism of chain k -modules. 

Proof Consider Uq (g) A0 and A0 as mixed complexes with trivial Connes’ operator. 
By Corollary 2.4.8, #'(1 (g) e) = 0 in M'(Uq). Thus both 1 (g) e and e induce 
morphisms of mixed complexes Uq (g) A0 -> M'(t/ 0 ) and A0 -> M / (f/ 0 ). □ 
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Lemma 4.1.3. The diagrams 

Uq <g> Ag — ^ HN(M'(Uq)) Ag — HN(M(Uq)) 



E (U S ) B (Us) — HN(U g) norm 

commute up to natural U g-linear (resp., natural k-linear) chain homotopy. 

Proof. By Corollary 3.1.7, Lemma 4.1.2 and (3.2.3), it suffices to consider the left 
diagram. 

Consider the mixed subcomplex N C M^f/g) given by No = 0, N\ = ker9' and 
N n = E w (t/) n 0 rm. Because i^'(l) = T'(l) by Example 3.1.6, the difference / = 
T'(l (8) e)-f f factors through HN(N). Put f n = (-1 ) n (sB') n s : N -> N[2n + 1]. 
One checks that f := o^ n * s a nat ural, ^-linear contracting homotopy for 
HN(N). Now apply Lemma 3.1.1. □ 

There are simple formulas for r and r x/r in the normalized complexes. 

Lemma 4.1.4. Let x \ , . . . , x n e g. Then in C(U 0)norm we have: 


x{x\ (8) • • • (8) x n ) = 1 (8) x\ (8) • • • (8) x n 


Proof Let : U g® n -> Ug be the multiplication map and a e 6 2 n the (bad) 
riffle shuffle er(2 i — 1) = / , cr(2/) = n + i. By definition (see Lemma 3.2.1), 

r = (S (8) 1® W ) o (V (w) (8) 1® W ) o or o A 0 ' 2 (4.1.5) 

in C(Ug). Since the x z - are primitive, 

A®”(xi (8) • • • (8) x„) = (xi (8) 1 + 1 (8) xi) (8) • • • (8) (x n (8) 1 + 1 (8) x„) 

Expanding this product gives a sum in which 

x = 1 (8) x\ (8) 1 (8) x 2 (8) • • • (8) 1 (8) x n 

is the only term not mapped to a degenerate element of C(U g) under the composi- 
tion (4.1.5). Thus in C(U 0) nO rm we have: 

r(x 1 (8) • • • (8) x n ) = (S (8) l 0n )(V^ (8) l®”)a(x) 

= (S (8) 1 0W )(V (W) (8) 1® W )(1 <8>---<8>1<8>x 1 (8)---<8> x n ) 

= (S (8) 1®")(1 (8) xi (8) • • • (8) x n ) = 1 (8) xi (8) • • • (8) x n . p 

Corollary 4.1.6. We have: r\j/(x 1 A • • • A x n ) = (. . . , 0, 0, 0, 1 (8) e{x\ A • • • A x n )). 
Proof Combine Lemmas 4.1.2 and 4.1.4. □ 
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4.2 The Loday-Quillen Map 

We can now show that r \j/ factors through the Connes’ complex C X (U$) = 
coker(l — t : f/ 0 * -> HH(U$)). We have a homomorphism 9 which lifts the 
Loday-Quillen map of [7, 10.2.3.1, 11.3.12] to U 

e ; A” +1 0 c£(Ua) 

6{x o A X\ A • • • A X n ) = Xo 8 e(xi A • • • A X n ). 


Because we are working modulo the image of 1 — t, 9 is well defined. The following 
result is implicit in the proof of [7, 10.2.4] for r = 1, A = U 

Lemma 4.2.1. 9 is a chain homomorphism Ag — >► C X (U g)[— 1]. 

Proof. To show that b9 = — 0 <7, we fix a monomial x\ A ••• A x n and compute that 
b9(x o A • • • A x n ) = 8 x a (i) (8) • • • (8) x ff (*)) = A + B, where A equals: 

^ ' Sg(cr) f X 0 X ct(1) (8 X(j{2) 8 * * * 8 X<j( n ) ( 1) Xa(n)Xo 8 Xor(p 8 ' ' ' 8 Xa(n — 1) | 

= ^ sg(cr) I x 0 x a([) ® x a(2 ) <8> • • • ® x CT („) - x CT( i)X 0 ® x CT ( 2 ) ® ® x CT(n) I 

a£6„ ' ' 

n 

= (— l) !_1 Sg(a)[x 0 , X;] 0 X a( i) 0 ■ ■ ■ <8> x<r(i— 1) 0 X a(! - + 1 ) 0 ■ ■ ■ 0 Xcjn) 

2 = 1 crG0 
a(i) = i 

n 

= ^(— l) i_1 [Xo, X/] 8 e(x\ A • • • A X /-1 A Xi +1 A • • • A X„), 

/ = 1 

and B equals 


n — 1 

^3 yy _ i)'sg(°Ao ® X(j(i) <g> • • • ® x a (i)x a(i+ 1, <g> • • • <8> x CT( „) 
2 = 1 

= Xo 8 e(4?(xi A • • • A X n )). 


Similarly, 9 d(xo A • • • A x n ) is the sum of — ^4 and 

(— iy +y+1 Xo 8 e([X/,Xy] A Xi A • • • A x w ) = — Xo 8 e(d{x\ A • • • A x w )) 
0<2 < j <n 

which equals —B. Therefore b9(x o A • • • A x n ) = —9d(x o A • • • A x n ). □ 

Warning: the sign convention used for d in [7, 10. 1 .3.3] differs by — 1 from the usual 
convention, used here and in [13, 7.7] and [6]. 
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It is well known and easy to see that, because Connes’ operator B vanishes on 
the image of 1 —t, it induces a chain map for every algebra A: 

B : C a 04)[-1] HN(A) 

B[x] = (...,0,0,0, fix). 

Let A + g denote the positive degree part of Ag. 

Theorem 4.2.2. We have t xfr = B 9 as chain maps a + g — > HN(U 0 ) norm . 

Hence the following diagram commutes up to natural chain homotopy. 



C A (C/ 0 )[-l] 


HN(Uq) 


norm- 


Theorem 4.2.2 fails for the degree 0 part k of aq. Indeed, 9(1) = 0 for degree 
reasons, while from Example 3.1.6 we see that c e(l) = r \j/(l) = (. . . , 0, 1) is 
nonzero. 

Proof By Lemma 4.1.3, it suffices to check that r \fr = B 9. By Corollary 4.1.6 
and (4.1.1), we have 

rir(xi A — A x n ) = (. . . ,0,0, ^ sg(a)l ® x a (\) ® ••• ® x„( n) ). (4.2.3) 

a€@ n 


Note the expression above contains no products in U neither do the formulas for 
9(x o Aii A • • • A x n ) and the Connes’ operator in C(U$). Thus we may assume 
that 0 is abelian, and that U$ = Sg is a (commutative) symmetric algebra. We may 
interpret 9 (x\ A - • -Ax n ) as the shuffle product x\ ★ B (x2)^- • -*B(x n ) (see [7, 4.2.6]), 
and the nonzero coordinate of (4.2.3) as the shuffle product 


(1 (8) xi) ★ • • • ★ (1 (8) x n ) = B(x i) ★ • • • ★ B(x n ) 

= B(x\ ★ B(x 2 ) ★ • • • ★ B(x n )) by [ 8 , 3.1] or [7, 4.3.5] 

= B(9(x 1 A • • • A X n )). □ 


5 Nilpotent Lie Algebras and Nilpotent Groups 


In this and the remaining sections we shall fix the ground ring k = Q. Let $ be 
a nilpotent Lie algebra; consider the completion Uq of its enveloping algebra with 
respect to the augmentation ideal, and set 


G = exp$ C Uq. 
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This is a nilpotent group, and H = Q[G] is a Hopf algebra. The inclusion G C Ug 
induces a homomorphism H = Q[G] U and H ^ U$ by [10, A. 3]. 

On the other hand, Suslin and Wodzicki showed in [11, 5.10] that there is a 
natural quasi-isomorphism sw : B(Q[G]) -> A0. Putting these maps together with 
those considered in the previous sections, we get a diagram 

B(Q[G]) HN(Q[G]) (5.1) 



Proposition 5.2. Diagram (5.1) commutes up to natural chain homotopy. 

Proof. The two parallelograms commute by naturality. The triangle on the left of 
(5.1) commutes up to natural homotopy by Lemma 5.3 below. □ 

Lemma 5.3. The following diagram commutes up to natural chain homotopy. 

B(Q[G]) B top (H) 

SW L 

A 0 ^B (Ug) 

Proof. By construction (see [1 1, 5.10]), the map sw is induced by a map E(Q[G]) -> 
H(8) A 0. Let l be the upward vertical map; le is induced by 1 <g> le : H(g) Ag -> 
E top (H). Thus it suffices to show that the composite E(Q[G]) -* E top (H) is naturally 
homotopic to the map induced by the homomorphism Q[G] -> H. By defini- 
tion, these maps agree on Eo(Q[G]); thus their difference goes to the subcomplex 
ker(£ : E top (H) -> Q) which is contractible, with contracting homotopy induced by 
(2. 1 .2). Hence we may apply Lemma 3.1.1; this finishes the proof. □ 

Remark 5.4. Let 0 = Jue be the Lie algebra associated to an ideal J in a Q-algebra 
A (g is J with the commutator bracket); there is a canonical algebra map U$ A 
sending 0 onto J . If J is a nilpotent ideal then 0 is a nilpotent Lie algebra and the 

induced algebra map U$ — > A restricts to an isomorphism G = exp( 0 ) ^ (l + /) x , 
as is proven in [ 1 1 , 5 .2] . 

Let C(A , /) denote the kernel of C(A) -> C{A/J ), and let C X (U#,I) denote 
the kernel of C X (U$) -> C x (k). The composite of 6 with the map induced by 
Uq A factors through C X (A, /), giving rise to a commutative diagram 
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A 0 ^ C x (Ug,T)[- 1] 



C X {A, /)[-l] c '>■ C A (^)[-1]- 

The composite Q[G] -> Uq -> A sends the augmentation ideal Xq of Q[G] to /. 
Consider the resulting map 

j : HN(Q[G] 9 X g ) -> HN(Ug 9 X) -> HN(A , /). 

Putting together Theorem 4.2.2 with Proposition 5.2, we get a naturally homotopy 
commutative diagram (with G = (1 + /) x ): 

B(Q[G],X g ) — ^ HN(Q[G],Ig) 



A + 0 HN(U^I) noTm >- HN(A 9 J) norm 



c A (r/ 0 ,x)[-i] — >■ c A (^, /)[-i]. 


6 The Relative Chern Character of a Nilpotent Ideal 


In this section we establish Theorem 36, promised in (1.3), that the two definitions 
(1.1) and (1.2) of the Chern character K*(A, /) —> HN* (A, I) agree for a nilpotent 
ideal I in a unital Q-algebra A. The actual proof is quite short, and most of this 
section is devoted to the construction of the maps (1.1) and (1.2). 

For this it is appropriate to regard a non-negative chain complex C as a simplicial 
abelian group via Dold-Kan, identifying the homology of the complex with the 
homotopy groups tt*(C) by abuse of notation. If X is a simplicial set, we write 
Z[X\ for its singular complex, so that H*(X ; Z) is tt* Z[X\ 9 and the Hurewicz map 
is induced by the simplicial map h : X Z[X\. 


6.1 The Absolute Chern Character 

Let A be a unital Q-algebra, and BGL(^4) the classifying space of GL(A). Now 
the plus construction BGL(^4) -» BGL(^4) + is a homology isomorphism, and 
K n (A) = tt, z BGL 04) + for n > 1 . In particular, the singular chain complex map 


78 


G. Cortinas and C. Weibel 


Z[BGL(A)] -> Z[BGL(A) + ] is a quasi-isomorphism. As described in [7, 11.4.1], 
the absolute Chern character ch n : K n (A) -> HN n (A ) (of Goodwillie, Jones 
et al.) is the composite ch = ch A o h of the Hurewicz map h : B GL(A) + -> 
Z[B GL (A) + ] 22 Z[BGL(A)], the identification Z[BG] = B(Z[G]) with the bar 
complex, and the chain complex map ch~ A , which is defined as the stabilization (for 
GL n c GL n + 1 ) of the composites: 

B(Z[GL, z (A)]) — ^ H N(Z[GL n (A)]) > HN(M n {A)) HN(A) norm . 



B(Q[GL„(A)]) -4- HN(Q[GL n (A)]) 

( 6 . 1 . 1 ) 

Here c is the natural map defined in (3.2.3) for A; = Z and Q; the middle maps in 
the diagram are induced by the fusion maps Z[GL n (A)] C Q[GL W (A)] -> M n (A ), 
and tr is the trace map. The maps HN( Q[GL W (A)]) — ► HN(A) nonn are independent 
of n by [7, 8.4.5], even though the fusion maps are not. 

Remark 6.1.2. If A is commutative and connected, the composition of the rank 
map Ko(A ) -> Z sending [A r ] to r with the map Ho(ch A ) yields the Chern 
character ch q : Ko(A ) -> HNo(A) of [7, 8.3]. Composing this with the maps 
HN(A) -> HC(A)[2n] yields the map ch 0jl : K 0 (A) -> HC ln {A) of [7, 8.3.4]. 
From Example 3.1.6 above, with A = k, we see that ch([k]) = c( 1), and 
cAo,«([&]) = (— 1)”(2 n)\/n\ in HCznik) = k , in accordance with [7, 8.3.7]. 


^.2 Volodin Models for the Relative Chern Character 
ofNilpotent Ideals 

In order to define the relative version ch* of the absolute Chern character, we need 
to recall a chunk of notation about Volodin models. For expositional simplicity, we 
shall assume that I is a nilpotent ideal in a unital Q-algebra A. 

Definition 6.2.1. Let I a nilpotent ideal in a Q-algebra A, and a a partial order of 
{1, . . . , nj. We let T° ( A , I) be the nilpotent subalgebra of M n {A ) defined by: 


7704,/) := {a e M n (A ) : a 0 - elifi A j}. 


We write V n {A, I) for the associated Lie algebra, and T° {A, I) for the group 

K (A, I) = exp t£04, /) = 1 + Tf (A, I) C GL n (A). 

The Volodin space X(A) c BGL(A) is defined to be the union of the spaces 
X n (A) = (J a BT°(A, 0); see [7, 11.2.13]. The relative Volodin space X{A, I) is 
defined to be the union of the spaces (J a BT% ( A , /); see [7, 1 1.3.3]. 
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The morphism ch A : Q[i?GL(A)] -> HN(A) norm of (6.1.1) sends the sub- 
complex Q[X(A,/)] to HN(A, /)norm, which is the kernel of HN(A) norm -> 
H N (A/ I ) norm ? see [7, 11.4.6]. The chain map ch~ is defined to be the restriction 
of ch~ A \ 

ch~ : Q[X(A, /)] HN(A, /) no m . (6.2.2) 

It will be useful to have a more detailed description of the restriction of (6.2.2) to 
Q [BTf (A, /)]. Recall that if A is a non-unital subalgebra of R then Q + A is a 
unital subalgebra of R; we write C(A) for the cyclic submodule C(Q + A, A) of 
C(Q + A) and hence of C(R ), following [7, 2.2.16]. When A = T°(A, I) and 
R = M n (A ), we obtain the cyclic submodule C(Tf (A, I)) of C(M n (A)). 

The trace map C(M n (A )) -> C(A) is a morphism of cyclic modules, sending 
C(T n a (A, /)) to the submodule C(A, /). On the other hand, by Example 5.4, we 
also have a map 


C(Q[G],Xg) ^ C(G), for G = T°(A, I). 

From the definition of ch A in (6.1.1) and the naturality of c, we obtain the promised 
description of ch~, which we record. 

Lemma 6.2.3. Set G = T°(A,I). The restriction of ch~ to B(Q[G],Zg) is the 
composition 

B(Q[G],2g) HN(Q[G],Ig) HN(T?(A, /)) HN(A, /)„„ m . 


6.3 The Relative Chern Character for Rational Nilpotent Ideals 


When I is a nilpotent ideal in an algebra A, we define K(A, I) to be the homotopy 
fiber of BGL(A) + -> BGL(A/I) + \ K(A, I) is a connected space whose homotopy 
groups are the relative K-g roups K n (A, I) for all n. We now cite Theorem 6. 1 of [9] 
for nilpotent I ; the proof in [9] is reproduced on page 361 of [7]. 

Theorem 6.3.1. If I is a nilpotent ideal in A, there are homotopy fibrations 

X(A, /) -> BGL(A) -> BGL{A/I ) + , 

X(A) X(A, /) ^ K(AJ). 

Moreover, X(A, /) + — > K(A , I) and Z [X(A, /)] — > Z [K(A, /)] are homotopy 
equivalences (i.e., X(A, /) -> K(A, /) is a homology isomorphism). 

Definition 6.3.2. (see [7, 11.4.7]) The relative Chern character for the ideal I of 
a Q-algebra A is the composite of the Hurewicz map, the inverse of the homotopy 
equivalence of Theorem 6.3.1 and the map ch~ of (6.2.2): 
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ch : K(A, /)., h '"> Q[A:(yl, / Q[*(4, /)] ' ‘A HN(A, /) norm . 

0.4 


5.4 The Rational Homotopy Theory Character for Nilpotent 

Ideals 


For a nilpotent ideal I , consider the chain subcomplex of the Chevalley-Eilenberg 
complex A0l(4), 

x(A,I) = 

n,i 7 

sw 

Because sw is natural in G, the family of maps B(Q[7)f (A, /)]) — > A t£(A, I) 
induces a morphism of complexes 

sw x :Q[X(AJ)]^x(AJ). 

On the other hand, for each n and o', the composite of the map Bp : At£ (A, /) -> 
HN(T° ( A , /)) of Example 5.4 with the inclusion and the trace, i.e., with 

HN(Tf (A, /)) c HN(M n (A )) -A HN(A), 

sends At£ (A, I) into the subcomplex HN(A , I). All of these maps are natural in n 
and o'; by abuse of notation, we write tr(i? p) for the resulting map: 

tr (Bp) : x(A,7) -> HN(AJ). 

Definition 6.4.1. The map ch~ hi : Q[X(A,/)] -> x(A,7 ) -> HN(A, I) nonn 
is defined to be tr (Bp) o swx , followed by HN(A,I ) -> HN(A, /) nor m- 77z<? 
rational homotopy theory character of [7, 11.3.1], cited in (1.2), is the composite 
ch' : K(A , /) -> 77A(A, /) norm defined by: 

K(A, 7) -a Q(7f(A, /)) Q[X(A, /)] — ^ 77A(A, /) norm . 

Remark 6.4.2. We will not need the unnormalized version of ch'. By construc- 
tion, ch' is the map K(A , I) C a (A, /)[— 1] of [2, A.13], followed by Connes’ 
operator 5 . 


6.5 Main Theorem 

Let / be a nilpotent ideal in a Q-algebra A. The relative Chern character ch of Def- 
inition 6.3.2 induces the relative Chern character ch* of (1.1) on homotopy groups, 
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and the rational homotopy character ch' of Definition 6.4.1 induces the character 
ch 1 . * of (1.2) on homotopy groups. Therefore the equality ch* = ch 1 . * of (1.3) is an 
immediate consequence of our main theorem. 


Theorem 6.5.1. The maps ch and ch rht are naturally chain homotopic. Hence the 
maps ch and ch' are homotopic for each A and /. 


Proof We first consider the restriction of ch~ and chf hi to B(Q [Tf (A, /)]) for 
some fixed n and or. By Lemma 2.2, the restriction of ch~ to B(Q [Tf ( A , /)]) is the 
map tr(y'c); by Example 5.4, there is a natural chain homotopy from jc to^po sw. 
Since tr(i? p)osw is the restriction of chf u to B(Q [Tf (A, /)]), the chain homotopies 
glue together by naturality to give the desired chain homotopy from chf hi to ch ~ . 

□ 


6.6 Naturality 

In order to formulate a naturality result for the homotopy between ch and ch ' , it is 
necessary to give definitions for the maps ch and ch' which are natural in A and I . 
Contemplation of Definitions 6.3.2 and 6.4.1 shows that we need to find a natural 
inverse for the backwards quasi-isomorphism of Theorem 6.3.1. One standard way 
is to fix a small category of pairs (A, I) (say all pairs with a fixed cardinality bound 
on A) and consider the global model structure on the category of co variant functors 
from this category to Simplicial Sets; this will yield naturality with respect to all 
morphisms in the small category. 

Let K(A, I)' be the cofibrant replacement of K(A, /), and factor the backwards 

as map Q [ K(A , /)] C^Q[X(^4, /)]. Then h lifts to a map h' : K{A , I)' -> C 

and, since HN(A , I) is fibrant, ch~ and chf hx both lift to maps C -> HN(A , /). 

JV ch 

We can then define ch to be the composite K(A, I)' — > C — > HN(A , /); ch' 
is defined similarly using chf hv By Theorem 6.5.1, there is a homotopy between 
the two maps C -> HN{A , /), and hence between the two maps K(A, I)' -> 
HN{A , I). Since this is a homotopy of functors from the small category of pairs 
(A, /) to Simplicial Sets, it provides a natural homotopy between ch and ch' as 
maps K(AJ)' HN(A,I). 
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Algebraic Differential Characters of Flat 
Connections with Nilpotent Residues* 


Helene Esnault 


Abstract We construct unramified algebraic differential characters for flat connec- 
tions with nilpotent residues along a strict normal crossings divisor. 


1 Introduction 

In [6], Chern and Simons defined classes c n ((E, V)) e H 2n ~ l (X ,R/Z(n)) for 
n > 1 and a flat bundle ( E , V) on a C°° manifold X , where Z (n) := Z • (2tt \T~h) n . 
Cheeger and Simons defined in [5] the group of real C°° differential characters 
H 2n ~ l (X, M/Z), which is an extension of global M-valued 2n-closed forms with 
Z(n)-periods by H 2n ~ l (X, R/Z{n)). They show that the Chern-Simons classes 
extend to classes c n ((E, V)) e H 2n ~ l (X,R/ Z), if V is a (not necessarily flat) 
connection, such that the associated differential form is the Chern form computing 
the nth Chern class associated to the curvature of V. 

If X now is a complex manifold, and ( E , V) is a bundle with an algebraic con- 
nection, Chern-Simons and Cheeger-Simons invariants give classes c n ((E , V)) e 
H 2n ~ l (X m ,C/ Z) with a similar definition of complex C°° differential charac- 
ters. Those classes have been studied by various authors, and most remarquably, 
it was shown by A. Reznikov that if X is projective and ( E , V) is flat, then the 
classes c n ((E , V)) are torsion, for n > 2. This answered positively a conjecture 
by S. Bloch [2], which echoed a similar conjecture by Cheeger-Simons in the C°° 
category [4,5]. 

On the other hand, for X a smooth complex algebraic variety, we defined in [1 1] 
the group AD n (X ) of algebraic differential characters. It is easily written as the 
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hypercohomology group HP (A, JC n — % Q n x —> -> ... — > £2 2 f~ l ), where 

JC n is the Zariski sheaf of Milnor A-theory which is unramified in codimension 1. 
It has the property that it maps to the Chow group CH n (X ), to algebraic closed 
2ft-forms which have Z (ft) -periods, and to the complex C°° differential characters 
H 2n ~ l (A an , C/Z). If ( E , V) is a bundle with an algebraic connection, it has classes 
c n ((EX)) e AD n (X ) which lift both the Chern classes of E in CH n (X ) and 
c n ((E , V)). All those constructions are contravariant in (A, ( E , V)), the differen- 
tial characters have an algebra structure, and the classes fulfill the Whitney product 
formula. They admit a logarithmic version: if j : U -> X is a (partial) smooth 
compactification of U such that D := X \ U is a strict normal crossings divisor, one 

defines the group AD n (A, D) = W l {X,K n — -> £2 n x (\ogD) —> ^ +1 (logD) -> 

... —> Q 2 f~ l (logD)). Obviously one has maps AD n { A) -> AD l (X,D) -> 
AD n (U). The point is that if ( E , V) extends a pole free connection ( E , V)|*y to 
a connection on A with logarithmic poles along D , then c n ((E , V)|*y) e AD n (U ) 
lifts to well defined classes c n ((E , V)) e AD n (X , D) with the same functoriality 
and additivity properties. 

If A is a smooth algebraic variety defined over a characteristic 0 field, 
and A D U is a smooth (partial) compactification of t/, it is computed in [8, 
Appendix B] that one can express the Atiyah class [1] of a bundle extension E 
of E \u in terms the residues of the extension V of V\u along D = X\U . In partic- 
ular, if A is projective, V has logarithmic poles along D and has nilpotent residues, 
one obtains that the de Rham Chern classes of E are zero. If k = C, this implies that 
the (analytic) Chern classes of E in Deligne-Beilinson cohomology H^ l ( A, Z (ft)) 
lie in the continuous part H 2n ~ l (A an , C/7j(n))/ F n C H%(X,Z(n)). 

The purpose of this note is to show that this lifting property is in fact stronger. 

Theorem 1.1. Let X D U be a smooth ( partial ) compactification of a complex 
variety U , such that D = JA Dj = A \ U is a strict normal crossings divi- 
sor. Let ( E , V) he a flat connection with logarithmic poles along D such that its 
residues Fj along Dj are all nilpotent. Then the classes c n ((E , V)) e AD n ( A, D ) 
lift to well defined classes c n ((E,X,T)) e AD n { A), which satisfy the Whitney 
product formula. More precisely, the classes c n ((E,V,T)) lie in the subgroup 

AD’^(X) = W(X,)Cn 4 ^'| +1 4 c AD n (X ) of 

classes mapping to 0 in H°( A, Fl 2 f). 

They also fulfill some functoriality property, and one can express what their restric- 
tion to the various strata of D precisely are. 

Let us denote by c n (( E , V, F)) the image of c n (( E , V, F)) via the regulator map 
AD n { A) -> A an , C/Z) defined in [11] and [10], which restricts to a regu- 

lator map AD^(X) -> H 2n ~ l ( A an , C/Z (ft)). As an immediate consequence, one 
obtains the following: 

Corollary 1.2. Let (A, (E, V, T)) be as in the theorem. Then the Cheeger-Chern- 
Simons classes c n {(E ,X)\u) e H 2n - l (U^X/%(n)) C H 2n ~ l (U m XX) lift to 
well defined classes c n ((E XX)) e H 2n ~ l (X m , C/Z(ft)) c H 2n ~ l (X an ,C/Z), 
w/4/z .s’ftftr^ properties. 
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A direct C°° construction of c n ((E , V, T)) e H 2n ~ l (X an , C/Z (n)) in the spirit of 
Cheeger-Chern-Simons has been performed by Deligne and is written in a letter 
of Deligne to the authors of [13]. It consists in modifying the given connection V 
by a C°° one form with values in £nd(E ), so as to obtain a (possibly non-flat) 
connection without residues along D . This modified connection admits classes in 
H 2n ~ l (X an, C/Z (n)) C H 2n ~ 1 (X an , C/Z). That they do not depend on the choice 
of the one form relies essentially on the argument showing that if V is flat with 
logarithmic poles along D (and without further conditions on the residues), for n > 
2, the image of c n ((E , V)) in H°(U , H 2 ^ R l ), where H j DR is the Zariksi sheaf of y'-th 
de Rham cohomology, in fact lies in the unramified cohomology H°(X y H 2 ^ R l ) C 
H°(U,H 2 q R 1 ). For this, see [3, Theorem 6.1.1]. In the case when D is smooth, 
Iyer and Simpson constructed the C°° classes c n (( E , V, T)) e H 2n ~ l (X an , C/Z (n)) 
using the existence of the C°° trivialization of the canonical extension after an etale 
cover, a fact written by Deligne in a letter, together with Deligne’ s suggestion of 
considering patched connections. They then show that Reznikov’s argument and 
theorem [14] adapt to those classes. Our note is motivated by the question raised 
in [13] on the construction in the general case. 

Our algebraic construction in Theorem 1 . 1 relies on the modified splitting prin- 
ciple developed in [9-1 1] in order to define the classes in AD n ( X , D). Let q : Q -> 
X be the complete flag bundle of E. A flat connection on E with logarithmic poles 
along D defines a map of differential graded algebras r : £2g(logg -1 (D)) -> /C* 
where 1C = q*Q l x (log D) and Rq*JC * = £2^(logD). This defines a partial 
flat connection r o q*X : q*E -> q*£2 l x (\ogD) ®o Q q* E which has the prop- 
erty that it stabilizes all the rank one subquotients of q*E. On the other hand, 
the nilpotency of V allows to filter the restriction E | ^ to the different strata £ of 
D , in such a way that the restriction V|s : E |s -> ^2^(logD)|s (8) E |s of the 
connection stabilizes the filtration T 7 *, and has the following important extra prop- 
erty: the induced flat connection V|s on gr(F^) has values in £2^ (log rest), where 
rest is the intersection with £ of the part of D which is transversal to £. This 
fact translates into a sort of stratification of the flag bundle Q , where r is refined 
on this stratification and has values in the pull back of £2^ (rest). Modulo some 
geometry in Q , the next observation consists in expressing the sections a e Q l x 
of forms without poles as pairs a = (/3 0 y) e £2^(logD) 0 £2 l D such that 
P\d = y, where Q l D = Q l x / Q l x (\og D)(—D) c £2 l x (log D)\ d . This yields a com- 
plex receiving quasi-isomorphically , which is convenient to define the wished 
classes. 


2 Filtrations 

Let A be a smooth variety defined over a characteristic 0 field k. Let D c X be a 
strict normal crossings divisor (i.e., the irreducible components are smooth over k ), 
and let (F, V) be a connection V : E £2^ (log D) <g) E with residue T defined 
by the composition 
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£2^, (log D) ®o x E 


10res 


V*0 D {\) ®o x E 


H. Esnault 

( 2 . 1 ) 


where D ^ = U j Dj , where v: — >► D is the nomalization of the divisor D. The 

composition of V with the projection v*O d (d -> Odj defines r y : E -> Odj ® E 
which factors through Tj e End (Odj (8) E). We write 


r e Horn o x (O d ®o x E , v*0 D (d ®o x E ). (2.2) 


Recall that if V is integrable, then 


[r,-u,,r;| 0( ,] = o. (2.3) 

We use the notation Dj = D\ x D . . . D D ir if I = {i \, . . . , i r }, D = D 1 + J2 s ei E> s 
with D 1 = E>i- The connection V : E -> £2^(logD) <g) E stabilizes 

E(—Dj ), but also E (8) Xdj, as the Kahler differential on Ox restricts to a flat 
£2 l x (log( As)) - connection on Xu t , where 2^ is the ideal sheaf of Dj. Thus V 

induces a flat connection 


V/ : E \ Dl -> ^(l°gF)k ® Fk- (2.4) 


One has the diagram 

n l Dj (lo g(Di H Dj)) (8) E Q 2 Dj (log(Di (T Dj)) (8) E (2.5) 



We define F* = Ker(r y ) c E \ p . . It is a coherent subsheaf. V y - sends F * to 
. (log fl Dj) (8) E , but because of integrability, the diagram (3) shows that 
V Dj induces a flat connection Fj -> £2^ (log D j Pi Dj) <g> Fj. 

Claim 2.1. Fj C E \ Dj is a subbundle. 

Proof. We use Deligne’s Riemann-Hilbert correspondence [7]: the data are defined 
over a field of finite type ko over Q, so embeddable in C, and the question is compat- 
ible with the base changes (8)& 0 F and <8>fcC. So it is enough to consider the question 
for the underlying analytic connection on a poly disk (A*) r x A 5 with coordinates 
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xj , where Dj is defined by xj = 0 for 1 < j < r. By the Riemann-Hilbert cor- 
respondence, the argument given in [7, p. 86] shows that the analytic connection is 
isomorphic to (V (8) O , Fy where the matrices Ty are constant nilpotent. 
Thus Fj is isomorphic to Fj(V) (8) on the polydisk, with Fj(V) := Ker(Ty), 
thus is a subbundle. □ 

We can replace E \ Dj by E\d./ F j in (2.4) and redo the construction. This defines 
by pull back Fj C E\ Dj Ker(r y : E\ Dj /F j -> E\ Dj /Fj) with Fj D F/ etc. 

C/a/m 2.2. FJ : Fj = 0 C Fj C ... C Fj C ... C Fj J = is a filtration 
by subbundles with a flat £2^ (log D)\d . -valued connection, such that the induced 
connection Vy on gr(FJ) is flat and (logD 7 Pi T) y )-valued. (One can also 
tautologically say that FJ refines the (trivial) filtration on E\d.). 

Proof. By construction, the flat £2^ (log D)\d . -valued connection Vy on E \ Dj 
respects the filtration and induces a flat Q l D . (log D j r \ Dj) -connection on gr(FJ). 
We use the transcendental argument to show that this is a filtration by subbundles. 
With the notations as in the proof of the Claim 2.1, Fj is analytically isomorphic 
to Fj(V) (8) Odj , where Fj(V) c Fj(V) C ... C V is the filtration on V 
defined by the successive kernels of Tj , so Fj(V) is the inverse image of Ker(Fy) 
on V/Fj(y), etc. □ 

The argument which allows us to construct FJ can be used to define successive 
refinements on all E\dj. We consider now the case |/| = r > 2. We refine the 
filtrations F*|£ 7 , which have been constructed inductively, where J C /, |/| < r. 
In fact, we do the construction directly on E | . We have r linear maps induced 

by r y 


T j \ Dl : E\ Di — > ^^(log(D))|£ )/ (8) F|£) 7 -> (8) F|£> 7 = E Di (2.6) 

We define 

*7 = H y G /Ker(r 'y |d 7 ) = n 7 - €/ F/|z, 7 . (2.7) 

Claim 2.3. Fj C F|£> 7 is a subbundle, stabilized by the connection V/, and more 
precisely one has V/ : Fj ->► Q 1 Dj (log(D 7 H £)/ )) (8) Fj . 

Proof. We argue analytically as in the proof of Claim 2.1. With notations as there, 
the analytic Fj is isomorphic to F}(V) 8D Oo f • □ 

Thus V / induces a flat £2 l x (log D)\dj - valued connection on the quotient F^J Fj. 
We define Fj D Fj in E\dj to be the inverse image via the projection E\dj -> 
E\Dj/Fj of n 7 - € /Ker(r_/|z) 7 ), etc. 

Claim 2.4. The filtration FJ : Fj = 0 C Fj C Fj c ... C Fj 1 = E \ Dl 
is a filtration by subbundles, stabilized by V/, such that V/ on gr(FJ) is a flat 
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Q l D (log(D I fl Dj))- valued connection. Furthermore, FJ refines all F j\d, for all 
J C I,\J\ < r and one has compatibility of the refinements in the sense that if 
K C J C I , then the refinement F* of F£ \ Dj is the composition of the refinements 
F' of F;| d , and F* of F' | o , . 

Proof. We argue again analytically. Then T 7 / is isomorphic to Ff{V ) (8) Od 7 with 
the same definition. The filtration terminates as finitely many mutually commut- 
ing nilpotent endomorphisms on a finite dimensional vector space always have a 
common eigenvector. □ 

Definition 2.5. We call F J the canonical filtration of E\dj associated to V, which 
defines (, gr(Ff ), Vj, Tj) where V/ is the flat £2} (log (D 7 Pi Dj ) -valued connection 
on gr(F * ), and Tj is its nilpotent residue along the normalization of D 1 n Dj. 


3 r -Splittings 

We first define flag bundles. We set qi : Qj -> D/ to be the total flag bundle 
associated to E\dj. So the pull back of E \ Dj to Q / has a filtration by subbundles 
such that the associated graded bundle is a sum of rank one bundles for s = 
1, ... ,N = rank(E'). (It is here understood that D@ = X, and to simplify, we 
set q = q® : Q — >* X, Q® = Q). For J c /, the inclusion Di Dj defines 
inclusions / (J c /) : Qi -> Qj. The canonical filtrations associated to V allow 
one to define partial sections of the qj . As an illustration, let us assume that I = { 1 }, 
thus D is smooth, and that F * is a total flag, i.e., the gr(F *) is a sum of rank one 

Af 

bundles. Then T 7 * defines a section D — > Q. 

More generally, let us define G s j = T 7 / / 7 7 / -1 . We define 

2/ Qi (3.1) 

Qi 

Dj 



using the filtration: recall that Qj -> D/ is the composition of P^l^) -> D/ 
with P(£' / ) -> P(£'|/) / ) etc., where E r -> Op(^) (8) E is the rank (A — 1) subbundle 
defined as the kernel to the rank 1 canonical bundle (P(is 1^)), the pull back of 
which to Qj defines the last graded rank 1 quotient. Then the quotient E\dj G r / 
defines a map F(E\ Di ) P (G r /) such that the pull back of (P(£’|£ )/ )) is 

where ^ is the canonical rank 1 bundle. Writing G' G r / for the kernel, we redo 
the same construction for E' , G' replacing E\d I7 G r / etc. We find this way that the 
flag bundle of G r / maps to the intermediate step between D / and Q / which splits 
the first M rank 1 bundles, where M is the rank of G r / . Then we continue with the 
pull back of G r /~ l to the flag bundle of G r / , replacing G r / , and E " replacing E , 
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where E " on this intermediate step is the rank N — M bundle which is not yet split. 
All this is very classical. 

We have extra closed embeddings X F (I C J) which come from the refinements 
of the canonical filtrations, which are described in the same way: for J C I , one 
has commutative squares 

r X F (I CJ) 77 ^ U/ r 

: Qf Q * 1 Qf (3.2) 


V 


> 

qf Q 

f ^ 


Y 



-D, X ; 

D 


where// = /(0 C /), pi = A(0 C /). 

Recall from [9-11] that V yields a splitting r:Q l Q(logq~ l (D))^q^Q x (log D ), 
and that flatness of V implies flatness of r in the sense that it induces a map of 
differential graded algebras (£2 (log g _1 (£))), d) -> (q*Q x ( log D),d T ) so in par- 
ticular, (Rq^Qfff 1 (\ogD),d) = (£2§”(log D), d). Furthermore, the filtration on 
q*(E) which defines the rank one subquotient £ 5 has the property that it is stabilized 
by r o q* V, and this defines a r-flat connection £ 5 -> g*£2^(log D) ® 

The r-splitting is constructed first on P(is), with p : P(is) -> A. Then r o V 
stabilizes the beginning of the flag E' Cpull-back of E etc. Concretely, the compo- 

1 V i projection . 

sition ^p (jE ) /z (l) -> ^p(^) ® E > ^p(^) ® ^HE)\ 1) defines the splitting. 

On the other hand, the flat £2^ (log D)\dj -valued connection on G r / has values in 
n l Dl (logO D jHD 1 )). 

When we restrict to P (G r /), then one has a factorization 

H^)) ® Op (G r / ) " — — ^ ^/) 7 0°§(^/ ^ ^0) ® ^V(G 7 7 ) (3.3) 



^z(l°S^) ® ^V(g 7 7 ) 

which defines a differential graded algebra (£2^ 7 (log(T)/ Pi D 1 )) (8) O f(g 'v } , d T ) 
with total direct image on Dj being (£2^ (log(T)/ Pi D 1 )), d) and with the property 
that £ has a flat connection with values in Q l D (lo g(Dj (ID 1 )), which is compatible 
with the flat />*£2^(log D) -connection on £ iV . We can repeat the construction with 
Di -> X replaced by ¥(G r /) -> ¥(E\ Di ), with E\ Di -> G r / replaced by E' -> G' 
where E f = Kor(E\ Dl (8) Of>( E \ Dl ) 0(1)) and G f = Ker(G^ 7 -> 0(1)). This 
splits the next rank 1 piece, one still has the splitting as in (3.3), and we go on till we 
reach the total flag bundle to G r / . Then we continue with the flag bundle to G r /~ l 
etc. We conclude 
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Claim 3.1. One has a factorization 

tfSi l Q (logq-'(D)) )*«!,, (log(Z>/ n D 1 )) (3.4) 

inj 

(qf)*Q' x (\ogD)\ Dl 

tj defines a differential graded algebra ((qf )*&* Dl (log(D/ Pi Z) 7 )), J r ) which is 
a quotient of /x*(^(logg -1 (Z))), d). The flat q*Q l x (log Z>) -valued r-connection 
on tj s ,s = 1 , . . . , A/', restricts via the splitting t/, to aflat (qf)*Q l Dl (1 og(D 7 flD/))- 
valued r-connection on = /r*£L 



Definition 3.2. On Q we define the complex of sheaves 

A(n) = A n -> 4" +1 -> . . . 


with 

A 1 = B l © C* 

= ©/(M/W^fr^OogOV n £>/)), 

where C 7 = 0 for i = n. The differentials D x are defined as follows: (0/ /3/ , 0/ yj), 
where fa e (jU. / )*(tff)*£2‘ D/ (log(£> / n £>/)), y 7 e (/x 7 )*(tff)*QV 1 (log£>)| 7J/ is 
sent to 


®id x fa e 0i/),( 9 f)*n'+ 1 aog(D / n D/)), 

®/^n + (-l)'(M/iS -Pi) e (/i/)*(tff)*fi*(log £>)!/),. 

Let JC n be the image of the Zariski sheaf of Milnor ZT-theory into Milnor 
ZT-theory K n (k(X )) of the function field (which is the same as Ker (K n (k(X)) -> 
{BK n -i(ic(x))) on all codimension 1 points x e X). The r -differential defines 
d T log : JC n -> A n = B n ( C n = 0). The image in A n is D T -flat. Thus this defines 
d x log : Kn -> ^(«)[-l]. 

d x log 

Definition 3.3. We define K, n QfQ to be the complex JC n > A(n)[— 1] and 

JC n £2 ( Q D (/C n fig ) )o to be the subcomplex JC n g > d 7 ^, where d 7 ^ means the 
subsheaf of D T -closed sections. 


Lemma 3.4. The r -connections on (%f) s define a class £ J (V) e H 1 {Q, (/Ci^^)o) 
with the property that the image of^ s (X) in H l (Q, 1C\) is ci(£ 5 ). 
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Proof. The cocycle of the class £ 5 (V) results from the Claim 3.1. Write g s a p for a 
/Ci -valued 1-cocyle for Then the flat r -connection on is defined by local sec- 
tions^ inq*£2 l x (log D) which are d T flat for d T : q*£2 l x (log D) -> q*£2 2 x (log D). 
So the cocyle condition reads d T log g s a p = 8(co s ) a p where 8 is the Cech differential. 
The Claim 3.1 implies then that /jl*(c o s a ) e (qf )*^^ 7 (log(Z>j D D 1 )), is r-flat and 
one has d T log/x*(g^) = 8ii*(co s ) a p. So the class (t-fY is defined by the Cech 
cocyle (g s af$ , ii*oo s © 0), with fjL*co s e B\0 e C 1 . □ 

We define a product 


o x (/C„S2~) 0 ^ (/C m+ „^~) 0 


(3.5) 


by using the formulae defined in [1 1, Definition 2.1.1], that is 


x U y = 


{x,j} X eK m ,y eJCn 

d z logx A y © d T logx A y x e !C m ,y e ( B n © C")d t 

0 else. 


(3.6) 


The product is well defined. 

Definition 3.5. We define c n (q*(E , V, T)) e IHP Z (Q, ICnQ™)) to be the image via 
the map W(Q, (JC n Q™) 0 ) -> IF(g, of 


X! r'wu-uriv). 

Sl<S 2 ...<S n 

Definition 3.6. On X we define the complex of sheaves 
A x (n) = A n x ^ A n + l 

with 

~ Bx 0 Q 

#x = 0/O’/)*^£) / (i o g(^ )/ n D/)), 

Cx = 0/^0(//)*^x ^log D)|£> 7 , 

where C], = 0 for f = n. The differentials fix are defined as follows: (0//3/, 0 / yj), 
where ^6/ e (ii)*£l l Di (log(D 7 n D/)),y/ e (//)*^^ 1 (log D)|d 7 is sent to 

®idfa e (i / ),S2'+ 1 (log(Z> / n £>/)), 

®idyi + (—1 )' (i* fi — Pi) e (//)*£!^(log D)\d,, 


where the differentials d T are the r differentials in the various differential graded 
algebras Q* Di (\og(D I Pi D/)). 
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One has an injective morphism of complexes 

‘ : nf - A x" 


(3.7) 


sending a e £2 l x to if a 0 0. 

Proposition 3.7. The morphism t is a quasi-isomorphism. Furthermore, one has 
Rq*A(n ) = A x (n). 

Proof. We start with the second assertion: since /X/ is a closed embedding, one 
has /?(/X/)* = (/X/)* on coherent sheaves. Thus by the commutativity of the dia- 
gram (3.2), and the fact that O on the flag varieties is relatively acyclic, one has 
Rq*(Rlii)*(qf)*£ = (//)*£ for a locally free sheaf £ on Dj. This shows the sec- 
ond statement. We show the first assertion. We first show that the 0th cohomology 
sheaf of A x (n) is (Q x )d- The condition D(fi, Pi) = 0 means dfi = dfii = 0 and 
if P = Pi. Thus ft e Q n x and d/3 = 0. Assume now i > n + 1. Then modulo 
DA l ~ l (n ), ((P, Pi), yi) is equivalent to ((/3, /3/ + (— l) i_1 ^/y/), 0). So we are back 
to the computation as in the case i = n and Ker(D) on B l 0 0 is Ker(d) on Q l x . 
On the other hand, by the same reason, D(5 I_1 © C (_1 ) = D(iL _1 0 0), and 
D(B l ~ l 0 0) D ( B l 0 0) = d(£2 l x ). This finishes the proof. □ 

Proposition 3.8. The map q*:AD’\X) 00 = H"(X, JC„ ^ 4 ... 4 £2 dim * ) 
-* H"(g,/C„^°°) is injective. The classes c n ({q*{E, V, T)) e W(Q, K n Q.°°) 
in Definition 3.5 are of the shape q*c n ((E, V, T)) for uniquely defined classes 

c n ((E, V, r)) e II" (X, JC„ 44 S 2 » 4 . . . -► ^^ mZ ). 

Proof. One has a commutative diagram of long exact sequences 


H n ~\QXnl ^ H n ~\A{n)) > H"(/C„£2~) H n {Q,K n ) (3.8) 


in j 


inj 


H n ~\X, Kn) *- H"- 1 (^4(«)z) *- W{JC n Q.f) ^ H"(X, K n ) 


where IC n Qf = JC n 44 Q," x 4 ... 4 Q . * mZ . We write W{QXj) = 

H l (X,JCj) 0 rest, where the rest is divisible by the classes of powers of the 
[£ 5 ] G H l (Q,JC\), with coefficients in some H a (X,JCb). But [£ 5 ] comes by 
Lemma 3.4 from a class % s (V) g H 1 (Q , (/Ci £2 ^)o)- Consequently, the image of rest 
in HP (A(n)) dies. We conclude that one has an exact sequence 0 -* W (IC n Q ff) -> 
W^JCnQ^) -> W(X, R*q*K, n /q*K, n ). By the standard splitting principle for 
Chow groups, one has H n (Q, K n )/H n (X, JC n ) = W(X, R'q*K n / q*K n ), and 

U ••• U <.•,(£''") e Im (CH n (X) C CH n (Q)). 

S\<$2...<S n 
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By Lemma 3.4, f(V) g M l (Q, (/Ci^°°) 0 ) maps to ci(f) G H l (Q ,/Ci). Thus we 
conclude that c n (q*(E , V, T)) G Imp n (/C n fi“)) C IHI /2 (/C /7 ^2^). This finishes the 
proof. □ 

Theorem 3.9. X Z5 U be a smooth ( partial ) compactification of a variety U 
defined over a characteristic 0 field, such that D = . D j = X \ U is a strict 
normal crossings divisor. Let ( E , V) be a flat connection with logarithmic poles 
along D such that its residues Fj along Dj are all nilpotent. Then the classes 
c n ((E,X)) G AD n (X, D) lift to well defined classes c n (fE,V,F)) G AD n (X). 
They are functorial: if f : Y — ► X with Y smooth, such that f~ l {D) is a 
normal crossings divisor, etale over its image C D, then f*c n ((E,X,F)) = 
c n(f*(E, V, T)) in AD n (Y). If D' D D is a normal crossings divisor and 
V' is the connection V, but considered with logarithmic poles along D', thus 
with trivial residues along the components of D’ \ D, then c n ((E,V,F)) = 
c n ((E, V', r')). The classes c n ((E , V, T)) satisfy the Whitney product formula. In 

addition, c n ((E , V, T)) lies in the subgroup AD } ^{X) = H n (X,JC n — % Fl n x 

^ +1 ^ ^ m( ^) C AD n (X) of classes mapping to 0 in H°(X, The 

restriction to AD^Dj) ofc n ((E , V, T)) is c n ((gr(Ff), V/, T/)) where (gr(Fj), 
V/, Tj) w canonical filtration ( see Claim 2.4 and Definition 2.5). 

Proof. The construction is the Proposition 3.8. We discuss functoriality. If / is 
as in the theorem, then the filtrations F* for ( E , V) restrict to the filtration for 
f*(E, V). Whitney product formula is proven exactly as in [9, 2.17, 2.18] and 
[10, Theorem 1.7], even if this is more cumbersome, as we have in addition to 
follow the whole tower of F* . Finally, the last property follows immediately from 
the definition of (V) in Lemma 3.4. □ 

Theorem 3.10. Assume given k c C and T is nilpotent. Then the classes 
c n ((E,V)) G H 2n ((X \ D)an,C/Z(«)) defined in [9], come from well defined 
classes c n ((E , V, T)) G H 2n ~ l (X 3Ln , C/Z(n)). Furthermore c n ((E , V, T)) fulfill 
the same functoriality, additivity, restriction, and enlargement of V properties as 
c n ((E, V, T)) G AD^(X). 

Proof. We just have to use the regulator map AD n (X) ■-> H 2n ~ l (X C/Z(n)), 
which is an algebra homomorphism, and which defined in [10, Theorem 1.7]. Of 
course we can also follow the same construction directly in the analytic 
category. □ 


Acknowledgments Our algebraic construction was performed independently of P. Deligne’s C°° 
construction sketched above. We thank C. Simpson for sending us afterwards Deligne’s letter. We 
also thank him for pointing out a mistake in an earlier version of this note. We thank E. Viehweg 
for his encouragement and for discussions on the subject, which reminded us of the discussions we 
had when we wrote [8, Appendix C]. 
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Norm Varieties and the Chain Lemma 
(After Markus Rost) 


Christian Haesemeyer and Chuck Weibel 


Abstract This paper presents Markus Rost’s proofs of two of his theorems, the 
Chain Lemma and the Norm Principle. This completes the published verification of 
the Bloch-Kato conjecture. 

The goal of this paper is to present proofs of two results of Markus Rost, the Chain 
Lemma 0.1 and the Norm Principle 0.3. These are the steps needed to complete 
the published verification of the Bloch-Kato conjecture , that the norm residue maps 

are isomorphisms (k)/ p -> H£ t (k , Z / p) for every prime p, every n and every 

field k containing 1 / p. Throughout this paper, p is a fixed prime, and k is a field 
of characteristic 0, containing the p- th roots of unity. We fix an integer n > 2 and 
an n -tuple (a \ , . . . , a n ) of units in k, such that the symbol {a} = {a \, . . . , a n } is 
nontrivial in the Milnor K -group K^(k)/ p. 

Associated to this data are several notions. A field F over k is a splitting field for 
{a} if {a} f = 0 in K T f (F)/ p. A variety X over k is called a splitting variety if its 
function field is a splitting field; X is p- generic if any splitting field F has a finite 
extension E/ F of degree prime to p with X{E) ^ 0. A norm variety for {a} is a 
smooth projective /^-generic splitting variety for {a} of dimension p n ~ l — 1. 

The following sequence of theorems reduces the Bloch-Kato conjecture to the 
Chain Lemma 0. 1 and the Norm Principle 0.3; the notion of a Rost variety is defined 
in 0.5 ; the definition of a Rost motive is given in [ 1 6] and [15], and will not be needed 
in this paper. 

(0) The Chain Lemma 0.1 and the Norm Principle 0.3 hold; these assertions are 
due to Rost, and are proven in this article. 

(1) Given (0), Rost varieties exist; this is proven in [12, p. 253]. A careful 
statement is given in Theorem 0.7. 

(2) If Rost varieties exist then Rost motives exist; this is proven in [15]. 

(3) If Rost motives exist then Bloch-Kato is true; this is proven in [14] and again 
in [16]. 


C. Haesemeyer (E21) 

Department of Mathematics, UCLA, Los Angeles, CA 90095-1555, USA 
e-mail: chh@math.ucla.edu 


N.A. Baas et al. (eds.), Algebraic Topology, Abel Symposia 4, 

DOI 10.1007/978-3-642-01200-6_6, © Springer- Verlag Berlin Heidelberg 2009 


95 


96 


C. Haesemeyer and C. Weibel 


Here is the statement of the Chain Lemma, which we quote from [12, 5. 1] and prove 
in Sect. 5. 

Theorem 0.1 (Rost’s Chain Lemma). Let {a} e K^f (k)/ p be a nontrivial sym- 
bol, where k is a field. Then there exists a smooth projective cellular variety S/k 
and a collection of invertible sheaves J = J\ , Jfi , J n ~\, J' n _x equipped with 
nonzero p -forms y = yi,y[ ... ,y n -u y' n -\ satisfying the following conditions: 

1. dim S' = p(p n ~ l — 1) = p n — p; 

2. {a u ...,a n } = {au...,a n - 2 ,y n -uy' n - l } e K^(k(S))/p 
{a u ...,ai-uyi} = {a u • • • , a { - 2 , y/-i, y/.J e Kf (k(S)) / p for 2 < i < n. 
In particular, {a \, . . . , a n } = {y, yf . . . , y'.J e K^(k(S))/ p; 

3. y T (S, as is evident from (2); 

4. For any s e V(yi) U V(y!), the field k(s) splits {a \, . . . , a n }; 

5. I(V(yi)) + I (V(y-)) c pZ for all i, as follows from (4); 

6. deg(ci(/) dimiS ) is relatively prime to p. 

Without loss of generality, we may and shall assume that k contains the p - th 
roots of unity. (We explain />-forms in Sect. 1 and show in Definition 1.6 how they 
may be used to define elements of K r f(k(S))/ p. For any V of finite type over k, 
I (V) is defined to be the subgroup of Z generated by the [k(v) : k] for all closed 
veV.) _ 

Rost’s Norm Principle concerns the group Ao(X, /C i), which we now define. 

Definition 0.2. (Rost, [6]) For any regular scheme X , the group Ao(X,JC\) is 
defined to be the group generated by symbols [x, a], where x is a closed point of X 
and a e k(x ) x , modulo the relations (i) [x, a][x, a'] = [x,aa f ] and (ii) for every 
point y of dimension 1 the image of the tame symbol K 2 (k(y)) — > 0£(x) x is zero. 

The functor Ao(X, 1C i) is covariant in X for proper maps, because it is isomor- 
phic to the motivic homology group H-i -i(X) = Hom^C^, M(X)(l)[l]) (see 
[12, 1.1]). It is also the ^-cohomology group H d (X , /Q+i), where d = dim(X). 

The reduced group A$(X, 1C i) is defined to be the quotient of Ao(X, 1C i) by the 
difference of the two projections from A$(X x X,lCi). As observed in [12, 1.2], 
there is a well defined map N : Ao(X , 1C\) -> k* sending [x, a] to the norm of a. 

A field is called p -special if p divides the order of every finite field extension. 

Theorem 0.3 (Norm Principle). Suppose that k is a p -special field and that X is 
a norm variety for some nontrivial symbol {a}. Let [z, f$\ e A$(X, 1C i) be such that 
[ k(z ) : k\ = p v for v > 1. Then there exists a point x e X with [k(x) : k] = p and 
a G k(x) x such that [z, fi] = [x, a] in Ao(X, JC\). 

We will prove the Norm Principle 0.3 in Sect. 9. 

Our proofs of these two results are based on Rost’s 1998 preprint [7], his web 
site [8] and Rost’s lectures [9] in 1999-2000 and 2005. The idea for writing up these 
notes in publishable form originated during his 2005 course, and was reinvigorated 
by conversations with Markus Rost at the Abel Symposium 2007 in Oslo. As usual, 
all mistakes in this paper are the responsibility of the authors. 
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0.1 Rost Varieties 

In the rest of this introduction, we explain how 0.1 and 0.3 imply the problematic 
Theorem 0.7, and hence complete the proof of the Bloch-Kato conjecture. We first 
recall the notions of a V/ -variety and a Rost variety. 

Let X be a smooth projective variety of dimension d >0. Recall from 
[5, Sect. 16] that there is a characteristic number Sd : Ko(X) — ► ^ correspond- 
ing to the symmetric polynomial t d in the Chern roots tj of a bundle; we write 
Sd ( X ) for Sd of the tangent bundle T x . When d = p v — 1 , we know that Sd(X) = 0 
mod p\ see [5, 16.6 and 16-E], [11, pp. 128-129] or [1, II.7]. 

Definition 0.4. (see [12, 1.20]) A v n ~\ -variety over a field k is a smooth projective 
variety X of dimension d = p n ~ l — 1, with Sd(X) ^ 0 mod p 2 . 

For example, Sd(P d ) = d + 1 by [5, 16.6]. Thus the projective space W~ l is a 
Vi -variety, and so is any Brauer-Severi variety of dimension p — 1. In Sect. 8, we 
will show that the bundle F(A) over S' is a v n -variety. 

Definition 0.5. A Rost variety for a sequence a = (a \, . . . , a n ) of units in k is a 
v n - 1 -variety such that: {a \, . . . , a n } vanishes in K^(k(X))/ p\ for each i < n there 
is a Vi -variety mapping to X ; and the motivic homology sequence 

x X) H-i -i(X) -> H—i —i (Id) (= k x ). 

is exact. Part of Theorem 0.7 states that Rost varieties exist for every a . 

Remark 0.6. Rost originally defined a norm variety for {a} to be a projective split- 
ting variety of dimension p n ~ l which is a v n ~\ -variety. (See [9, 10/20/99].) Theorem 
0.7(2) says that our definition agrees with Rost’s when k is ^-special. 

Here is the statement of Theorem 0.7, quoted from [12, 1.21]. It assumes that the 
Bloch-Kato conjecture holds for ft — 1. 

Theorem 0.7. Let n >2 and 0 ^ {a} = {a\, ... ,a n } e K^ 1 (k) / p. Then: 

(0) There exists a geometrically irreducible norm variety for {a}. 

Assume further that k is p- special. If X is a norm variety for {a}, then: 

(1) X is geometrically irreducible. 

(2) X is a v n -\ -variety. 

(3) Each element of Ao(X, JC\) is of the form [x,a], where x e X is a closed 
point of degree p and a e k(x) x . (See Definition 0.2 above). 

The construction of geometrically irreducible norm varieties was carried out in 
[12, pp. 254-256]; this proves part (0) of Theorem 0.7. Part (1) was proven in [12, 
5.4]. Part (2) was proven in [12, 5.2], assuming Rost’s Chain Lemma (see 0.1), and 
part (3) was proven in [12, p. 271], assuming not only the Chain Lemma but also 
the Norm Principle (see 0.3 above). 
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As stated in the introduction of [12], the construction of norm varieties and the 
proof of Theorem 0.7 are part of an inductive proof of the Bloch-Kato conjecture. 
We point out that in the present paper, the inductive assumption (that the Bloch- 
Kato conjecture for ft — 1 holds) is never used. It only appears in [12] to prove that 
the candidates for norm varieties constructed there are -generic splitting varieties. 
(However, the Norm Principle 0.3 is itself a statement about norm varieties.) In 
particular, the Chain Lemma 0.1 holds in all degrees independently of the Bloch- 
Kato conjecture. 


1 Forms on Vector Bundles 

We begin with a presentation of some well known facts about p -forms. 

If V is a vector space over a field k, a p-form on V is a symmetric p - linear 
function on V, i.e., a linear map f : Sym p (V ) -> k. It determines a p -ary form, 
i.e., a function <p : V -> k satisfying <p(\v) = \ p <p(v), by cp(v) = 0(v, v, . . . , v). If 
p \ is invertible in k , /^-linear forms are in 1-1 correspondence with p - ary forms. 

If V = k then every p - form may be written as <p(X) = aX p or <j)(X \, . . . ) = 
a Yl^i f° r some a e k. Up to isometry, non-zero 1 -dimensional p -forms are in 
1-1 correspondence with elements of k* / k * p . Therefore an ft-tuple of forms cpt 
determine a well-defined element of K^(k)/ p which we write as {<p \, . . . , p n ). 

Of course the notion of a p - form on a projective module over a commutative ring 
makes sense, but it is a special case of p -forms on locally free modules (algebraic 
vector bundles), which we now define. 

Definition 1.1. If £ is a locally free Ox -module over a scheme X then a p - form 
on £ is a symmetric /^-linear function on £, i.e., a linear map f : Sym p (£) -> Ox- 
If £ is invertible, we will sometimes identify the p - form with the diagonal p - ary 
form (p = <fi o A : £ Ox ; locally, if v is a section generating £ then the form is 
determined by a = cp(v): cp (tv) = a t p . 

The geometric vector bundle over a scheme X whose sheaf of sections is £ is 
¥ = Spec (S* (£")), where S' is the dual Ox -module of £. We will sometimes 
describe p -forms in terms of ¥. 

The projective space bundle associated to £ is tt : F(£) = Proj(S*) -> X , 
S* = S *(£"). The tautological line bundle on ¥(£) is L = Spec(SymO(l)), and its 
sheaf of sections is 0(— 1). The multiplication S* (g) £ v — >► S* (1) in the symmetric 
algebra induces a surjection of locally free sheaves jr*(f v ) 0(1) and hence an 
injection 0(— 1) -> 7t*(£); this yields a canonical morphism L tt*(V) of the 
associated geometric vector bundles. 

Definition 1.2. Any p - form x/r : Sym^f) — >► Ox on £ induces a canonical p - form 
€ on the tautological line bundle L: 

e : 0(-p) = Sym p (<D(— 1)) -* Sym p (ji*£) = tt* S ym p (S) X tt*O x = O n£) . 
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We will use the following notational shorthand. For a scheme Z, a point q on 
some Z- scheme and a vector bundle V on Z we write V\ q for the fiber of V at 
q , i.e., the k(q) vector space q*(V) for q -> Z. If cp is a /7-form on a line bundle 
L, 0 7^ u e L\ q and a = then cp\ q : (L^)^ -> k(q) is the /7-form 

= at p . 

Example 1.3. Given an invertible sheaf L on X, and a /7-form ^ onL, the bundle 
V = O 0 L has the /7-form u) = t p — <p(u). Then P(F) -> X is a P 1 -bundle, 
and its tautological line bundle L has the /7-form € described in 1.2. 

Over a point in P(F) of the form oo = (0 : w), the /7-form on L|oo is 6(0, Xu) = 
—X p (p(u). lfq = (l:u) is any other point on P(F) then the 1-dimensional subspace 
h\ q of the vector space V\ q is generated by v = (1, u) and the /7-form e\ q on L| g is 
determined by £(v) = ^(1, u) = 1 — <^(w) in the sense that e(X v) = X p (l — cp(u)). 

One application of these ideas is the formation of the sheaf of Kummer algebras 
associated to a /7-form. Recall that if L is a line bundle then the (p— l)st symmetric 
power of P(0 © L) is Sym^'PiO © L) = P(Pl(L)), where A{L) = ©f^ 1 L®‘ . 

Definition 1.4. If L is a line bundle on X, equipped with a /7-form (p, the 
Kummer algebra A^iL) is the vector bundle A{L) = ©f=d L® 1 regarded as a 
bundle of algebras as in [12, 3.11]; locally, if u is a section generating L then 
*4(L) = 0[u\/ ( u p — (p(u)). If x e X and a = <p\ x (u) then the /c(x)-algebra A\ x is 
the Kummer algebra k(x)(f/a), which is a field if a $ k(x) p and Y[ k(x) otherwise. 

Since the norm on A(p(L) is given by a homogeneous polynomial of degree /7, 
we may regard the norm as a map from Sym p Acp(L) to O. The canonical /7-form 6 
on the tautological line bundle L on the projective bundle P = P(*4(L)), given in 
1.2, agrees with the natural /7-form: 

-* Sym p tt*A(L) X O p , 

where n : P -> X is the structure map and the canonical inclusion of L into 
n*(A(L)) = 0 q - 1 t r*L®* induces the first map. 

Recall from 1.2 and 1.4 that 0 is a /7-form on L, \jf = (1, —(p) is a /7-form on 
0®L and 6 is the canonical /7-form on L induced from \jr. 

Lemma 1.5. Suppose that x e X has (p \ x ^ 0 and that O^Xu e L\ x . Then € \ (o :u ) ^ 0. 
Moreover, (p(u) e k(x)* p iff there is a point l e P (O 0 L) over x so that e\i = 0. 

Proof. Let w = (t, su) be a point of h\ x over l = (t : su) e P (O 0 L)\ x . If t =0 
then l = (0 : u) and e(w) = — s p (p(u ), which is nonzero for s 0. If t 0 then 
€| i is determined by the scalar e(w) = ^f(t,su) = t p — s p (p{u). Thus e\i = 0 iff 
(p{u) = {t/s) p . □ 

Here is an alternative proof of 1.5, using the Kummer algebra K = k(x)(a ), 
a = fj(p ( u ). Since e(w) = \p(t, su) is the norm of the nonzero element t — sa in 
K , the norm e(w) is zero iff the Kummer algebra is split, i.e., (p(u ) = a p e k(x) xp . 
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Finally, the notation {y, . . . , yh-\) i n the Chain Lemma 0.1 is a special case of 
the notation in the following definition. 

Definition 1.6. Given line bundles H\ on X, p - forms oti on Hi , and a point 

x e X at which each form oti \ x is nonzero, we write {ot \, . . . , ot n }\ x for the element 
{ot\ \x , • • • , a n \x } of (, k(x )) / p described before Definition 1 . 1 : if ui is a generator 

of Hi\ x andoii\ x (ui) = a t then {a u . . .>a n }\ x = {a u • • .,a n }. 

We record the following useful consequence of this construction. Recall that if 
(R , m) is a regular local ring with quotient field F , then any regular sequence r \ , . . . 
generating m determines a specialization map K^(F) -> K^(R/ m); if a i, ... are 
units of R , any of these specializations sends {<zi, . . .} to {d \, . . .}. 

Lemma 1.7. Suppose that the p -forms oti are all nonzero at the generic point r] 
of a smooth X. On the open subset U of X of points x on which each o '/ \ x 0, 
the symbol {ot\ \ x , . . . , a n \ x } in K^(k(x))/ p is obtained by specialization from the 
symbol in (k(X))/ p. 


2 The Chain Lemma When n = 2 

The goal of this section is to construct certain iterated projective bundles together 
with line bundles and p -forms on them as needed in the case n = 2 of the Chain 
Lemma 0.1. Our presentation is based upon Rost’s lectures [9]. 

We begin with a generic construction, which starts with a pair Ko , K-\ of line 
bundles on a variety Xo = X-\ and produces a tower of varieties X r , equipped with 
distinguished lines bundles K r . Each X r is a product of p — 1 projective line bundles 
over I f _i, so I r has relative dimension r(p — 1) over X$. 

Definition 2.1. Given a morphism f r -\ : X r -\ -> X r -2 and line bundles K r -\ on 
X r -i, K r - 2 on X r — 2 , we form the projective line bundle ¥(0 0 K, -\) over X r -\ 
and its tautological line bundle L. By definition, X r is the product nf _1 ® 
K r -\) over X r -\ . Writing f r for the projection X r -> X r -\ , and L r for the external 
product L M • • • M L on X r , we define the line bundle K r on X r to be K r = (/ r o 
/ r _0*(^ r _2)®L r . 


X r X r _! ^ X r —2 • • *0 = ^-1- 

Example 2.2 (k -tower). The k -tower is the tower obtained when we start with Xo = 
Spec (£), using the trivial line bundles K- 1 , Ko. Note that X\ = f~[ P 1 and /G = Li, 
while X2 is a product of projective line bundles over f~[ P 1 , and K2 = L2. 

In the Chain Lemma (Theorem 0.1) for n = 2 we have S' = in the k -tower, 
and the line bundles are J = J\ = K p , J[ = f*(K p - 1 ). Before defining the p- 

forms yi and in 2.7, we quickly establish 2.6; this verifies part (6) of Theorem 

2 

0.1, that the degree of C\ ( K p ) p ~ p is prime to p. 
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If L is a line bundle over X , and A = c\ (L), the Chow ring of P = P(0 0 L) is 
CH(P) = CH(X)[z]/(z 2 - Az), where z = q(L). If tt : P -> X then tt*(z) = -1 
in CH(X). Applying this observation to the construction of X r out of X = X r -\ 
with X r -\ = c\(K r -i), we have 

C//(V) = CH(X r -i)[z r ,U. . . ,Zr.„-l]/({z?j ~ K-lZr.j \j = 1}), 

where z r j is the first Chern class of the y'th tautological line bundle L. (Formally, 
CH(X r - 1 ) is identified with a subring of CH(X r ) via the pullback of cycles.) By 
induction on r, this yields the following result: 

Lemma 2.3. CH*(X r ) is a free CH* (X<f) -module. A basis consists of the mono- 
mials nvy f or ei J e {0> 1}’ 0 < i < r 0 < j < p. As a graded algebra, 
CH*(X r )/ p ^ CH*(X o )/ p ®r 0 R r , where Ro = F^fAo, A_i] and 

= Fp [A — i , Ao, • • • , A r ,Zu, . . . , Zr,p— l]/ Ir ■> 

h = ({zlj-^i-iZij I 1 < / < r, 0 < j < p}, {h-h- 2 -T. P j=\zij | 1 < / < r}). 

Definition 2.4. For r = 1, set z r = z rj and £ r = ]~[ z r ./ . It follows 

from Lemma 2.3 that A/ = A/_ 2 + z/ and zf = J]z*j = J]zi\y AfT/ = Z/Afj/ in 
and hence in CH(X r )/ p. 

By Lemma 2.3, if 1 < r < p then multiplication by ]~[ e CH r(<p ~ l \X r ) is an 
isomorphism CHq{Xq) / p — > CHo(X r )/ p. If A 0 = Spec(A) then CH$(X r )/ p = 
¥ p , and is generated by . 

Lemma 2.5. If y e CHo(Xo), the degree ofy * £i • • • £ r A (— l) r ^ -1 ^deg(y). 

Proof The degree on A r is the composition of the (//)*. The projection formula 
implies that (/ r )*(Cr) = (— l) 77-1 , and 


(/r)*(T • Cl • • • Cr) = ^ • Cl • • • Cr-l) * (/r)*(Cr) = (-l)'" 1 J * Cl * * * Cr-1- 


Hence the result follows by induction on r. □ 

Proposition 2.6. For every 0-cycle y on X$ and 1 < r < p, A r = C\(K r ) satisfies 
y X r r ip ~ l) = (-1 y~ l y fi • • • Sr in CH 0 (X r )/p, and 

deg(yAJ! (i7_1) ) = deg(y) mod p. 

For the k-tower 2.2 (with y = 1), we have deg(Af p ) = 1 mod p. 

Proof. If r = 1 this follows from yA_i = yAo = 0 in CH(X 0 ): Ai = Zi + A_i 
and y = y Af _1 . For r > 2, we have A r = z r + A r _ 2 and zf = z r X p r Z{ by 2.4. 
Because p — r > 0, we have 
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\ r r (p ~ l) = {z r + \ r - 2 y {r - l)+(p - r) = 0 Zr + K-lY^ ' (*r + A r - 2 ) ; '“'' mod p 
= {ZrX P -{ + + ^r- 2 ) P ~' = Sr + T mod p. 

where T e CH(X r -\)[z r ] is a homogeneous polynomial of total degree < p— 1 in z r - 
By 2.3, the coefficients of yT are elements of CH(X r -\) of degree > dim(X r _i), 
so yT must be zero. Then by the inductive hypothesis, 

y K (p ~ l) = (-i Y~ 2 y = (-1 r 1 j ?r k-0 

in CH*(X r )/ p , as claimed. Now the degree assertion follows from Lemma 2.5. □ 


2.1 The p- Forms 


We now turn to the p -forms in the Chain Lemma 0.1, using the k -tower 2.2. We will 
inductively equip the line bundles L r and K r of 2.2 with />-forms TV and <p r \ the y\ 
and y[ of the Chain Lemma 0.1 will be (p p and (p p ~\ . 

When r = 0, we equip the trivial line bundles K- 1 , Kq on Xo = Spec (k) with 
the p - forms = a 2 t p and cpo(t) = a\t p . The p - form (p r -\ on K r -\ induces a 

p - form = t p — (p r -i (u) on O 0 K r -\ and a p-iovm € on the tautological line 

bundle L, as in Example 1.3. As observed in Example 1.3, at the point q = (1 : x) 
ofP(0 0 K r - 1 ) we have e(y) = = 1 — <p r _i(x). 

Definition 2.7. The />-form TV on L r is the product form e: 

’I'rO'i IE • • • El jp_i) = P[ 


The />-form cp r on K r = (/ r -i o f r )*(K r - 2 ) ( 8 ) L r is defined to be 

tyr = (yfr—l ° /r) (SPr—l) ® TV- 

Proposition 2.8. x = (xi, . . . , x^-i) e X r be a point with residue field 
E = £(x). For —1 < / < r, choose generators ui and v/ /or one -dimensional 
E vector spaces Ki \ x and L ,* | x respectively, in such a way that u L = w*_ 2 (8) V/. 

7. If(pi\ x = 0 for some 1 <i <r then {a\,a 2 } e = 0 e K 2 (E)/p. 

2. If<Pi\ x 0 for all i, 1 < i <r, then 

{a u a 2 } E = {-\y {(Pr-l{Ur-l),(Pr{u r )} e K 2 (E)/p. 

Proof By induction on r . Both parts are obvious if r = 0. To prove the first part, we 
may assume that cpi | x 7 ^ 0 for 1 < / < r — 1, but cp r \ x = 0. We have w r = u r - 2 ( 8 ) v r 
and by the definition of cp r , we conclude that 
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0 = (p r (u r ) = (fr—2 (^r— 2) (v r ) , 

whence 4v(v r ) = 0. Now the element v r 7^ 0 is a tensor product of sections wj and 
4V(v r ) = n € ( w j ) so € ( w y ) = 0 for a nonzero section w 7 - of L| Xy . By Lemma 1.5, 
( p r -i(u r -\ ) is a />th power in E. Consequently, {(p r - 2 (u r - 2 ), (p r -\(u r -\)}E = 0 in 
K 2 {E)/ p. This symbol equals =L {a 1, a 2 }E in K 2 (E)/p, by (2) and induction. This 
finishes the proof of the first assertion. 

For the second claim, we can assume by induction that 

{(l\ , Cl 2 } e = E{(p r - 2 {u r -2),(Pr-\(u r -i)}E- 

Now (p r (u r ) = (p r - 2 (u r - 2 )^ r (v r ). Letting K = k(x)(a ), a = zjp r _ x (u r - 0’ we 
have N K/k{x) (j ~ sa) = t p — s(p r -\u r -\) = €(t,su r - 1), and hence Tv(v r ) = 
N K/k(x) (V) for some v' e AT. But {<y? r -i(w r _i), NK/k{x)(y')} = 0 by Lemma 2.9 
below. We conclude that 


{<Pr— 2(^r— 2),<Pr-l(u r -l)}E = ~{<Pr-l («r— l) , <Pr (u r )} E mod p\ 

this concludes the proof of the second assertion. □ 

Lemma 2.9. For any field k, any a e ft x and any b in K a = k[lfa\, the symbol 
{a, N K a / k (b ) } is trivial in K 2 (k)/ p. 

Proof. Because { a , b} = p{ f/a, b} vanishes in K 2 (K a )/ p , we have { a , Af(ft)} = 
N {a, ft} = /?# ({ ft/a, ft}) = 0. □ 

Proof of the Chain Lemma 0.1 (for n = 2). We verify the conditions for the vari- 
ety S = X p in the ft-tower 2.2; the line bundles J = J\ = K p , /( = f*(K p - 1); 
the y?-forms yi and in 0.1 are the forms (p p and <^_i of Definition 2.7. Part (1) of 
Theorem 0.1 is immediate from the construction of S = X p ; parts (2) and (4) were 
proven in Proposition 2.8; parts (3) and (5) follow from (2) and (4); and part (6) is 
Proposition 2.6 with y = 1. □ 


2.2 Norm Principle for n — 2 


The Norm Principle for n = 2 was implicit in the Merkurjev-Suslin paper [4, 4.3]. 
We reproduce their short proof, which uses the Severi-Brauer variety X of the cyclic 
division algebra D = Afa,b) attached to a nontrivial symbol {a, ft} in K 2 (k)/ p 
and a pth root of unity £; X is a norm variety for the symbol {a, ft}. 

Theorem 2.10 (Norm Principle for ft = 2). If x e X and[k{x) : ft] = p m for 

m > 1 then for all X e ft(x) exists x f e X and X' e ft(x') so [ft(x') : 
ft] < p and [x, X] = [V, A'] in A$(X, X\). 
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Proof. By Merkurjev-Suslin [4, 8.7.2], N : Ao(X, JC\) -> k x is an injection with 
image Nrd (D) c A x . Therefore the unit N([x, X]) of k can be written as the reduced 
norm of an element X' e D. The subfield E = k(X') of D has degree < p, and 
corresponds to a point x' e X . Since N([x', X']) = Nrd(A') = N([x, X]), we have 
[x, X] = [x r , A'] in A 0 (X, /Ci). □ 


3 The Symbol Chain 


Here is the pattern of the chain lemma in all weights. 

We start with a sequence a\,a 2 , . . . of units of A, and the function <3>o(0 = t p . 
For r > 1, we inductively define functions <F r in p r variables and 4V in p r — 
p r ~ l variables, taking values in k , and prove (in 3.4) that {a\,...,a r , <F r (x)} = 0 
mod p. Note that <F r and 4V depend only upon the units a \ , . . . , a r . We write X/ for 
a sequence of p r variables x-q (where j = (j i, . . . , and 0 < j t < p), and we 
inductively define 

'IV+l(Xi,...,X /J _i) = + (1) 

4>r + l(Xo, • • . ,X p _i) = 4> r (Xo)^ r + l(Xl, . . . ,X p _i). (2) 

We say that two rational functions are birationally equivalent if they can be trans- 
formed into one another by an automorphism (over the base field A) of the field of 
rational functions. 


Example3.1. 4fi(xi, . . . , x p -\) = no — a\xf) and <Fi(xo, . . . , x p -\) is Xq no- 
a \xf), the norm of the element x 0 FK 1 — Xi a i) in the Kummer extension k(x)(a i), 
a i = pfa[. Thus <Fi is birationally equivalent to symmetrizing in the X/, followed 
by the norm from k[^faf\ to k. More generally, 4v(xi, . . . , x^-i) is the product of 
norms of elements in Kummer extensions k (xi, . . . of k(x\, . . . ,x p -i). 


Example 3.2. It is useful to interpret the map <Fi geometrically. Let Rk(a)/k A 1 
denote the variety, isomorphic to A p , which is the Weil restriction [17] of the affine 
line over k(a ), so that there is a morphism N : Rk(a)/k A 1 -> A 1 corresponding to 
the norm map. The function k p k(a) defined by 

(x 0 ,^i, • • • ,s p - 1 ) i-> x 0 (l -s \a + s 2 a 2 ± s p - \oi p ~ l ) 

induces a birational map A p —> Rk(a)/k A 1 . Finally, let q : A ^ _1 -> A p ~ l / S p -\ = 
A p ~ l be the symmetrizing map sending (xi,...) to the elementary symmetric 
functions (^i, . . .). Then the following diagram commutes: 
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f* Rk(a)/k& 1 = 


Remark 3.3. If p = 2, <Fi(xo,xi) = Xq(1 — 0 ix 2 ) is birationally equivalent to the 
norm form u 2 — a\v 2 for k(y/a\)/k, and $2 = <Fi(xo)[l — 02 < Ei(xi)] is birationally 
equivalent to the norm form (( 01 , 02 )) = (u 2 — 0 iv 2 )[l — 02 (w 2 — 0i? 2 )] for the 
quaternionic algebra A - 1 ( 01 , 02 ). 

More generally, 0 /z is birationally equivalent to the Pfister form 


(( 01 ,..., 0 r )) = (( 0 i,..., 0 r _i)) 1 a n ((ai 7 . . . , 0 r -i)) 


and TV is equivalent to the restriction of the Pfister form to the subspace defined by 
the equations x 0 = (1, . . . , 1). 

Suppose that p = 3. Then O 2 is birationally equivalent to (symmetrizing, fol- 
lowed by) the reduced norm of the algebra A^{a\, 02 ) and Rost showed in [10] that 
O 3 is equivalent to the norm form of the exceptional Jordan algebra J(a \ , 02 , 03 ). 
When r = 4, Rost showed that the set of nonzero values of O 4 is a subgroup of k x . 

For the next lemma, it is useful to introduce the function field F r over k in the 

p r variables x- n j r , 0 < j t < p. Note that F, is isomorphic to the tensor product 

of p copies of F r -\ . 

Lemma 3.4. { 01 , . . . , 0 r , <F r (x)} = { 01 , . . . , 0 r , Tv(x)} = 0e K^ +l {F r )/ p. 

Ifb e k is a nonzero value of$> r , then { 01 , . . . , a r , b} = 0 e K^ l (k)/p. 

Proof. By Lemma 2.9, { a r , ^ r (x)} = 0 because Tv(x) is a product of norms of 
elements of k(x)(k/bi) by 3.1. If r = 1 then { 01 , Oi(x)} = { 01 , Xq} = 0 as well. 
The result for F r follows by induction: 

{ 01 , ... , 0 r + l, O r + i(x)} = {0i,...,0 r + i,O r (Xo)}{0l,...,0r + l,^r + l(x)} = 0. 

The result for b follows from the first assertion, and specialization from F r to k, 
using the regular local ring at the point c where <F r (c) = b. □ 

Remark 3.5. For any value b e k x of <F, Z , any desingularization X of the projective 
closure of the affine hypersurface = {x : O zz (x) = b} is a norm variety for the 
symbol {a \ , . . . , 0 ZZ , b) in K^ +l {k) / p. Note that dim(X^) = p n — 1 . 

Indeed, we see from Lemma 3.4 that every affine point of X b splits the sym- 
bol. In particular, the generic point of X b is a splitting field for this symbol. By 
specialization, every point of X b and X splits the symbol. 

The symmetric group acts on {xi, . . . , x^-i} and fixes <F ZZ , so it acts on 
Xb. It is easy to see that Xb/ ^p-i is birationally isomorphic to the norm variety 
constructed in [12, Sect. 2] using the hypersurface W defined by Af = b in the 
vector bundle of loc. cit. By [12, 1.19], X is also a norm variety. 
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The Chain Lemma is based upon the observation that certain manipulations (or 
“moves”) of Milnor symbols do not change the class in K T f (k)/ p. Here is the class 
of moves we will model geometrically in Sect. 4; strings of these moves will be used 
in Sect. 5 to prove the Chain Lemma. 

Definition 3.6. A move of type C n on a sequence a \ , . . . , a n in k x is a transforma- 
tion of the kind: 

Type C n : {a x , . . . , a n ) i-> (tfi, . . . , a n - 2 ,a n ^ n -i(x),a n -i). 

Here ^ n -i is a function of p n ~ l —p n ~ 2 new variables x z = {xij, . . . , xi^-i}. 

By Lemma 3.4, {a \, . . . , a n } = —{a \, . . . , a n - 2 , a n ^ f n -i(x), a n -\}, so the move 
does not change the symbol in (, k)/p . If we do this move p times, always with a 
new set of variables x z , we obtain a move (ci \ , . . . , a n ) i-> (ci \ , . . . , a n - 2 , y n -\ , Yn-i) 
in which y n -\ , y/ z _ 1 are functions of p n —p n ~ l variables x ZJ -, l<z</?,l<y</?. 

Since these moves do not change the symbol, we have 

{ai,...,a„} = {ai,,..,a n - 2 ,Yn-i,Y' n -i} (3) 

in Kjf (k)/ p. The functions y n -\ and )/_, in (3) are the ones appearing in the Chain 
Lemma 0.1. 

Formally, if k(x\) is the function field of the move of type C n , then the function 
field F' n of the move (3) is k(x \ , . . . , x^). We will define a variety S n - 1 with function 
field F; v 

Using p n ~ l — p n ~ 2 more variables x ■ ■ ( 1 < i < p, 1 < j < p) we do p moves 
of type C n - 1 on («i, . . . , « w _ 2 , y w -i) to get the sequence (a u . . . , <2, z _ 3 , y zz _ 2 , y/ z _ 2 , 
y / 2 _ i ) • The function field of this move is 7 7 zz _ 1 (8) F' n , and we will define a variety 
S zz _ 2 with this function field, together with a morphism S n ~2 -> ^ /z -i . 

Next, apply p moves of type C zz _ 2 , then p moves of type C zz _ 3, and so on, ending 
with p moves of type C 2 . We have the sequence (yi, y 2 , . . . , y/ z _i) in p n — p 
variables xi , . . . , x p -i . Moreover, we see from Lemma 3.4 that 

{a u ...,a„} = {Yi,y[,Y 2 ,---,Yn-i} in K^(k)/p. (4) 

The net effect will be to construct a tower 

s = Si -L S 2 — * » S „-2 — > s „- 1 — > S n = Spec (k). (5) 

Let S be any variety containing U = A pn ~ p as an affine open, so that k(S) = 
k(x i, . . . , x^-i), each x z is p n ~ l variables x z j and all line bundles on U are trivial. 
Then parts (1) and (2) of the Chain Lemma 0.1 are immediate from (3) and (4). 

Now the only thing left to do is to construct S = S \ , extend the line bundles (and 
forms) from U to S, and prove parts (4) and (6) of 0.1. 
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4 Model P„-i for Moves of Type C n 

In this section, we construct a tower of varieties P r and Q r over a fixed base scheme 
S', with p -forms on lines bundles over them, which will produce a model of the 
forms 4V and O r in (1) and (2). This tower, depicted in (1), is defined in 4.4. 

Pn-l ‘ ‘ ‘ Pr > Qr - 1 Pr - 1 > ' ^ Q\ ^ P\ > Q() = S' (1) 

The passage from S' to the variety P u -\ is a model for the moves of type C n 
defined in 3.6. 

Definition 4.1. Let X be a variety over some fixed base S'. Given line bundles K, 
L on X, we can form the vector bundle V = O 0 L, the P^bundle P(E) over X, 
and L. Taking products over 5", set 

p = nr* p(e> ® l ) ; q =x xs ' p - 

On P and Q , we have the external products of the tautological line bundles: 

L(l, . . . , 1) = L IEI L IEI • • • IEI L on P, KM L(l, . . . , 1) on Q. 

Given p -forms <p and <fi on K and L, respectively, the line bundle L has the 
p - form e, as in Example 1.3, and the line bundles L(1 , . . . , 1) and K IEI L(1 , . . . , 1) 
are equipped with the product p -forms 4* = Y[ £ and 0 = cp ® 4L 

Let x = (xi, . . . , x p - 1 ) denote the generic point of X p ~ l . The function fields 
of P and Q are k(P) = k{x){y \, . . . , y p -\) and k(Q) = k(P)(x o). We may 
represent the generic point of P in coordinate form as a (p — 1) -tuple {(1 : j/)}, 
where the y\ generate L over X/. Then y = {(1, j/)} is a generator of L(l, . . . , 1) 
at the generic point, and ^(y) = Yl ( 1 — 0(j/)) by 1.3. If vo is a generator of K at 
the generic point Xo of X, then O(y) = ^(vo)^(y). 

Example 4.2. An important special case arises when we begin with two line bundles 
H on S', K on A, with p - forms a and <p. In this case, we set L = H <g) K and 
equip it with the product form cj)(u®v) = a{u)(p{v). At the generic point q of Q 
we can pick a generator u e H\ q and set jy = u (8) v/ ; the forms resemble the forms 
of (1) and (2): 


'I'OO = IIO “ 4>(y) = <Kv 0 ) ^(y). 

Remark 4.3. Suppose a group G acts on S', X, K and L, and Ko, Lo are nontrivial 
1 -dimensional representations so that at every fixed point x of X (a) k(x) = k, 
(b) L x ^ Lo. Then G acts on P (resp., Q) with 2 p ~ l fixed points y over each 
fixed point of X p ~ l (resp., of X p ), each with k(y) = k, and each fiber of L = 
L(l, . . . , 1) (resp., K IEI L) is the representation L J 0 (resp., Kq <g> L J 0 ) for some 
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j (0 < j < p). Indeed, G acts nontrivially on each term P 1 of the fiber f^P 1 , 
so that the fixed points in the fiber are the points (y , y p -\) with each y- L either 
(0 : 1) or (1 : 0). 

We now define the tower (1) of P r and Q r over a fixed base 5", by induction on r . 
We start with line bundles H \ , . . . , H r , and Ko = Os' on S', and set Q o = S'. 

Definition 4.4. Given a variety Q r -\ and a line bundle K r ~\ on Q r -u we form 
the varieties P r = P and Q r = Q using the construction in Definition 4.1, with 
X = Q r - 1 , K = K r - 1 and L = H r <g) K r -\ as in 4.2. To emphasize that P, only 
depends upon S' and H \, . . . , H r , we will sometimes write P r (S'; H \, . . . , H r ). 
As in 4.1, P r has the line bundle L(l, . . . , 1), and Q r has the line bundle K r = 
K r - 1 EL(1,...,1). 

Suppose that we are given p - forms oti 0 on Hi , and we set 4>o(0 = t p on 
Ko. Inductively, the line bundle K r ~\ on Q r -i is equipped with a p - form O r _i. 
As described in 4.1 and 4.2, the line bundle L(l, . . . , 1) on P r obtains a p - form 
TV from the p - form a r (g) 4 > r - 1 on L = H r ® K r ~ i, and K r obtains a p - form 
O r = O r-1 0 \p r . 

Example 4.5. Q\ = T*i is nf over S', equipped with the line bundle 

K\ = L(l, . . . , 1). If H\ is a trivial bundle with p - form ot\ (t) = a\t p then Oi is 
the p - form Oi of Example 3.1. 

P 2 is nf” 1 F '(° © H 2 ® ^i) over gf _1 , and K 2 = L(l, . . . , 1). 

Lemma 4.6. Ifr > 0 then dim(/ , ; •/5 , ) = ( p r — p r ~ l ) and A\m(Q r / S’) = — 1. 

Proof. Set d r = dim(Q r /S ,/ ). This follows easily by induction from the formulas 
dim(P r +i/S') = (p - 1 ){d r + 1), dim(Q r+ i/50 = p(d r + 1) - 1. □ 

Choosing generators u-, for Hi at the generic point of S', we get units < 2 / = 

Oii{Ui). 

Lemma 4.7. At the generic points of P r and Q r , the p-forms 4^ and of 4.4 
agree with the forms defined in (1) and (2). 

Proof. This follows by induction on r, using the analysis of 4.2. Given a point 
q = (q u . . . , q p ) of Q p r Z{ and a point {(1 : v, ) } on P, over it, y = [d, >’/)} is 
a nonzero point on L(l, . . . , 1) and j/ = 1 (g) v/ for a section v/ of /f r _i . Since 
€(1, j/) = 1 — a r O r _i(v/) and 4v(j) = f~[ €(1, j/), the forms 4V agree. Similarly, 
if vo is the generator of K r ~\ over the generic point qo then y' = vo<g)y is a generator 
of K r and 

<M/) = O.-Kvo)^^), 

which is also in agreement with the formula in (2). □ 

Recall that Ko is the trivial line bundle, and that 4>o is the standard p-iovm 
<3>o(y) = v p on Ko. Every point of P r = ® L) has the form w = 

(w \, . . . , Wp-i), and the projection P r -> ]~[ Q r -i sends w G ,P r to a point 
x = (xi, . . .,x p - 1 ). 
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Proposition 4.8. Let s G S' be a point such that a\\ s , ... ,a r \ s 7 ^ 0. 

1. If^ r \ w = 0 for some w G P r , then {a\, . . . ,a r } vanishes in Kf 1 (k(wf) / p. 

2. If0> r \q = 0 for some q = (xo, w) G Q r , {a \, . . . ,a r } vanishes in Kf 1 (k(q))/ p. 

Proof. Since <F r = <F r _i ( 8 ) 'L r , the assumption that 4v | w = 0 implies that 
<F r \ q = 0 for any xo e Q r - 1 over s. Conversely, if <F r \ q = 0 then either TV \ w = 0 
or <F r _ 1 | Xo = 0. Since <Fo 7 ^ 0, we may proceed by induction on r and assume that 
® r -i\xj 7 ^ 0 for each j , so that <F r \ q = 0 is equivalent to TV \ w = 0. 

By construction, the p - form on L = H r ® K r -\ is <p(u r ( 8 ) v) = a r $? r - i(v), 
where u r generates the vector space H r \ s and v is a section of K r -\. Since TV \ w is 
the product of the forms c \ Wj , some c\ Wj = 0. Lemma 1.5 implies that a r Q> r - i(v) is 
a pth power in k(xj ), and hence in k(w ), for any generator v of K r -\ \ Xj . By Lemma 
3.4, {a 1 , . . . , a r _i , O r _i } = 0 and hence 

{a\, ... ,a r } = {ai,..., a r _i, a r O r _i} = 0 

in Kf (k(w))/ p, as claimed. □ 

We conclude this section with some identities in CH(P n )/ p CH(P n ), given in 
4. 1 1 . To simplify the statements and proofs, we write ch(X) for CH(X)/ p CH(X), 
and adopt the following notation. 

Definition 4.9. Set 77 = c\(H n ) e ch^S"), and y = ci(L(l, . . . , 1)) G ch^iV). 
Writing P for the bundle P (O 0 H n ( 8 ) K n - 1 ) over Q n - 1 , let c G ch(P) denote c\ (L) 
and let k g ch(Q w _i) denote c\(K n -i). We write cj , kj g ch(P w ) for the images of 
c and k under the y'th coordinate pullbacks ch(Q w _i) -> ch(P) -> ch(P n ). 

Lemma 4.10. Suppose that H\, ... , H n -\ are trivial. Then 

(a) y pH = y pH 1 rj d in ch (P n ), where d = p n — p n ~ l 

(b) If in addition H n is trivial, then y d = — n c j K p where e = p n ~ l — 1 

(c) If S' = Spec k then the zero-cycles K e G cho(2«-i) and y d G cho(P w ) have 

deg(/c e ) = (— \) n ~ l and d eg(y d ) = — 1 mod p 

Proof. First note that because K n -\ is defined over the e -dimensional variety 
2«-i(SpecA:; Hi,..., H n - 1 ), the element k = c\(K n -i) satisfies K pU = 0. Thus 
(; f]-\-K.) pn = rj pn and hence (rj-\-K) d = q d . Now the element c = c\ (L) satisfies 
the relation c 2 = c{rj + k) in ch(P) and hence 

c P n = cp"-\ v + K ) d = c p n ~'n d 

in ch pn (P). Now recall that P n = ]~[ ^- Then y = Jfcj and 

r'-'Ecr-'Ecr'S-r^'f. 
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i v n ~ 1 

When H n is trivial we have rj = 0 and hence c 1 = c k. Setting bj = Cj = Cjic*, 

we have y d = y pn l ( p ~P = bj) p ~ l . To evaluate this, we use the algebra trick 
that since b 2 - = 0 for all j and p = 0 we have Q^bj) p ~ l = (P ~ !)• Yl^j = 

-n bj. 

For (c), note that if S' = Spec k then rj = 0 and y d is a zero-cycle on P n . By 
the projection formula for tt : P n -> ne-i, part (b) yields = (— l) p Y\ K p 

Since each Q n -i is an iterated projective space bundle, CH(Y\ Qn-i) = l CH 
(Q n - 1 ), and the degree of Y[ is the product of the degrees of the K e j . By induction 
on n , these degrees are all the same, and nonzero, so deg(f~[ Kj) = 1 mod p. 

It remains to establish the inductive formula for deg(/c e ). Since it is clear for 
n = 0, and the Q[ are projective space bundles, it suffices to compute that 
C\{K n y n ~ l = K e y d in ch (Q n ) = ch(Q n -i) (8) ch(.P w ). Since /c e+1 = 0 and 
Ci(K n ) = k + y we have 

Cl (K„Y n ~ l =K e+l + yP "~ 1 =Y pn ~\ 

and hence ci (K n ) d = y d . Since y d+1 = 0, this yields the desired calculation: 

Ci(K n y n - x = ci{K n ) e ci{K n ) d =(k + y) e y d = <c e y d . □ 

Corollary 4.11. There is a ring homomorphism F p [X,z]/(z p —X p ~ l z) -> ch(.P w ), 
sending X to rj pn 1 and z to y pH 


5 Model for p Moves 

In this section we construct maps S n -\ -> S n which model the p moves of type C n 
defined in 3.6. Each such move introduces p n ~ l — p n ~ 2 new variables, and will be 
modelled by a map Y r -> Y r -\ of relative dimension p n ~ l — p n ~ 2 , using the P n ~\ 
construction in 4.4. The result (Definition 5.1) will be a tower of the form: 

Jfi—i = Lp T p~\ L 2 L\ Lq = J n 

Sn -1 = Y p Yp-i y 2 Yi^*Yo = S n . 

Fix n > 2, a variety S n , and line bundles H \, . . . , H n - 2 , H n and J n = //, ? _i on S'w. 
The first step in the tower is to form To = S n and Y\ = P n -\ (S n H n - 2 , J n ), 
with line bundles Lo = J n and Li = H n <g) L(l, . . . , 1) as in 4.4. In forming the 
other T r , the base in the P n -\ construction 4.4 will become T r _ 1 and only the final 
line bundle will change (from J n to L r - 1 ). Here is the formal definition. 

Definition 5 . 1 . For r > 1 , we define morphisms f r : Y r — >► T r _i and line bundles 
Lf and L r on T r as follows. Inductively, we are given a morphism f r -\ : T r _i 
T r _ 2 and line bundles L r -\ on T r _ 1, L r _2 on T r _2. Set L^ 1 = L(l, . . . , 1), 

Y r = P n — \ (Yf — i ; H n -2, Lr-l) Y r -u Lr = fr* ® Lf . 
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Finally, we write S n - \ for Y p and set J n -\ = L p , J' n _ x = f*(L p - 1 ). By 
Lemma 4.6, dim(Y r /Y r -i ) = p n ~ l — p n ~ 2 and hence dim(N„_i / S n ) = p n —p n ~ l . 

For example, when n = 2 and //i is trivial, this tower is exactly the tower of 2. 1 : 
we have Y r = P x (y r _j ; L r _0 = fl P 1 (O ® Lr-i). 

We remark that the line bundles J n -\ and J' n _ x will be the line bundles of the 
Chain Lemma 0.1. The rest of tower (5) will be obtained in Definition 5.10 by 
repeating this construction and setting S = S\. 

The rest of this section, culminating in Theorem 5.11, is devoted to proving 
part (6) of the Chain Lemma, that the degree of the zero-cycle ci(/i) dimiS is rela- 
tively prime to p. In preparation, we need to compare the degrees of the zero-cycles 
C\ (J n -\) dimSn - ] on S n - 1 and c\ (J n ) dimSn on S n . In order to do so, we introduce the 
following algebra. 

Definition 5.2. We define the graded F^-algebra A r and A r by A r = A r /X-\ A and: 

A r = A 0 , . . . , X r ,zi, ■ ■ ■ ,Zr\/({z? - Afr/zi , Xi -Xi- 2 -Zi | i = 1, • • .r}). 

Remark 5.3. By Corollary 4.11, there is a homomorphism A p chfT^), sending 
X r to C\(L r y n 2 and z r to Ci(L^) pH 2 . When H n -\ is trivial, p factors through A p . 

Lemma 5.4. In A r , every element u of degree 1 satisfies u p ~ = u p X £ p . 

Proof. We will show that A r embeds into a product of graded rings of the form 

Ak = Fp[Ao][vi , . . . , v k \/ (v x , . . . , v p k ). In each entry, u = aX o + v with v p = 0 and 

9 2 

a e F p , so u p = aX$ and u p ~ = aX$ , whence the result. 

Since A r +\ = A r [z]/ (z p — X p \) is flat over A r , it embeds by induction into a 
product of graded rings of the form A' = A k[z]/(z p — u p ~ l z ), u e A k . If u 0, 
there is an embedding of A' into Ylf=o A k whose Ufa component sends z to iu. If 
u = 0, then A' = A^+i. □ 

Remark 5.5. It follows that if m > 0 and ( p 2 — p)\m then u kp+m = X™ u kp . 

Proposition 5.6. InA r ,X p p = Aq p (]~[ zf l +TXf), where deg(T) = p 2 — p-l. 

Proof. By Definition 5.2, A p is free over F^[Ao], with the elements — 

mt < p) forming a basis. Thus any term of degree p N — p is a linear combination 

of F = Aq P Yl zf 1 an< ^ terms of the form Aq 0 Y\ ^ where mi = p N — p 2 

N 

and mo > p N — p 2 . It suffices to determine the coefficient of F in X p p p . Since 
X p ~ p = Aq ~ p X p p ~ p by Remark 5.5, it suffices to consider N = 2, when F = 

rur 1 - 

As in the proof of Proposition 2.6, if p > r > 2 we compute in the ring A r that 

X r r (P ~ l) = (zr + A r _ 2 )P^)+(P-r) = + Af _ 2 )'- 1 • (lr + 

= (zX~{ + K-i) r -\zr + A r- 2 y- r = zr 1 x ( ;z l)(p ~ l) + T, 
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where T e A r -\[z r \ is a homogeneous polynomial of total degree < p — 1 in z r . By 
induction on r, the coefficient of (z\ • • • z r ) p ~ l in X r r ^ p ^ is 1 for all r. □ 

Lemma 5.7. If S n = Spec (k) andc = c\(J n -\) e CH l (S n -\), then 
deg(c dim>S/7_l ) = -1 mod p. 

Proof Set d = dim(S' n _i) = p n — p n ~ l ; under the map A p -4* ch(S zz _i) of 5.3, 
the degree p 2 — p part of A p maps to CH d (S n - 1 ). In particular, the zero-cycle 
c d = p(\ p ) p2 - p equals the product of the p(zi) p ~ l = C\fL^) d / p by Proposition 5.6 
(the TXq term maps to zero for dimensional reasons). Because S n - 1 = Y p is a 
product of iterated projective space bundles, CHo(Y p ) is the tensor product of their 
CHo groups, and the degree of c d is the product of the degrees of the c\{ L^) d ^ p , 
each of which is —1 by Lemma 4.10. It follows that deg(c^) = — 1 mod p. □ 

Theorem 5.8. If S n has dimension p M — p n and H i, . . . , H n ~ \ are trivial then the 
zero-cycles ci(J n -i) dtmSn ~ 1 e CHo(S n -\) and c\ (J n ) dimSn e CHo(S n ) have the 
same degree modulo p: 


d egCdC^-O^- 1 ) = teg{cfJ n t mSn ) mod p. 

Proof By Remark 5.3, there is a homomorphism A p -4- ch(S) z _i), sending X r to 
c\(L r y n 2 andz r to ci(Lf ) pH 2 . Because H n -\ is trivial, p factors through A p . 

Set N = M — n + 2 and y = Aq ~ p , so p(y) = c\(J n ) dimSn e choC^). From 

Proposition 5.6 we have X p p = y\\z p modulo ker(p). From Lemma 2.5, the 
degree of this element equals the degree of y modulo p. □ 

The p -forms. We now define the p -forms on the line bundles J n -\ and J' n _ x using 
the tower 5.1. Suppose that the line bundles L-\ = H n and Lo = J n on S n are 
equipped with the p-forms /3-\ and fo. We endow the line bundle L\ in Definition 
5.1 with the p-form /3i = /*()8_i) (8) ^ n - i(Po)\ inductively, we endow the line 
bundle L r with the p-form 


/3 r = f* (fir-2) 


For example, when n = 2 and H\ is trivial, we saw that the tower 5.1 is exactly 
the tower of 2.1. In addition, the p-form agrees with the p-form 

(p r = f*((p r - 2 ) (8) of 2.7. 

Lemma 5.9. If Po = ct n - 1 and P-\ = a n , then (at the generic point ofY\) the 
p-form P p agrees with the form ot n 'F /Z _ i in 3.6. 

Proof. By Lemma 4.7, the form agrees with the form of (1). □ 

Definition 5.10. The tower (5) of varieties Si is obtained by downward induction, 
starting with S n = Spec(/c) and J n = H n -\. Construction 5.1 yields S n ~ 1 , J n ~\ and 
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J' n _ x . Inductively, we repeat construction 5. 1 for i , starting with the output S 2 -+i and 
//+ 1 of the previous step, to produce Si, Ji and J-. 

By downward induction in the tower (5), each Ji and J[ carries a p- form, which 
we call Yi and y[, respectively. By 5.9, these forms agree with the forms yi and y[ 
of (3) and (4). 

Since dim(S/ / S/_i) = p l+l — p l we have dim(S/ / S n ) = p n — p l . Thus if we 
combine Lemma 5.7 and Theorem 5.8, we obtain the following result. 

Theorem 5.11. For each i < n, deg(ci(//) dimiS? ) = —1 mod p. 

Theorem 5.11 establishes part (6) of the Chain Lemma 0.1, that the degree of the 
zero-cycle C\ (J\) dimSl is relatively prime to p. 

Proof of the Chain Lemma 0.1. We verify the conditions for the variety S = S\ 
in the tower (5); the line bundles Ji and J / and their p -forms are obtained by pulling 
back from the bundles and forms defined in 5. 10. Part (1) of Theorem 0. 1 is immedi- 
ate from the construction of S ; part (6) is Theorem 5.11, combined with Lemma 5.7. 
Part (2) was just established, and part (4) was proven in Proposition 4.8; parts (3) 
and (5) follow from (2) and (4). This completes the proof of the Chain Lemma. □ 


6 Nice G - Actions 


We will extend the Chain Lemma to include an action by G = p n p on S, Ji, and // 
leaving yi and y- invariant, such that the action is admissible in the following sense. 
Here p p is the cyclic group of p th roots of unity. 

Definition 6.1. (Rost, cf. [7, p.2]) Let G be a group acting on a /^-variety X. We 
say that the action is nice if FixG<W) is 0-dimensional, and consists of £ -points. 

When G also acts on a line bundle L over X, the action on the geometric bundle 
L is nice exactly when G acts nontrivially on L\ x for every fixed point x e X, and 
in this case FixG(L) is the zero-section over FixG<W). 

Suppose that G acts nicely on each of several line bundles Li over X. We say 
that G acts nicely on {L \, . . . , L r } if for each fixed point x e X the image of the 
canonical representation G -> ]~~[ Aut(L/ | x ) = n^( x ) X * s Y\ with each &i 
nontrivial. 

Remark 6.2. If X/ -> S are equivariant maps and the X/ are nice, then G also 
acts nicely on Ii X 2 . However, even if G acts nicely on line bundles Li it may 
not act nicely on L\ M L 2 , because the representation over (x\, X 2 ) is the product 
representation L\\ Xl (8) Z^2 U 2 * 

Example 6.3. Suppose that G acts nicely on a line bundle L over X. Then the 
induced G-action on P = P (O 0 L) and its canonical line bundle L is nice. Indeed, 
if x G X is a fixed point then the fixed points of PI* consist of the two k -points 
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{[O], [L]}, and if L\ x is the representation p then G acts on L at these fixed points 
as p and p _1 , respectively. 

By 6.2, G also acts nicely on the products P = fl ^(P 0 L) and Q = X xy/ P 
of Definition 4.1, but it may not act nicely onL(l,...,l). 

Example 6.4. If a p -group G acts nicely on L, it also acts nicely on the projective 
space F(A) of the Kummer algebra bundle A = A(L) of 1.4. Indeed, an elemen- 
tary calculation shows that FixcIPfVl) consists of the p sections [L l ], 0 < i < p 
over FixG(X). In each fiber, the (vertical) tangent space at each fixed point is the 
representation p 0 • • • 0 p p ~ l .If G = pt p , this is the reduced regular representation. 

Over any fixed point x e X, L\ x is trivial, and the cyclic group of order p 
acts on the bundle A\ x by L l i-> L l+l , rotating the fixed points. This induces 
G -isomorphisms between the tangent spaces at these points. 

Example 6.5. The action of G on Y = F(0 0 A) is not nice. In this case, an 
elementary calculation shows that FixG(F) consists of the points [L l ] of F(A), 0 < 
i < p, together with the projective line P(0 0 O) over every fixed point x of X. 
For each x, the (vertical) tangent space at [L l ] is 1 0 p 0 • • • 0 p p ~ l ; if G = pt p , 
this is the regular representation. 

When G = p," , the following lemma allows us to assume that the action on L\ x 
is induced by the standard representation pi p C k x , via a projection G -> pi p . 

Lemma 6.6. Any nontrivial 1 -dimensional representation p of G = fi n p factors as 
the composition of a projection G — pi p with the standard representation of pi p . 

Proof. The representation p is a nonzero element of (Z/ p) n = G* = Horn (p, n p , 
G m ), and tt is the Pontryagin dual of the induced map Z/p -> G* sending 1 to p. 

□ 

The construction of the P r and Q r in 4.4 is natural in the given line bundles 
Hi, ... , H n over S', and so is the construction of the Y r , S r and S in 5.1 and 5.10. 
Since n”=i Aut (///) acts on the Hi, this group (and any subgroup) will act on the 
variety S of the Chain Lemma. We will show that it acts nicely on S . 

Recall from Definition 4.4 that P r and Q r are defined by the construction 4.1 
using the line bundle L r = H r K r - 1 over Q r -\. 

Lemma 6 . 7 . If S' = Spec (k), then G = pJ p acts nicely on L r , P r and Q r . 

This implies that any subgroup of \Yi = i Aut (///) containing ji r also acts nicely. 

Proof. We proceed by induction on r, the case r = 1 being 6.3, so we may assume 
that pJ~ l acts nicely on Q r ~ \. By 6.2, it suffices to show that G = pJ p acts nicely 
on P(0 0 L r ), where L r = H r (8) K r -\. Since the final component pt p of G acts 
trivially on K r -\ and Q r -\ and nontrivially on H r ,G = pJ~ l x pi p acts nicely on 
L r . By Example 6.3, G acts nicely on F(Q 0 L r ). □ 

The proof of Lemma 6.7 goes through in slightly greater generality. 
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Corollary 6.8. Suppose that G = p n acts nicely on S' and on the line bundles 
{H i, . . . , H r } over it. Then G acts nicely on L r , P r and Q r . 

Proof. Without loss of generality, we may replace 5" by a fixed point s e S', in 
which case G acts nicely on {Hi, . . . , H r } through the surjection p n -> p r Now 
we are in the situation of Lemma 6.7. □ 

Example 6.9. Since p n ~ l acts nicely on f = P n -i(S'; H \, . . . , H n -\) and on the 
bundle K n ~\, while p p of G = p n acts solely on H n , it follows that the group 
pip = p n ~ l x p p acts nicely on {Hi, . . . , H n -i, H n (8) L(l, . . . , 1)} over Y . 

We can now process the tower of varieties Y r defined in 5.1. For notational con- 
venience, we write H n -\ for J n . The case r = 0 of the following assertion uses the 
convention that Lo = H n - \ and L_i = H n . 

Proposition 6.10. Suppose that G = Go x p n acts nicely on S n and ( via G -> 
p n p ) on {Hi, ... , H n }. Then G acts nicely on each Y r , and on its line bundles 
{Hi, . . . , H n — 2 , L r , L r —i }. 

Proof. The question being local, we may replace S' by a fixed point s e S', and 
G by p! p . We proceed by induction on r, the case r = 1 being Example 6.9, since 
Li = H n .(g) L(l, . . . , 1). Inductively, suppose that G acts nicely on Y r and on 
{Hi, ..., H n - 2 , L r , L r -i}. Thus there is a factor of G isomorphic to p p which 
acts nontrivially on L r but acts trivially on {Hi, . . . , H n - 2 , L r }. Hence this fac- 
tor acts trivially on Y r +i = P n -i(Y r ; Hi , ... , H n ~ 2 , L r ) and its line bundle L^ 1 , 
and nontrivially on L r + 1 = L r -i (8) L^ 1 . The assertion follows. □ 

Corollary 6.11. G = \± n p acts nicely on (S, J ). 

Proof. By Definition 5.1, S n ~ i = Y p , J n -i = L p and J' n _ x = L p -\. By 6.10 with 
r = p, G acts nicely on S n - 1 and on {Hi , ... , H n - 2 , J n - 1 , J ' n -\ }• By downward 
induction, G = p n ~ l x p l acts nicely on Si and {Hi, . . . , Hi-\, f, /■'} for all 
i < n. The case i = 1 is the conclusion, since ( S , J ) = (Si, Ji). □ 

Remark 6.12. If G = p n p acts nicely on S', Rost [7, p.2] would say that a fixed point 
s e S' is twisting for {Hi , . . . , H r } if the map G ->► p p c n ^(^) x = Yl Aut (/// 1^) 
is a surjection. 


7 G -Fixed Point Equivalences 

Let A = A(J) be the Kummer algebra over the variety S of the Chain Lemma 
0.1, as in 1.4. The group G = p n acts nicely on S and J by 6.11, and on A and 
P(y4) by 6.4. In this section, we introduce two G-varieties Y and Q, parametrized 
by norm conditions, and show that they are G -fixed point equivalent to F(A) and 
F(A) P , respectively. This will be used in the next section to show that Y is G -fixed 
point equivalent to the Weil restriction of Qe for any Kummer extension E of k. 
We begin by defining fixed point equivalence and the variety Q . 
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Definition 7.1. Let G be an algebraic group. We say that two G -varieties X and 

Y are G -fixed point equivalent if Fixc^ and FLcgT are O-dimensional, lie in the 
smooth locus of X and Y, and there is a separable extension K of k and a bijection 
FixG(X^) -> FixG(F^) under which the families of tangent spaces at the fixed 
points are isomorphic as G -representations over K. 

N 

Definition 7.2. Recall from 1 .4 that the norm A — > Os is equivariant, and homo- 
geneous of degree p. We define the G -variety Q over S x A 1 , and its fiber Q w over 
w e k, by the equation N(/3 ) = t p w: 

Q = {([/3 ,t], w ) e F(A 0 O) x A 1 : N(fi) = t p w} 9 

Q w = {[/3, t] e F(A 0 O) : N(fi) = t p w}, for w e k. 

Since dim(S) = p n — p we have dim (Q w ) = p n — 1. If w ^ 0, then it is proved 
in [12, Sect. 2] that Q w is geometrically irreducible and that the open subscheme 
where t 0 is smooth. 

If w 0, Q w is disjoint from the section a : S = P (O) -> P (A 0 O); over 
each point of S, the point (0 : 1) is disjoint from Q w . Hence the projection P(4® 
O) — ar(S) -> P(^4) from these points induces an equivariant morphism tt : Q w 

Y = P(*4), 7r(P,t) = P- This is a cover of degree p over its image, since j r(P,t) = 
t r()8, %t) for all £ e fi p . 

Theorem 7.3. If w ^ 0, G acts nicely on Q w and F1xg2w fl (Q w ) sing = 0- 
Moreover, Q w and Y = P(*4) are G -fixed point equivalent over the field l = 

k(Vb). 

Proof. Since the maps Q w — % Y -* S are equivariant, tt maps FixG Q w to FixGT, 
and both lie over the finite set FixG^ of k -rational points. Since the tangent space 
T y is the product of T s S and the tangent space of the fiber Y s , and similarly for Q w , 
it suffices to consider a G -fixed point s e S. 

By 6.10 and Lemma 6.6, G acts nontrivially on L = J\ s via a projection G -> 
pip. By Example 6.4, G acts nicely on P(*4). Thus there is no harm in assuming that 
G = pi p and that L is the standard one-dimensional representation. 

Let y G Y be a G -fixed point lying over s. By 6.3, the tangent space of Y \$ at y 
is the reduced regular representation, and y is one of [1], [L\, ... [L p ~ 1 ]. 

We saw in Example 6.5 that a fixed point [ao : a\ : • • • : a p -\ : t ] of G in 
P(v4 0 0)\ s is either one of the points e L = [ • • • 0 : < 2 / : 0 • • • : 0], which do not 
lie on Q w , or a point on the projective line {[ao : 0 : t ]}. By inspection, Q w ®k £ 
meets the projective line in the l -points [£ Kfb :0:---:0:l],£e^. Each 
of these p points is smooth on Q w , and the tangent space (over s) is the reduced 
regular representation of G. □ 

Warning. Since tt([£ Zfb : 0 : ••• : 0 : 1]) = [1 : 0 : • • • : 0] for all £ e pi p , 
Fi xg(2w) — > FixG(T) is not a scheme isomorphism over l. 
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Remark 7.4. For any w e k x o f N, any desingularization Q' of Q w is a 
smooth, geometrically irreducible splitting variety for the symbol {a \, . . . , a n , w} 
in x (k)/ p. Assuming the Bloch-Kato conjecture for n, Suslin and Joukhovit- 

ski show Q' is a norm variety in [12, Sect. 2]. Note that the variety X w of 3.5 is 
birationally a cover of Q w . 

To construct Y, we fix a Kummer extension E = k(e) of k. Let B be the 
Os-subbundle (*4(g) 1 ) 0 (Os of Ae = A E and let N& : B -* Os E 
be the map induced by the norm on Ae . 

Definition 7.5. Let U be the variety P(*4) x k P(23) X(J7_1) over S xp , and let L be 
the line bundle h(A) IE L (B)^ p ~ 1 ^ over U , given as the external product of the tau- 
tological bundles. The product of the various norms defines an algebraic morphism 
N :L^ O s ®E. 

Lemma 7.6. Let u e U be a point over (so,s\, . . . ,s p ~ i), and write A\ for the 
k(si)-algebra A\ Sr Then the following hold. 

1. If {a} does not split at any of the points So, . . . ,s, s p ~ then the norm map N : 
L u k(u) ( 8 ) E is non- zero. 

2. If {a}\ SQ 7 ^ 0 in K^(k(sf))/ p, then Ao is a field. 

3. For i > l, if {a}\E{ Si ) 7 ^ 0 in (E(st))/ p then A[ <g) E is a field. 


Proof. The first assertion follows from part (4) of the Chain Lemma 0.1, since by 
1.4 the norm on L is induced from the p- form y\ on J . Assertions (2-3) follow 
from part (2) of the Chain Lemma, since {a} 0 implies that y is nontrivial. □ 

Definition 7.7. Let A E denote the Weil restriction Res^/^A 1 , characterized by 
A e (F) = F E as in [17]. Let Y denote the subvariety of P(L © O) x A £ 
consisting of all points ([a : t],w ) such that N (a) = t p w in E. We write Y w for the 
fiber over a point w e A E . Note that dim(T w ) = p n+l — p = p dim (Q w ). 

Notation 7.8. Let ([a : t], w) be a /^-rational point on Y, so that w e A E (k) = E. 
We may regard [a : t] e P (L 0 0)(k) as being given by a point u e U(k ), lying 
over a point (so, . . . , ^-i) c S(k ) xp , and a nonzero pair (a, t) e L u x k (up to 
scalars). From the definition of L, we see that (up to scalars) a determines a p -tuple 
(bo, b\ + t \€ , . . . , b p - 1 + t p -i€), where bi e A\ Si and ti e k. When a 7 ^ 0 , bo 0 
and for all i > 0 ,bi 7 ^ 0 or ti 7 ^ 0 . Finally, writing A/ for A\ Si , the norm condition 
says that in E : 


NA 0 /k(bo ) fLi NAi®E/E(bi + Ue) = t p w. 

If k c F is a field extension, then an A -point of Y is described as above, replacing 
k by F and E by E <g) k F everywhere. 

Note that if w 7 ^ 0 then a/0, because N(a) = t p w and (a, t) 7 ^ (0, 0). 
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Lemma 7.9. IfY has a k -point with t = 0 then {o}\e = 0 in Kj^(E)/ p. 

Proof. We use the description of a k -point of Y from 7.8. If t = 0, then a 7 ^ 0, 
therefore bo y 0 e Ao and hi + Uc y 0 e (g) E. By Lemma 7.6, if 

{o}\e 7 ^ 0 in K^{E)/ p then Ao and all the algebras A- t (g) E are fields, so that 
N(a) = N Ao/k (b 0 ) nf=i NAi®E/E(bi + Ue) ^ 0, a contradiction to t p w = 0. □ 

Consider the projection Y -> A E onto the second factor, and write Y w for 
the (scheme-theoretic) fiber over w e A E . Combining 7.6 with 7.9 we obtain the 
following consequence (in the notation of 7.8): 

Corollary 7.10. If {a} y 0 in K^f (E)/ p and w y 0 is such that Y w has a k-point, 
then Ao and the Af (g) E are fields and w is a product of norms of an element of Ao 
and elements in the subsets Ai + € of Af (g)^ E. 

Later on, in Theorem 7.14, we will see that if w is a generic element of E then 
such a k -point exists. 

The group G = fi n p acts nicely on S and J by 6.11, and on A and P(*4) by 6.4. 
It acts trivially on A E , so G acts on B,U and Y (but not nicely; see 6.2). 

In the notation of 7.8, if ([a : t], w) is a fixed point of the G-action on Y then 
the points uo e P(*4) and S[ e S are fixed, and therefore are £ -rational (see 6.1). If 
u is defined over F , each point (bi : tfi is fixed in B\ Si . Since S acts nicely on /, 
Example 6.5 shows that if t = 0 then either t- L 0 (and b\ e F c Ai (g) F) or else 
ti = 0 and 0 t - fy e J )® r/ (g) F c A t (g) F is for some r/, 0 < r t < p. 

Lemma 7.11. For all w, Fi xqY w is disjoint from the locus where t = 0. 

Proof Suppose ([a : 0], w) is a fixed point defined over a field F containing k. As 
explained above, bo 7 ^ 0 and (for each i > 0 ) bi + U € 7 ^ 0 and either t- L 7 ^ 0 or there 
is an r/ so that bi e J ri \ Sj ( 8 ) F. Let I be the set of indices such that ti 7 ^ 0 . 

By Example 6.4, bo E *^l^ r ° for some ro, and hence NA 0 (bo) is a unit in k , 
because the p - form y is nontrivial on /| Jo . Likewise, if i £ I, then is 

a unit in F . 

Now suppose i e /, i.e., ti 7 ^ 0, and recall that in this case bi e F c A/ (g)^ 1 . If 
we write iiT 7 for the algebra E ® F ^ 7 7 [€]/(€ /7 — c), then the norm from Ai (g) EF 
to EF is simply the p - th power on elements in EF, so N Ai®EF/EF(bi + t- L c) = 
(/}/ + ^•€) ;7 as an element in the algebra EF. Taking the product, and keeping in 
mind t = 0 , we get the equation 

Y\ ieI ^ Ai®EF/EF(bi + tiC) = Yifejd’i + = 0 . 

Because EF is a separable F-algebra, it has no nilpotent elements. We conclude 
that 

(bi + be) = 0 . 

A i lG/ 

The left hand side of this equation is a polynomial of degree at most p — 1 in e; 
since c p ~ 1 } is a basis of F (g) E over F , that polynomial must be zero. 

This implies that bi = U = 0 for some i , a contradiction. □ 
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Proposition 7.12. If w e A E is generic then FixoY w lies in the open subvariety 
where t Ylf=i U 7^ 0. 

Remark 7.13. The open subvariety in 7.12 is G -isomorphic (by setting t and all ti 
to 1 ) to a closed subvariety of A (* 4 )^ , namely the fiber over w of the map A 4 ® e/e : 
A (A) p -> A E defined by 

N(bo, . . . ,b p - 1) = NA 0 /k(bo) ]~~[ i N a^e/e (pi + 0- 

Indeed, A (A) p is G-isomorphic to an open subvariety of Y and Nai^e/e is the 
restriction of o' i-> N (a). 

Proof. By Lemma 7.1 1, Fi xqY w is disjoint from the locus where t = 0, so we may 
assume that t = 1. Since w is generic, we may also take w 7^ 0. So let ([a : 1], w) 
be a fixed point defined over F L> k for which tj =0. As in the proof of the 
previous lemma, we collect those indices i such that ti 7^ 0 into a set I , and write 
EF fox E <g)k F. Recall that for i el, we have bi e F. Since j £ I , we have that 
|/| < p — 2. For i £ /, 


NAi®EF/EF(bi + UF) = N Aj (&F/ F (pi ) C F X 

(the norm cannot be 0 as t p w = w 7 ^ 0 by assumption). So we get that 

Y\.(b i +t i eY = lw 

A i lG/ 

for some £ e F x . If we view £w as a point in P(A)(7 7 ) = ( EF — {0 })/ A x , then 
we get an equation of the form 

But the left-hand side lies in the image of the morphism ]~~[/e/ ^ 1 IP(A) which 
sends [bi : ti] eF l (F) to [Y[(bi +ti€) p ] e F(E)(F). Since |/| < p — 2, this image 
is a proper closed subvariety, proving the assertion for generic w. □ 

Theorem 7.14. For a generic closed point w e A E , Y w is G -fixed point equivalent 
to the disjoint union of{p — 1 )! copies ofF(A) p . 

Proof. Since both lie over S, it suffices to consider a G -fixed point s = (so , . . . , 
s p - 1 ) in S(k) p and prove the assertion for the fixed points over s. Because G acts 
nicely on S and /, k(s) = k and (by Lemma 6 . 6 ) G acts on J s via a projection 
G ^ pi p as the standard representation of pt p . Note that J s = J s . for all i . 

By Example 6.4, there are precisely p fixed points on P(y4) lying over a given 
fixed point s- t e S(k), and at each of these points the (vertical) tangent space is the 
reduced regular representation of pL p . Thus each fixed point in F(A) P is /^-rational, 
the number of fixed points over s is p p , and each of their tangent spaces is the sum 
of p copies of the reduced regular representation. 
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Since w is generic, we saw in 7.12 that all the fixed points of Y w satisfy t 7 ^ 0 
and ti 7 ^ 0 for 1 < I < p — 1. By Remark 7.13, they lie in the affine open A(*4)^ 
of P(L 0 O). Because ji p acts nicely on J s , an F -point b = (bo, . . . ,b p - 1 ) of 
Apl)^ is fixed if and only if each bf e F . That is, FixcCAfAl)^) = A p . Now the 
norm map restricted to the fixed-point set is just the map A p -> A E sending b to 
Z?o nf=i(^' + € ) /7 - This map is finite of degree p p (p — 1 )!, and etale for generic 
w, so FixG(T w ) has p p (p — 1)! geometric points for generic w. This is the same 
number as the fixed points in (p — 1 )! copies of F(A) over s, so it suffices to check 
their tangent space representations. 

At each fixed point b , the tangent space of A (A) p (or Y) is the sum of p copies 
of the regular representation of \i p . Since this tangent space is also the sum of the 
tangent space of A p (a trivial representation of G) and the normal bundle of A p in 
Y, the normal bundle must then be p copies of the reduced regular representation 
of ji p . Since the tangent space of A p maps isomorphically onto the tangent space of 
A E at w, the tangent space of Y w is the same as the normal bundle of A p in Y, as 
required. □ 

Remark 7.15. The fixed points in Y w are not necessarily rational points, and we 
only know that the isomorphism of the tangent spaces at the fixed points holds on a 
separable extension of k. This is parallel to the situation with the fixed points in Q w 
described in Theorem 7.3. 


8 A v n -Variety 

The following result will be needed in the proof of the norm principle. 

Theorem 8.1. Let S be the variety of the chain lemma for some symbol {a} e 
(k)/ p and A = ©f=o J the sheaf of Kummer algebras over S. Then the 
projective bundle P(*4) has dimension d = p n — 1 and p 2 \ ^(P(*4)). 

Proof. Let n : P(*4) —►S' be the projection. The statement about the dimension is 
trivial. In the Grothendieck group Ko(¥(A)), we have that 

[Tpop] = tt*([7s]) + [7p(^)/s] 

where Tw(A)/s is the relative tangent bundle. The class Sd is additive, and the dimen- 
sion of S is less than d , so we conclude that ^(P(*4)) = Now 

[Tf(A)/s] = [ir*(A) ( 8 ) 0(l)f>(A)/s] ~ 1; applying additivity again, together with 
the definition of Sd and the decomposition of A and hence into line bundles, 

we obtain 

p - 1 

^(P(-4)) = deg £ ci (jr V®' - ® 0( l)) d . 

i=0 

The projective bundle formula presents the Chow ring C1Y*(F(A)) as: 


p - 1 

CH*(¥(A)) = CH*(S)[y]/(Y\(y - ix)) 

/=() 
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where x = -c x (J) e CH l (S) and y = c x (0(\)) e CH l (¥(A)). Then^(P(7l)) 
is the degree of the following element of the ring C//*(P(*4)): 

4 ( p (^)) = Y^i=^y ~ ix ^ d = J2 P i= o a if xd ~ l 


for some integer coefficients a;. Since x e CH l (S ), we have x r = 0 for any 
r > dim(S) = p n — p. It follows that V^(P(Vl)) = a p - X y p ~ l x dim(<s \ By part (6) 
of the Chain Lemma 0.1, the degree of x dim( ^ = (— l) dim ( s ^c x (J) dim ^ is prime to 
p. In addition, 7t*(y p ~ l ) = tt*(c x ((D( 1)) p ~ 1 ) = [S] e CH°(S). By the projection 
formula Sd (P(*4)) = a p - X deg x dim(>S ) . Thus to prove the theorem, it suffices to show 
that a p - X = p mod p 2 \ this algebraic calculation is achieved in Lemma 8.2. □ 

Lemma 8.2. In the ring R = Z/ p 2 [x , y]/(Ylf=o(y ~ i x ))> the coefficient of y p ~ l 
in u m = Y^f=o(y ~ ix) pm ~ l is px b , with b = p m — p. 

Proof Since u m is homogeneous of degree p m — 1, it suffices to determine the 
coefficient of y p ~ l in u m in the ring 

R/(x-l) = Z/ p 2 hi/(n p i= A- i ^=u p i= l 0 z/ p 2 - 


If m = 1, then u x = o (j ~i) p 1 is a polynomial of degree p — 1 with leading 
term py p ~ l . Inductively, we use the fact that for all a e Z/ /, we have 

0, if p | a 

1 , otherwise. 



Thus for m > 2, if we set k = ( p m 1 — l)/(p — 1), then a pm 1 = ^ = 

a p ~ l e Z/ p 2 , and therefore 


- i) pm 1 = XP - 0 P 1 

i =0 i =0 


U i 


holds in /?/(x — 1); the result follows. 


□ 


9 The Norm Principle 

We now turn to the Norm Principle, which concerns the group A$(X, X x ) associ- 
ated to a variety X. In the literature, this group is also known as H- X - X (X) and 
H d (X , TCd+ 1 ), where d = dim(X). We recall the definition from 0.2. 
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Definition 9.1. If X is a regular scheme then Ao(X, 1C i) is the cokernel of the map 

(dxy) 

0 y K 2 (k(y)) — > 0 X k{x) x . In this expression, the first sum is taken over all points 
y e X of dimension 1, and the second sum is over all closed points x e X. The map 
d xy : K 2 (k(y)) -> k(x) x is the tame symbol associated to the discrete valuation 
on k(y) associated to x; if x is not a specialization of y then d xy = 0. If x e X is 
closed and a e k(x) x we write [x, a] for the image of a in Ao(X, /Ci). 

The group Ao(X, /Ci) is covariant for proper morphisms X -> Y, and clearly 
^4o(Spec(/c), /Ci) = k x for every field k. Thus if X Spec (k) is proper then there 
is a morphism N : Ao(X, 1C i) -> k x , whose restriction to the group of units of a 
closed point x is the norm map k(x) x -> k x . That is, N[x, a] = Nk( x )/k ( a )• 

Definition 9.2. When X is smooth and proper over k , we write A$(X, fC\) for the 
quotient of Ao(X, 1C i) by the relation that [xi , N x / Xl (o')] = [X 2 , N x / X2 (o')] for every 
closed point x of X X lying over (xi, X 2 ) and every a e k(x) x . 

It is proven in [12, 1. 5-1.' 7] that if X has a £ -rational point then Ao(X, JC\) = k x \ 
if X{k) = 0, then both the kernel and cokernel of N : Aq(X,K{) k x have 
exponent n , where n is the gcd of the degrees [k(x) : k] for closed x e X. In 
addition, if x, x' are two points of X then for any field map k(x r ) -> k(x) over k 
and any a e k(x) x we have [x, a] = [x', N x / x rot\ in Ao(X, JC\). 

To illustrate the advantage of passing to Ao , consider a cyclic field extension 
E/k. Then ^4o(Spec£', 1C 1 ) = E x and by Hilbert 90, there is an exact sequence 

0 -> Z 0 (Spec^, /Ci) -► k x Br (K/k) -> 0. 

We now suppose that k is a /^-special field, so that the kernel and cokernel of N : 
Ao(X, /Ci) -> k x are /^-groups, and that X is a norm variety (a /^-generic splitting 
variety of dimension p n — 1). The Norm Principle is concerned with reducing the 
degrees of the field extensions k(x) used to represent elements of Ao(X, JC\). For 
this, the following definition is useful. 

Definition 9.3. Let ^o(^) denote the subset of elements 6 of Aq(X, 1C 1 ) represented 
by [x,a\ where k(x) = k or [k(x) : k] = p. If E/k is a field extension, Ao(E) 
denotes the corresponding subset of Aq(Xe, /Ci). 

Lemma 9.4. Ifk is p -special and X is a norm variety, then A${k) is a subgroup of 
MX,K 1 ). 

Proof By the Multiplication Principle [12, 5.7], which depends upon the Chain 
Lemma 0.1, we know that for each [. x,a \ , [x',^] in Ao(k ), there is a [x",a"] e 
Ao(k) so that [x,a] + [x',^] = [x",a"] in A 0 (X,/Ci). Hence ^o(^) is closed 
under addition. It is nonempty because E = k[p/af\ splits the symbol and therefore 
X{E) 7 ^ 0. It is a subgroup because [x, a\ + [x, a~ l ] = [x, 1] = 0. □ 

Lemma 9.5 ( [12, 1.24]). Ifk is p -special and X is a norm variety, the restriction 
of Aq(X, /Ci) — > k x to A$(k) is an injection. 
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Proof. Let [x,a] represent 9 e Ao(k). If N(9) = Nk( x )/k( ot) = 1 then^a = 
<t(/ 3)//3. for some /3 by Hilbert’s Theorem 90. But [x,<r(/3)] = [x,/3] in Ao(k)\ 
see [12, 1.5]. □ 

Example 9.6. If X has a k -point z, then the norm map /V of 0.2 is an isomorphism 

Ao(k) = Ao(X, /Ci) — > £ x , split by a i-> [z, a]. Indeed, for every closed point x 
of X we have [x, a] = [z, Nk( x )/kOt\ in Ao(X, JC i), by [12, 1.5]. 

Our goal in the next section is to prove the following theorem. Let E/k be a field 
extension with [E : k\ = p. Since k has pth roots of unity, we can write E = k(e) 
with e p E k. 

Theorem 9.7. Suppose that k is p- special, {o}e 0 and that X is a norm variety 
for {a}. For [z, ot] E A$(E), there exist finitely many points X/ E X of degree p over 
k, U E k and bi e k(xf) such that 


Ne(z)/e((X ) = Y\^E( Xi )/E(bi + tic). 


The proof of Theorem 9.7 uses Theorem 10.4, which in turn depends upon 
the cobordism results in the appendix. Theorem 9.7 is the key ingredient in the 
proof of Theorem 9.8, and we will see that the Norm Principle follows easily from 
Theorem 9.8. 

Ne / k 

Theorem 9.8. Ifk is p- special and [E : k] = p then A$(Xe, /Ci) — > Ao(X, JCi) 
sends Ao(E) to Ao(k). 

Proof. If {o}e = 0 then the generic splitting variety X has an E -point x, and 
Theorem 9.8 is immediate from Example 9.6. Indeed, in this case X e has an E -point 
x' over x, every element of Ao(E) = E* has the form [x', a], and Ng/kW,®] = 
[x,a]. Hence we may assume that {o}e ^ 0. This has the advantage that E(xi ) = 
E <g>k k(xi) is a field for every x/ e X . 

Choose 9 = [z, oi\ e ^o(^) and let X/ e X, ti and bi be the data given by 
Theorem 9.7. Each X/ lifts to an i^x^-point X/ (8) E of Xe so we may consider the 
element 

6' = 9 - ® E,b t + ke] e A 0 (XeX i). 

By 9.4 over E, 9 f belongs to the subgroup Ao(E). By Theorem 9.7, its norm is 


N(6') = N E(z) /E(a)/Y[N E(Xi)/ E(bi + t t e) = 1. 

By Lemma 9.5, 6~ = 0. Hence N E /k(0 ) = J2[ x i> N E(x,)jk(x t )(bi + he)] in 
Ao(X , /Ci). Since ^o(^) is a group by 9.4, this is an element of Ao(k). □ 

Corollary 9.9 (Theorem 0.7(3)). Ifk is p -special then Ao(k) = Ao(X, JC\), and 
N : Aq(X, JC\) k x is an injection. 
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Proof. We may suppose that X(k) = 0. For every closed z € X there is an inter- 
mediate subfield E with [ k{z ) : E] = p and a k(z)~ point z' in Xe over z. Since 
[z! , a\ e Ao(E), Theorem 9.8 implies that [z, a] = N[z' , a] is in Ao(k). This proves 
the first assertion. The second follows from this and Lemma 9.5. □ 

The Norm Principle of the Introduction follows from Theorem 9.8. 

Proof of the Norm Principle (Theorem 0.3). We consider a generator [z, a] of 
Ao(X,JCi). Since [k(z) : k] = p v for v > 0, there is a subfield E of A; (z^ with 
[k(z) : E] = p, and z lifts to a k(z)~ point z' of Xe - By construction, [z', a] e Ao(E) 
and Ao(Xe,JCi) -> Ao(X,JC\) sends [z',^] to [z, a]. By Theorem 9.8, [z,a] is in 
Ao(£)> Ae., is represented by an element [x, a] with [k(x) : k\ = p. □ 


10 Expressing Norms 

Recall that E = k(c) is a fixed Kummer extension of a p- special field k , and X is 
a norm variety over k for the symbol {a}. The purpose of this section is to prove 
Theorem 9.7, that if an element w e E is a norm for a Kummer point of Xe then w 
is a product of norms of the form specified in Theorem 9.7. 

Recall from 7.2 that Q c P(^4 ©0)xAj is the variety of all points ([/3, f], w) 
such that N(P) = ^w, and let q : Q — > be the projection. Extending the base 
field to E and applying the Weil restriction functor, we obtain a morphism 

Rq = Res E /k(qE ) : RQ = Res e/Ic(Qe) . 


Moreover, choose once and for all a resolution of singularities Q — >► Q, which is an 
isomorphism where t 0. This is possible since Q is smooth where t 7 ^ 0, see 7.2. 

Remark 10.1. Since k is /^-special, so is E. As stated in Lemma 9.5, the norm map 
Aq(E) -> E x is injective; we identify Ao(E) with its image. Thus [z, o'] e Ao(E) is 
identified with Ne{ z )/e(®) ^ £' x . By [ 12 , Theorem 5.5], there is a point s e S such 
that E(z) = A s <S> E. Under the correspondence E(z) = A(A) S (E), we identify a 
with a point of A( v 4)(£'), lying over s e S. Then Ne( z )/e(<x) = ^^([^,1], N(a)). 
In other words, A$(E) c £' x is equal to q(Q(E)) — {0}. 

To prove Theorem 9.7 it therefore suffices to show that Y w (k ) is non-empty 
when w = Rq([P, 1 ],w). To do this, we will produce a correspondence Z -> 
T x a e RQ that is dominant and of degree prime to p over RQ. We construct the 
correspondence Z using the Multiplication Principle of [12, 5.7] in the following 
form. 

Lemma 10.2 (Multiplication Principle). Let k be a p- special field. Then the set 
of values of the map N : A(A)(k) k is a multiplicative subset ofk x . 
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Proof. Given Remark 10.1, this is a consequence of Lemma 9.4. □ 

Lemma 10.3. Let F = k(Y) be the function field. Then there exists a finite exten- 
sion L/F, of degree prime to p, and a point £ e RQ(L) lying over the generic 
point of A E . 

Proof. Let F' be the maximal prime-to -p extension of F\ then the field EF' = 
E <g)k F' is />- special. We may regard the generic point of Y as an element in 

Y ( F ). Applying the inclusion F C F' to this element, followed by the projection 

Y -> A e , we obtain an element co of A E (F r ) = EF' . By 7.8, co is a prod- 

uct of norms from A(A)(EF'). By the Multiplication Principle 10.2, there exists 
P e A(A)(EF / ) such that A(/3) = co. Now let £ be the point ([/3, 1 ],co) e RQ(F'). 
Then Rqif) = co and £ is defined over some finite intermediate extension F c L c 
F r , with [L : F] prime to p. □ 

Write tjl for the point of Y (L) defined by the inclusion F c L. We can now 

— f s 

define Y ^ Z ^ RQ to be a (smooth, projective) model of the point (^, £) e 
(Y x a s RQ)(L). 

Theorem 10.4. The morphism g : Z -> RQ is proper and dominant ( hence onto) 
and of degree prime to p. 

Proof. Let co e A E be the generic point, k(co) the function field and E(co) = 
E ® k(co). As degree is a generic notion and invariant under extension of the base 
field, we may replace Y Z -> RQ by its basechange along the morphism 

(0 p 

Spec(R(&>)) -4- Spec(£(&>)) — > A E , 

to obtain morphisms / : Z E ^) -> Y e{w) and g : Z E ^) -> RQe{w )• Using the 
normal basis theorem, we can write E(co) = E(co \ , . . . , for transcendentals &>/ 
that are permuted under the action of the cyclic group Gal(£ / A:). 

We will apply the DN Theorem A.l with base field k f = E(co). In the notation 
of Theorem A.l, we let r = p\ we write T for some desingularization of Y E ( (i) )\ we 
let X be RQ E ((o), and we let IT be a model for Z E ^ mapping to Y and X. Finally, 
we let Ui = {ai 9 ...,a n ,Q)i} e K^ +l {k')/p. 

Observe that our base field contains E , so RQ E { (D ) = Res E /k(Q,E) x a e E(co) 
splits as a product R Q £( W ) = nf= i , where is the fiber of Q A 1 over the 
point coi e A l (E(co)) = E(co). Therefore we have X = Y\f= i %i where A/ is 
the resolution of singularities of . By Remark 7.4, A/ is a smooth, geometrically 
irreducible splitting variety for the symbol u L of dimension p n — 1 . Thus, hypothesis 
(1) of the DN Theorem A.l is satisfied. 

By Theorem A. 10, td.i(Xi) = ^,i(F(Z l)); by Lemma A.6, we conclude that 
Sd(Xi) = v^(P(^l)) mod p 2 for some unit v G Z / p. Since ^(P(*4)) ^ 0 by 
Theorem 8.1, we conclude that hypothesis (3) of the DN Theorem A.l is satisfied. 

Furthermore, K = k'(X\ x • • • x A/_i) is contained in a rational function field 
over E\ in fact, the field E(a)j)(Q COj ) becomes a rational function field once we 
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adjoin %fy. Since E does not split { a K does not split {a} either. It follows that K 
does not split U[ = {a} U {&>/}, verifying hypothesis (2) of Theorem A.l. 

We have now checked the hypotheses (1-3) of Theorem A.l. It remains to check 
that A and Y are G -fixed point equivalent up to a prime-to-/> factor. In fact, we 
proved in Theorem 7.14 that Y e(co) is G-fixed point equivalent to (p — 1)! copies 
of ¥(A) P , hence so is Y (since the fixed points lie in the smooth locus), and in 
Theorem 7.3 that A/ is G-fixed point equivalent to P(A). That is, Y is G-fixed 
point equivalent to ( p — 1)! copies of X. Therefore the DN Theorem applies to 
show that g is dominant and of degree prime to p, as asserted. □ 

— f s 

Proof (of Theorem 9.7). We have proved that there is a diagram Y Z -> RQ 
such that the degree of g is prime to p. By blowing up if necessary we may assume 
that g : Z -> RQ factors through g : Z -> RQ, with deg(g) prime to p. 

Let [z, a\ e Ao(E ), and set w = Ne{ z )/e{oc). By Remark 10.1, there exists a 
point ([/3, 1], w) e RQ(k). Lift this to a point in RQ(k) (recall that RQ -> RQ is 
an isomorphism where t ^ 0). Since Z -> RQ is a morphism of smooth pro- 
jective varieties of degree prime to p and k is /^-special, we can lift ([/3, l],w) 
to a k -point of Z, and then apply / : Z -> Y to get a k -point in Y w . By the 
definition of Y and Corollary 7.10, this means that we can find Kummer exten- 
sions k(xi)/k (corresponding to points e S , and determining points Xj e X 
because A is a -generic splitting variety), elements bj e k(xQ and t- L e k such that 
w = III N E(xi)/E(bi + be), as asserted. □ 


A Appendix: The DN Theorem 

In this appendix, we give a proof of the following Degree Theorem, which is used in 
the proof of Theorem 9.8, which is the key step in establishing the Norm Principle. 
Throughout, k will be a fixed field of characteristic 0, p will be a prime, n > 1 will 
be an integer and we fix d = p n — 1 . 

Recall from Definition 7.1 that if X and Y are G-fixed point equivalent then 
dim(X) = dim(T), the fixed points are 0-dimensional and their tangent space 
representations are isomorphic (over k). 

Theorem A.l (DN Theorem). For r > 1, let u\, . . . ,u r be symbols in K^ +l ( k)/p 
and let X = fli ^i, where the A/ are irreducible smooth projective G -varieties of 
dimension d = p n — 1 such that: 

1. k(Xi ) splits Ui 

2. Ui is non-zero over k(X\ x • • • x A/_i) and 

3- p 1 2 \ s d (Xi ) 

Let Y be a smooth irreducible projective G -variety which is G-fixed point equivalent 
to the disjoint union ofm copies of X, where p \ m. Let F be a finite extension of 
k(Y) of degree prime to p, and Spec(R) — »■ A a point, with model f : W X. 
Then f is dominant and of degree prime to p. 
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Spec(F) W 


finite 


g 



f (dominant) 


Spec(£(Y)) 


^ Y 


The proof will use two ingredients: the degree formulas A.2 and A.5, due to 
Levine and Morel; and a standard localization result A. 10 in (complex) cobordism 
theory. The former concern the algebraic cobordism ring £2* (A;), and the latter con- 
cern the complex bordism ring M U * . These are related via the Lazard ring L* ; 
combining Quillen’s theorem [1, II. 8] and the Morel-Levine theorem [3, 4.3.7], we 
have graded ring isomorphisms: 


S2*(fc) = L* ^ M£/ 2 *. 


Here is the Levine-Morel generalized degree formula for an irreducible projec- 
tive variety X , taken from [3, Theorem 4.4. 15]. It concerns the ideal M(X) of £2* (k) 
generated by the classes [Z] of smooth projective varieties Z such that there is a 
k -morphism Z — >► X, and dim(Z) < dim(X). 

Theorem A.2 (Generalized Degree Formula). Let f:Y -> X be a morphism of 
smooth projective k -varieties. If&\m(X) = dim(F) then [Y]— deg(/)[X] e M(X). 

Trivially, if [Z] e M(X ) then M(Z) c M(X). We also have: 

Lemma A.3. Let X be a smooth projective k-variety. If Z and Z' are birationally 
equivalent, then [Z] e M(X) holds if and only if[Z') e M(X). 

Proof By [3, 4.4.17], the class of Z modulo M(Z ) is a birational invariant. Thus 
[Z'] - [Z] g Af (Z). Because Af (Z) c M(X), the result follows. □ 

We shall also need the Levine-Morel “higher degree formula” A.5, which is 
taken from [3, Theorem 4.4.24], and concerns the mod p characteristic numbers 
tdj(X) of Definition A.4, where p is prime, n > 1 and d = p n — 1. 

Choose a graded ring homomorphism \j/ : L* — >► ¥ p [v n ] corresponding to some 
height n formal group law, where v n has degree d ; many such group laws exist, and 
the class td, r will depend on this choice, but only up to a unit. (See [3, 4.4].) 

Definition A.4. For r > 0, the homomorphism^ : £2 r d(k) = L r d -> sends 
x to the coefficient of v r n in If A is a smooth projective variety over k , of 

dimension rd , then X determines a class [X] in £2 r d(k), and td, r (X ) is td, r ([X]). 

Theorem A.5 (Higher Degree Formula). Let f:W -* X be a morphism of 
smooth projective varieties of dimension rd and suppose that X admits a sequence 
of surjective morphisms 


X = X ir) X (r ~ l) -> ^ X (0) = Spec (k) 
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such that 

1. dim(X^) = i d. 

2. p divides the degree of every zero -cycle on x z( /-d 
Then t d AW) = deg(f)t d AX). 

Here are some properties of this characteristic number that we shall need. Recall 
that if dim(X) = d then p divides s d (X), so that s d (X)/p is an integer. 

Lemma A.6. Let X/k he a smooth projective variety, and k C C an embedding. 

1. For r = 1, there is a unit u e¥ p such that t dd (X) = us d {X)/ p. 

2. IfX = nU Xi and dim(X/) = d for all i, then t dj (X) = YYi=i tdAXi)- 

3. t dj (X) depends only on the class of{X <C) an in the complex cobordism ring. 

Proof. Part (1) is [3, Proposition 4.4.22]. Part (2) is immediate from the defini- 
tion of t dj and the graded multiplicative structure on Q *(k). Finally, part (3) is 
a consequence of the fact that the natural homomorphism £2*(k) — > MU 2 * is an 
isomorphism (since both rings are isomorphic to the Lazard ring). □ 

We remark that the class called s d in this article is the S d in [3]; the class called 
s d (X) in [3] is our class s d (X)/p. 

The next lemma is a variant of Theorem A. 5. It uses the same hypotheses. 

Lemma A.7. Let X be as in Theorem A.5. Then jr(M(X)) = 0. 

Proof. Consider Z with [Z] e M(X). If d does not divide dim(Z), then 
f([Z]) = 0 for degree reasons. If dim(Z) = 0, then the image of Z is a closed point 
of X ; since the degree of such a closed point is divisible by p, we have jf([Z]) = 0. 
Hence we may assume that dim(Z) = sd for some 0 < s < r. The cases r = 1 
and s = 0 are immediate, so we proceed by induction on r and s. 

Let / : Z -> X be a ^-morphism with dim(Z) = sd , and let f s '.Z — >► be 

the obvious composition. As dim(Z) = dim(A^ ) ), the generalized degree formula 
A.2 applies to show that [Z] — deg(/^)([A ( ^]) e M(X^). By induction on r, 
jr{M{X^)) = so f([Z]) = d eg( i /j)V f ([Z^]). We claim that d eg(f s ) = 0 
mod p , which yields js([Z]) = 0, as desired. 

If f s is not dominant, then d eg(f s ) = 0 by definition. On the other hand, if f s 
is dominant, then the generic point of Z maps to a closed point rj of x z( ,) 

k(X^). By condition (2) of Theorem A.5, p divides d eg(^) = deg(/^). □ 

We will need to show that = 0 for the Y appearing in Theorem A.l. 

This is accomplished in the next lemma. 

Lemma A.8. Suppose X, Y and W are smooth projective varieties of dimension 
rd over k, and f : W X and g : W Y are morphisms. Suppose further that 
jr(M(X)) = 0 and that p does not divide deg(g). Then jr(M(Y)) = 0- 
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Proof. Suppose [Z] e M(Y). As g : W -> Y is a proper morphism of smooth vari- 
eties, of degree prime to p, we can lift the generic point Spec(£(Z)) -> Y to a point 
q : Spec (F) -> W for some field extension F/k(Z) of degree e prime to p. Let Z 
be a smooth projective model of F possessing a morphism to Z and a morphism to 
X extending the ^-morphism / o q : Spec (F) -> A. Hence [Z] e M(X). By the 
degree formula for the map Z ^ Z, e\Z\ — [Z] e M(Z). If dim(Z) = 0, then 
M(Z ) = (0). In general, M(Z ) is generated by the classes of varieties of dimen- 
sion less than dim(Z) that map to Z (hence a fortiori also map to Y) over k. By 
induction on the dimension of Z, we may assume that ^(M(Z)) = 0. Moreover, 
f([Z]) = 0 by assumption; since p does not divide e , we conclude that ^([Z]) = 0 
as asserted. □ 

Finally, we will use the following standard bordism localization result. 

Lemma A.9. Suppose that the abelian p- group G = p n p acts without fixed points 
on an compact complex analytic manifold M, by holomorphic maps. Then 
f{[M]) = 0 in W p . 

Proof. By [13], [M] is in the ideal of MG* generated by {p, [Mi] . . . , [M n - i]}, 
where dimc(M/) = p l — 1 . Since p is the only generator of this ideal whose dimen- 
sion is a multiple of d = p n — \,\jr is zero on every generator and hence on the 
ideal. □ 

Theorem A. 10. Let G be p n p and let X and Y be compact complex G -manifolds 
which are G -fixed point equivalent. Then ^([X]) = \[r([Y]). 

Proof. Remove equivariantly isomorphic small balls about the fixed points of X 
and Y, and let M = X U — Y denote the result of joining the rest of X and Y , with 
the opposite orientation on Y . Then X and Y determine canonical weakly complex 
structures on punctured neighborhoods of the fixed points. As these structures are 
completely determined by the normal bundles at the fixed points (see [2, 3.1]), they 
glue to give M a canonical weakly complex structure. Moreover, G acts on M with 
no fixed points, and [X] — [Y] = [M] in MG*. By Lemma A.9, i/f([X]) — i/f([Y]) = 
yfr([M\) = 0. □ 

We can now prove Theorem A.l. Note that the inclusion k{Y) C F induces a 
dominant rational map W Y ; we may replace IF by a blowup to eliminate the 
points of indeterminacy and obtain a morphism g : W — Y, whose degree is prime 
to p , without affecting the statement of Theorem A. 1 . 

Proof of the DN Theorem A.l. We will apply Theorem A.5 to X and the X^ = 
nU Xi • We must first check that the hypotheses are satisfied. The first condition is 
obvious. For the second condition, it is convenient to fix t and set F = k(X\ x • • • x 
X t -i) 9 X' = X ^ x Z ( ? -D F . By hypotheses (1-2) of Theorem A.l, the symbol u t 
is nonzero over F but splits over the generic point of X'\ by specialization, it splits 
over all closed points. A transfer argument implies that the degree of any closed 
point T] of X' is divisible by p\ this is the second condition. Hence Theorem A.5 
applies and we have td, r (W) = deg(/) td, r (X). 
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By Lemmas A .8 and A.7, we have that \[r(M(Y)) = 0; by the generalized 
degree formula A.2, we conclude that i/rQW ]) = deg(g) \//([Y]), so that td, r (W) = 
deg(g) t d , r (Y) y 0. Hence 

deg (f)td.r(X) = deg (g)t d , r (Y). 

By Theorem A.10 and Lemma A.6(3), mtd, r (X ) = td, r (Y). Condition (3) of 
Theorem A.l and Lemma A .6 imply that td,i(Xi) ^ 0 for all i and hence that 
td, r (X ) 7 ^ 0. It follows that mdeg(g) = deg(/) 0 modulo p, as required. □ 
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On the Whitehead Spectrum of the Circle 


Lars Hesselholt 


Abstract The seminal work of Waldhausen, Farrell and Jones, Igusa, and Weiss 
and Williams shows that the homotopy groups in low degrees of the space of home- 
omorphisms of a closed Riemannian manifold of negative sectional curvature can be 
expressed as a functor of the fundamental group of the manifold. To determine this 
functor, however, it remains to determine the homotopy groups of the topological 
Whitehead spectrum of the circle. The cyclotomic trace of Bokstedt, Hsiang, and 
Madsen and a theorem of Dundas, in turn, lead to an expression for these homotopy 
groups in terms of the equivariant homotopy groups of the homotopy fiber of the 
map from the topological Hochschild T- spectrum of the sphere spectrum to that of 
the ring of integers induced by the Hurewicz map. We evaluate the latter homotopy 
groups, and hence, the homotopy groups of the topological Whitehead spectrum of 
the circle in low degrees. The result extends earlier work by Anderson and Hsiang 
and by Igusa and complements recent work by Grunewald, Klein, and Macko. 


Introduction 


Let M be a closed smooth manifold of dimension m ^ 5. Then, the stability theorem 
of Igusa [22] and a theorem of Weiss and Williams [35, Theorem A] show that, for 
all integers q less both (m — 4) / 3 and (m — 1)/ 2, there is a long-exact sequence 

► e« /+2 (C 2 , r >2 Wh Top ( M )) jr„(Homeo(M)) -► 7t q (Uomeo(M)) ^ 

where the middle group is the qth homotopy group of the space of homeomorphisms 
of M . In particular, the group jro(Homeo(M)) is the mapping class group of M . The 
right-hand term is the gth homotopy group of the space of block homeomorphisms 
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of M and is the subject of surgery theory. The left-hand term is the (q + 2)th 
homotopy group of the Borel quotient of the 2-connective cover of the topologi- 
cal Whitehead spectrum of M by the canonical involution. It is one of the great past 
achievements that the left-hand term can be expressed by Waldhausen’s algebraic 
K- theory of spaces [32-34]. 

Suppose, in addition, that M carries a Riemannian metric of negative, but not 
necessarily constant, sectional curvature. Another great achievement is the topolog- 
ical rigidity theorems [11, Remark 1.10, Theorem 2.6] of Farrell and Jones which, 
in this case, give considerable simplifications of the left and right-hand terms in the 
above sequence. For the right-hand term, there are canonical isomorphisms 

jr^(Homeo(M)) jr^(HoAut(M)) jr^(HoAut(M)), 

where HoAut(M) and HoAut(M) are the spaces of self-homotopy equivalences 
and block self-homotopy equivalences of M, respectively. We note that, as M is 
aspherical with jti(M) centerless [27, Theorems 22, 24], it follows from [13, Theo- 
rem III. 2] that the canonical map from HoAut(M) to the discrete group Out(jri (M)) 
is a weak equivalence. For the left-hand term, there is a canonical isomorphism 

0Wh^ op (S 1 ) Wh 

(C) 

where the sum ranges over the set of conjugacy classes of maximal cyclic subgroups 
of the torsion-free group tti(M); see also [24, Theorem 139]. Hence, in order to 
evaluate the groups jr^(Homeo(M)), it remains to evaluate 

WhJ bp (5 1 ) = 7T 9 (Wh Top (S' 1 )) 

and the canonical involution on these groups. We prove the following result. 

Theorem 1. The groups WY^° v (S l ) and Wh[ op (S' 1 ) are zero. Moreover, there are 
canonical isomorphisms 

Wh^CS 1 ) ^0 0 Z/2Z 

r^l je Z^2Z 

WhT op (S' ) © © Z/2Z ® © © Z/2Z. 

r^O j GZ\2Z r^l je Z\2Z 


The statement for q = 0 and q = 1 was proved earlier by Anderson and Hsiang 
[1] by different methods. It was also known by work of Igusa [21] that the two sides 
of the statement for q = 2 are abstractly isomorphic. The statement for q = 3 is 
new. We also note that in recent work, Grunewald et al. [15] have proved that for p 
an odd prime and q ^ 4p — 7, the p -primary torsion subgroup of Wh^ op (5' 1 ) is a 
countably dimensional -vector space, ifg = 2p—2ox2p — \, and zero, otherwise. 
Hence, we will here focus the attention on the 2-primary torsion subgroup. 
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We briefly outline the proof of Theorem 1 . The seminal work of Waldhausen 
establishes a cofibration sequence of spectra 

S l + A K( S) 4 /^[x* 1 ]) Wh^PCS 1 ) 4 SS| A K(S), 

which identifies the topological Whitehead spectrum of the circle as the mapping 
cone of the assembly map in algebraic AT-theory [33, Theorem 3.3.3], [34, The- 
orem 0.1]. Here § is the sphere spectrum and §[x ±1 ] is the Laurent polynomial 
extension. If we replace the sphere spectrum by the ring of integers, the assembly 
map 

a: S { + A K( Z) -* K(Z[x ±l ]) 

becomes a weak equivalence by the fundamental theorem of algebraic K - theory 
[28, Theorem 8, Corollary]. Hence, we obtain a cofibration sequence of spectra 

S| A K(S,I) 4 ^(SIx* 1 ],/^ 1 ]) -* Wh Top (S 1 )4 SS| A K(S,I), 

where the spectra K(S, I) and AT(S[x ±1 ], /[x ±1 ]) are defined to be the homotopy 
fibers of the maps of K- theory spectra induced by the Hurewicz maps l\ § -> Z and 
l\ §[x ±1 ] -> Z[x ±1 ], respectively. The Hurewicz maps are rational equivalences, as 
was proved by Serre. This implies that K(E>, I) and AT(S[x ±1 ], I [x ±1 ]) are rationally 
trivial spectra. It follows that, for all integers q , 

Wh^S 1 ) 0Q = 0. 

Therefore, it suffices to evaluate, for every prime number p, the homotopy groups 
with />-adic coefficients, 

Wh^CS^Z,) = ^(Wh^ts 1 ),), 

that are defined to be the homotopy groups of the ^-completion [6]. 

The cyclotomic trace map of Bokstedt et al. [4] induces a map 

tr: K(§, /) -> TC(S, /; p) 

from the relative K - theory spectrum to the relative topological cyclic homology 
spectrum. It was proved by Dundas [8] that this map becomes a weak equivalence 
after p -completion. The same is true for the Laurent polynomial extension. Hence, 
we have a cofibration sequence of implicitly ^-completed spectra 

aTC(§, /; p) 4 TCCSfx* 1 ], /[x ±1 ]; p) -* Wh Top (5 1 ) 4 aTC(§, /; p). 

There is also a “fundamental theorem” for topological cyclic homology which was 
proved by Madsen and the author in [19, Theorem C]. If A is a symmetric ring 
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spectrum whose homotopy groups are Z^) -modules, this theorem expresses, up 
to an extension, the topological cyclic homology groups TC q (A[x ±l ]; p ) of the 
Laurent polynomial extension in terms of the equivariant homotopy groups 

TR n q {A- p ) = [S“ A (T/C pn - .)+, T(A)] t 
of the topological Hochschild T-spectrum T (A) and the maps 


R-.TR'^A-p)- 

*TR n q -\A-p) 

(restriction) 

F:TR"(A-p)- 

*TR n q -\A-p) 

(Frobenius) 

V:TR^-HA:p)^TR'’(A:p) 

(Verschiebung) 

d:TR" q (A-,p)^TR n q+l (A-,p) 

(Connes’ operator) 


which relate these groups. Here T is the multiplicative group of complex numbers 
of modulus 1, and C p n - 1 C T is the subgroup of the indicated order. We recall 
the groups TR”(A; p ) in Section 1 and give a detailed discussion of the fundamen- 
tal theorem in Section 2. In the following Sections 3 and 4, we briefly recall the 
cyclotomic trace map and the skeleton spectral sequence which we use extensively 
in later sections. A minor novelty here is Proposition 4 which generalizes of the 
fundamental long-exact sequence [17, Theorem 2.2] to a long-exact sequence 

• • • -► B. q (C p m,TR n (A; p)) -* TR'" +n (A-, p) A TR^A; />)-►••• 
valid for all positive integers m and n. 

The problem to evaluate Wh^ op (S' 1 ) is thus reduced to the homotopy theoretical 
problem of evaluating the equivariant homotopy groups TR”(§, /; p) along with 
the maps listed above. In the paper [15] mentioned earlier, the authors approx- 
imate the Hurewicz map l : § — ► Z by a map of suspension spectra 9: S[SG] -> § 
and use the Segal-tom Dieck splitting to essentially evaluate the groups 
TR”(§, /;/>), for p odd and q ^ 4p — 7. However, this approach is not available, 
for q > 4p — l, where a genuine understanding of the domain and target of the map 

TR^(§; p) -»■ TR"(Z; p) 

appears necessary. We evaluate TR”(S, 7;2), for q ^ 3, and we partly evaluate 
the four maps listed above. The result, which is Theorem 25, is the main result of 
the paper, and the proof occupies Sects. 5-7. The homotopy theoretical methods we 
employ here are perhaps somewhat simple-minded and more sophisticated methods 
will certainly make it possible to evaluate the groups TR” (S, I ; p) in a wider range 
of degrees. In particular, it would be very interesting to understand the correspond- 
ing homology groups. However, to evaluate the groups TR”(§, /; p) is at least as 
difficult as to evaluate the stable homotopy groups of spheres. In the Section 8, we 
apply the fundamental theorem to the result of Theorem 25 and prove Theorem 1 . 
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1 The Groups TR" (A ; p ) 

Let A be a symmetric ring spectrum [20, Section 5.3]. The topological Hochschild 
T-spectrum T(A) is a cyclotomic spectrum in the sense of [17, Definition 2.2]. In 
particular, it is an object of the T-stable homotopy category. Let C r C T be the 
subgroup of order r, and let (T/C r )+ be the suspension T-spectrum of the union of 
T/C r and a disjoint basepoint. One defines the equivariant homotopy group 

TR”C4 ;j p) = [S« A (T/ C p n-i)+, T(A)] t . 

to be the abelian group of maps in the T-stable homotopy category between the 
indicated T- spectra. The Frobenius map, Verschiebung map, and Connes’ operator, 
which we mentioned in the Introduction, are induced by maps 

/ :(T/ C p n-i)+ -* (T/C>-.) + 

V:(T/ C p n-l)+ -* (T /C p n-2) + 

<5:£(T/ Cpn~t)+ (T/Cpn- 0+ 

in the T-stable homotopy category defined as follows. The map / is the map of 
suspension T- spectra induced by the canonical projection pr: T / C p n-i -> T/ C p n- 1 , 
and the map v is the corresponding transfer map. To define the latter, we choose an 
embedding i\T/C p n-i A into a finite dimensional orthogonal T-presentation. 
The product embedding (7, pr): T/C p n-% lx T/C p n-i has trivial normal bun- 
dle, and the linear structure of A determines a preferred trivialization. Hence, the 
Pontryagin-Thom construction gives a map of pointed T- spaces 

S X A (T/C p n-l)+ —*■ S X A (T/C p n- 2) + 

and v is the induced map of suspension T- spectra. Finally, there is a unique homo- 
topy class of maps of pointed spaces 8": S l -> (T/C pn -i)+ such that image by 
the Hurewicz map is the fundamental class [T/C p n-i \ corresponding to the counter- 
clockwise orientation of the circle T C C and such that the composite of 8" and the 
map (T/C /7 «-i)+ -> S° that collapses T/C p n-\ to the non-base point of S° is the 
null-map. The map 8" induces the map of suspension T/C p n-i -spectra 

8': S(T/ Cpn-i)+ -> (T/ C p n-i)+ 


which, in turn, induces the map 8. 


136 


L. Hesselholt 


The definition of the restriction map is more delicate. We let E be the unit sphere 
in C°° and consider the cofibration sequence of pointed T- spaces 

E+ -* S° -* E -* E7+ 

where the left-hand map collapses E onto the non-base point of 5°; the T-space E 
is canonically homeomorphic to the one-point compactification of C°° . It induces a 
cofibration sequence of T- spectra 

E + A T(A) -> T(A) -> E A T{A) -> ££+ A T(A), 

and hence, a long-exact sequence of equivariant homotopy groups. By [17, Theo- 
rem 2.2], the latter sequence is canonically isomorphic to the sequence 

■■■- , T(A )) A JR 1 ’ (A: p ) A TR''- 1 ^; p) -* • • • 

which is called the fundamental long-exact sequence. The left-hand term is the 
group homology of C p n- 1 with coefficients in the underlying C p n-i -spectrum of 
T (^4) and is defined to be the equivariant homotopy group 

H„(C>-i, 7(A) = [S q , E+ A T{A )] Cpn _ { . 

The isomorphism of the left-hand terms in the two sequences is given by the 
canonical change-of-groups isomorphism 

[S\ E+ A T(A)\ Cpn _ l A [S“ A (T/ C p n-i)+, E+ A T(A)]j 

and the resulting map N in the fundamental long-exact sequence is called the norm 
map. The isomorphism of the right-hand terms in the two sequences involves the 
cyclotomic structure of the spectrum T (^4) as we now explain. The C p -fixed points 
of the T-spectrum T {A) is a T/ C p -spectrum T (A) c p . Moreover, the isomorphism 

P/?: T -> T/ C p 

given by the pth root induces an equivalence of categories that to the T /C p - 
spectrum D associates the T-spectrum p*D. Then the additional cyclotomic struc- 
ture of the topological Hochschild T-spectrum T (^4) consists of a map of T-spectra 

r: Pp((E A T(A)) Cp ) -a T(A) 

with the property that the induced map of equivariant homotopy groups 


[S q A ('T/C p n-,) + , P * p ((E A T{A)) c v)} t -* [S q A (T/C p n- 0+, T(A)] t 
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is an isomorphism for all positive integers n. The right-hand sides of the two 
sequences above are now identified by the composition 

[S“ A (T/ C p n-i)+, E A T(A)]t [SO A (T/ C p n-i)+, (E a T{A)) c *\ V c p 
4 [5« A (T/ C pn -i)+, p*((E A T(A)) c »)] t 4 [S“ A (J/C p n-2)+, T(A)} t 

of the canonical isomorphism, the isomorphism p* , and the isomorphism induced 
by the map r. By definition, the restriction map is the resulting map R in the fun- 
damental long-exact sequence. Since r is a map of T- spectra, the restriction map 
commutes with the Frobenius map, the Verschiebung map, and Connes’ operator. 

We mention that, if the symmetric ring spectrum A is commutative, then T (^4) 
has the structure of a commutative ring T-spectrum which, in turn, gives the graded 
abelian group TR*(^4; p ) the structure of an anti- symmetric graded ring, for all 
n ^ 1. The restriction and Frobenius maps are both ring homomorphisms, the 
Frobenius and Verschiebung maps satisfy the projection formula 

xV(y) = V(F(x)y), 

and Connes’ operator is a derivation with respect to the product. 

In general, the restriction map does not admit a section. However, if A = § is the 
sphere spectrum, there exists a map 

s: HS) -» P* P (T(§fp) 

in the T-stable homotopy category such that the composition 

n S) ^ P* p (T{§) c p) -+ p* p ((E A 7(§)) c 0 4 T(S) 

is the identity map [25, Corollary 4.4. 8]. The map s induces a section 

S = S n : TR” -1 (§; p ) -> TR”(S; p) (Segal-tom Dieck splitting) 

of the restriction map. The section S is a ring homomorphism and commutes with 
the Verschiebung map and Connes’ operator. The composition FS n is equal to 
S n -\F , for n ^ 3, and to the identity map, for n — 2. It follows that, for every 
symmetric ring spectrum A, the graded abelian group TR” (A; p) is a graded mod- 
ule over the graded ring TR^(§; p) which is canonically isomorphic to the graded 
ring given by the stable homotopy groups of spheres. It is proved in [16, Section 1] 
that Connes’ operator satisfies the following additional relations 

FdV = d + (p — 1 )rj, 
dd = dr] = r)d , 
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where rj indicates multiplication by the Hopf class rj e TR}(§; p). It follows from 
the above that FV = p , dF = pFd, and Vd = pdV . 

The zeroth space A$ of the symmetric spectrum A is a pointed monoid which is 
commutative if A is commutative. There is a canonical map 

[— ] n : tto04o) -> TRq (A; p) (Teichmiiller map), 

which satisfies R([a] n ) = [a\ n -\ and F([a] n ) = [a p ] n - 1 ; see [19, Section 2.5]. If A 
is commutative, the Teichmiiller map is multiplicative and satisfies 

Fd([a] n ) = [a] p n Z\d([a] n - 1 ). 


2 The Fundamental Theorem 


Let A be a symmetric ring spectrum, and let T be the free group on a generator x. 
We define the symmetric ring spectrum ^[x 1 ^ 1 ] to be the symmetric spectrum 

A[x ±r ] = A A r+ 

with the multiplication map given by the composition of the canonical isomorphism 
from ^Ar + A^Ar+ to^A^Ar + Ar+ that permutes the second and third smash 
factors and the smash product pa a pr of the multiplication maps of A and T and 
with the unit map given by the composition of the canonical isomorphism from S to 
S>aS° and the smash product A er of the unit maps of A and T. There is a natural 
map of symmetric ring spectra /: A -> ^4[x ±1 ] defined to be the composition of the 
canonical isomorphism from A to A A S 0 and the smash product id^ Aer of the 
identity map of A and the unit map of T. It induces a natural map 

/*:TR'’(/l; j p)^TR'’(^[x ±1 ]; / 7). 

Moreover, there is a map of symmetric ring spectra ^:§[x ±1 ] -> ^4[x ±1 ] defined 
to be the smash product A idp of the unit map of A and the identity map of T. 
The map g makes ^4[x ±1 ] into an algebra spectrum over the commutative symmetric 
ring spectrum S[x ±1 ]. It follows that there is a natural pairing 

v:TR2(A^ ±1 ];^)®TR2,(S[^ ±1 ];^)^TRJ +9 ,(^[x ± i ];/ > ) 

which makes the graded abelian group TR” (^4[x ±1 ]; p) a graded module over the 
anti-symmetric graded ring TR” (S[x ±1 ]; p). The element [x] n e TRq(§[x ±1 ]; p) is 
a unit with inverse [x]" 1 = [x~ l ] n and we define 


d log [x] w = [x] n l d[x] n G TR^(S[x ±1 ]; p). 
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It follows from the general relations that 

F(d log [x]„) = R(d log[x]„) = d log[x]„_i . 

Now, given an integer j and element a e TR n q (A\ p), we define 

a[x]i = v(Ma) ® [*]') e TR n q {A[x ±x \, p) 
a[x] ] n d log[x]„ = v(/*(a) <g> [x] J n d log[x]„) e TR^+^x* 1 ]; p). 

The following theorem, which is similar to the fundamental theorem of algebraic K- 
theory, was proved by lb Madsen and the author in [19, Theorem C]. The assumption 
in loc. cit. that the prime p be odd is unnecessary; the same proof works for p = 2. 
However, the formulas for F, V, and d given in loc. cit. are valid for odd primes 
only. Below, we give a formula for the Frobenius which holds for all primes p. 

Theorem 2. Let p be a prime number, and let A be a symmetric ring spectrum 
whose homotopy groups are Zq,) -modules. Then every element co e TR” (A [x ±l ] ; p) 
can be written uniquely as a (finite) sum 

y>o,y[x]/; +bo,j[x]idlog[x] n )+ {V s (^AW„- s ) + dV s (b s .j[x]i_ s )) 

j eZ 1 ^s<n 

j 

with a s j = a s j(co) e TR” _,y (x4; p) and b s j = b s j(co) e TR”I|(x4; p). The cor- 
responding statement for the equivariant homotopy groups with Z p -coefficients is 
valid for every symmetric ring spectrum A. 

It is perhaps helpful to point out that the formula in the statement of Theorem 2 
defines a canonical map from the direct sum 

0 ( TR” (A; p) © TR"_j (A; p)) ® 0 ( TR'p' (A; p) ® TR”p (A; p)) 

/€ Z 1 ^s<n 

j gZ\/?Z 

to the group TR”(x4[x ±1 ]; p) and that the theorem states that this map is an 
isomorphism. We also remark that the assembly map 

a:TR”04; p) ® TR”.^; p) -> TR”^^* 1 ]; p) 

is given by the formula 


a(a,b) = a[xf n + b[xf n d log[x] n , 

where [x]® = [l] n e TRq(S[x ±1 ]; p) is the multiplicative unit element. 

The value of the restriction and Frobenius maps on TR”(x4[x ±1 ]; p) are readily 
derived from the general relations. Indeed, if co e TR”(x4[x ±1 ]; p) is equal to the 
sum in the statement of Theorem 2, then 
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R(0>) = X ( fi ( fl 0.i)Wn-l + R(bo,j)[x\ J n _ x d\og[x\ n -\) 




l^scn — 1 
j gZ\/?Z 


^(") = X ( F ( a 0.;/p)M;Ul + — ^logMn-l) 


+ X + O - 


+ (-1)" 1 iKj[A J n-\d\og[x]n-\) 

+ X (^((^+1.;- + ( P~ l)?7^+i,i)M/ ! -i- 1 ) 


l^scn— 1 
j gZ\/>Z 


+ jr(^ +1 , i [x]/ I _ 1 _ i )). 


We leave it to the reader to derive the corresponding formulas for the Verschiebung 
map and Connes’ operator. The following result is an immediate consequence. 

We recall that the limit system { M n } satisfies the Mittag-Leffler condition if, for 
every n , there exists m ^ n such that, for all ^ ^ m, the image of —>■ M n is 
equal to the image of M m —> M n . This implies that the derived limit R l \im n M n 
vanishes. 

Corollary 3. Let p be a prime number, let A be a symmetric ring spectrum whose 
homotopy groups are %( p y -modules, and let q be an integer. If both of the limit 
systems {TR”(^4; p)} and {TR^f^; p)} satisfy the Mittag-Leffler condition, then 
so does the limit system {TR”(/l[.x; ±1 ]; p)}. Moreover, the element 


co = 


(co (n) ) e limTR”(^4[x ±1 ]; p) 


lies in the kernel of the map 1 — F if and only if the coefficients 


a ( ;J = a s ,j(co (n) ) eTR'y s (A-, p) 
b% = b SJ (a>W)eTR*Z[(A-,p) 


satisfy the equations 



(s = 0 and j G pZ) 

(s = 0 and j G Z \ pZ) 

(1 ^ s < n — 1 and j G Z \ pZ) 
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(s = 0 and j G Z \ pZ) 

(1 ^ s < n — 1 and j G Z \ /?Z) 
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for all n ^ 1. The corresponding statements for the equivariant homotopy groups 
with Z p -coefficients is valid for every symmetric ring spectrum A. 

We do not have a good description of the cokernel of 1 — F . In particular, it is 
generally not easy to decide whether or not this map is surjective. 


3 Topological Cyclic Homology 

Let A be a symmetric ring spectrum. We recall the definition of the topological 
cyclic homology groups TC^(^4; p) and refer to [17, 18] for a full discussion. 

We consider the T-fixed point spectrum 

TR n (A;p) = F((T/C p »-i)+,T(A)) t 

of the function T-spectrum F ((T / C pn -i) + , T(A)). There is a canonical isomor- 
phism 

i:n q (JR n (A;p)) ^TR*(A;p) 

and maps of spectra 


R L , F L :TR n (A; p ) -> TR" _1 04; p) 
such that the following diagrams commute 

itq (TR" (A; p)) -A ^ TR" (A; p) 7t q (TR" (A; p)) 


7z q (JR n ~\A-, p)) TR”- 1 ^; P ) 7iJTR n -\A- p)) 


-TR ”{A\p) 

F 

JR n ~\A-,p). 


The map F L is induced by the map of T-spectra / : (T /C p n-i)+ -> (T/C /7 h-i)+ 
and the map R l is defined to be the composition of the map 

F((T/C p n - .)+, T(A)) J -> F((T/ C p n-i)+, E A T(A)f 

induced by the canonical inclusion of S° in E and the weak equivalence 

F((T/C>-i) + , E A 7’04)) 1 ' ^ F((T/ C p n-\)+, (E a T(A )) c rf/c„ 

^ F((T/C p n-2)+,p*((E A T(A)) c r)) J F((J/C p n-2) + ,T{A)) T 
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defined by the composition of the canonical isomorphism, the isomorphism p* , and 
the map induced by the map r which we recalled in Section 1. We then define 
TC n (A ; p ) to be the homotopy equalizer of the maps R L and F L and 

TC(A; p) = holimTC”04; p) 

n 

to be the homotopy limit with respect to the maps R l . We also define 
TR(d; p) = holim TR" (A ; p) 

n 

to be the homotopy limit with respect to the maps R L such that we have a long-exact 
sequence of homotopy groups 

• • • -► TC ? C4; p) -* TR ? (^; p) TR, (A; p) 4 TC,-^; 

We recall Milnor’s short-exact sequence 

0 -* R l limTR;; +l (,4; p) TR t/ (,4; p) -> Inn TR;j ( 4 ; p) 0. 

In the cases we consider below, the derived limit on the left-hand side vanishes. 

The cyclotomic trace map of Bokstedt-Hsiang-Madsen [4] is a map of spectra 

tr: K(A) TC (A; p). 

A technically better definition of the cyclotomic trace map was given by Dundas- 
McCarthy [10, Section 2.0] and [9]. From the latter definition it is clear that every 
class x in the image of the composite map 

K q (A) 4 TC q (A\ p ) TC"(A- p) -> TR”(^1; p) 

is annihilated by Connes’ operator. It is also not difficult to show that, for A 
commutative, the cyclotomic trace is multiplicative; see [12, Appendix]. 

The spectrum TR n (A ; p) considered here is canonically isomorphic to the under- 
lying non-equivariant spectrum associated with the T-spectrum 

TR n {A-p) = p* pn - l {T{A) C r"- 1 ). 

Moreover, the fundamental long-exact sequence of [17, Theorem 2.2] has the fol- 
lowing generalization which is used in the proof of Lemma 26. 

Proposition 4. Let A be a symmetric ring spectrum, and let m and n be positive 
integers. Then there is a natural long-exact sequence 

• • • -► H q {C p m,TR n (A- p)) 4, TR“ + ”(^; p) A TR-fd; p)^- 
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where the left-hand term is the group homology of C p m with coefficients in the 
underlying C p m -spectrum ofTR n (A ; p). 


Proof A map of T-spectra f:T T' is defined to be an ^-equivalence if it 
induces an isomorphism of equivariant homotopy groups 

/*: [S q A (T/C»+, T] t -> [S q A (T /C pV )+, T'] t 

for all integers q and v ^ 0. The cofibration sequence of pointed T- spaces 



which we considered in Section 1, induces a cofibration sequence of T-spectra 

E + Ap* pS (T(A) c r s )^p* pS (T(A) c r s ) -+ Eap* s (T(A) c p s ) -* XE + Ap* pS (T(A) CpS ). 

We show that with s = n — 1, the induced long-exact sequence of equivariant 
homotopy groups is isomorphic to the sequence of the statement. The isomorphism 
of the left-hand terms in the two sequences is defined as in Section 1 . To define the 
isomorphism of the right-hand terms in the two sequences, we first show that the 
cyclotomic structure map r gives rise to an ^-equivalence 

r':E A p* pn - l (T(A) c p"~ l ) A E A T(A). 

Since the map jt: E+ -> S° induces a weak equivalence 

E+ A p*,((E+ A T{A)) c n A p* s ((E+ A T(A)) c n, 

a diagram chase shows that the map t: S° -> E induces a weak equivalence 

E A p* pS (T(A) c n A E A p* pS (E A T(A) CpS ). 

The cyclotomic structure map r induces an ^-equivalence 

E A p* p s{E A T(A) CpS ) A E A p* pS - { (T (A) c pS ~ l ) , 
which, composed with the former equivalence, defines an T p -equivalence 

E A p* pS (T(A) c n A E A p* pS -i(T(A) C i ,s ~ l ). 

The composition of these ^-equivalence as s varies from n — 1 to 1 gives the desired 
^-equivalence r f . The isomorphism of the right-hand terms in the two sequences 
is now given by the composition of the isomorphism 
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[■S'* A (T/C» + , E A p* pn _ l (T(A) c p''- l )} T A [S« A (T/C» + , E A r(^)] T 
induced by the map r r and the isomorphism 

[S* A (T /C»+, £ A r(^)] T [S* A (T/C p m-i) + , T(A)]r 

defined in Section 1 . □ 


4 The Skeleton Spectral Sequence 


The left-hand groups in Proposition 4 are the abutment of the strongly convergent 
skeleton spectral sequence which we now discuss in some detail. Let G be a finite 
group, and let T be a G -spectrum. Then we define 

H q (G,T) = [S q ,E+AT] G , 

where E is a free contractible G-CW-complex. The group H q (G, T) is well-defined 
up to canonical isomorphism. Indeed, if also E f is a free contractible G-CW- 
complex, then there is a unique homotopy class of G-maps u: E -> E r , and the 
induced map u* \ [S q , E+ A T]q -> [S q , E' + A T] G is the canonical isomorphism. 
The skeleton filtration of the G-CW-complex E gives rise to a spectral sequence 

E] t = H s {G ; n t (T)) =► H, +r (G, 7) 

from the homology of the group G with coefficients in the G -module j r t (T). We 
will need the precise identification of the if 2 -term below. The augmented cellular 
complex of E is the augmented chain complex e: P — 1 * Z defined by 

P, = H S (E S /E S - i;Z) 

with the differential d induced by the map 9 in the cofibration sequence 

E s -i/E s - 2 -> E s /E s - 2 -> E s /E s - 1 -> S^j-i/^j-2- 

and with the augmentation given by €(x) = 1, for all x e £" 0 . It is a resolution of 
the trivial G-module Z by free Z[G]-modules. We define 

H s (G,jt t (T)) = H s (iP ® n t {T)) G ,d ® id). 

The E 1 -term of the spectral sequence is defined by 
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with the d l -differential induced by the boundary map 9 in the cofibration sequence 
above. The quotient E s / E s -\ is homeomorphic to a wedge of ^-spheres indexed by 
a set on which the groups G acts freely. Therefore, the Hurewicz homomorphism 

7T s (E s /E s - i) H(E s /E s -u Z), 


the exterior product map 


rts(E s / E s — i) (8) 7T^(T) — > 7T s -\-t((E s / E s — i) A T), 


and the canonical map 

[S*A (£,/£,_!) A T] g -> (n s+t ((EJE.-r) A T))° 
are all isomorphisms. These isomorphisms gives rise to a canonical isomorphism 

h: (P 3 ® ^(7)) g A 

which satisfies h o (d ® id) = d 1 o h. The induced isomorphism of homology groups 
is then the desired identification of the E^-term. 

We consider the skeleton spectral sequence with G = C p n- i and T = TR V (A; p). 
Since the action by C^-i on TR V (A\ p ) is the restriction of an action by the circle 
group T, the induced action on the homotopy groups TR v t (A; p) is trivial. Moreover, 
it follows from [16, Lemma 1.4.2] that the d 2 ' -differential of the spectral sequence 
is related to Connes’ operator d in the following way. 

Lemma 5. Let A be a symmetric ring spectrum. Then, in the spectral sequence 

El, = H s (C p n- 1 ,TR v ,(A ; p)) =► TR V (A; p)), 

the d 2 -differential d 2 :E 2 t -a- E 2 _ 2t+l is equal to the map of group homology 
groups induced by d + rj, if s is congruent to 0 or 1 modulo 4, and the map induced 
by d, if s is congruent to 2 or 3 modulo 4. 

The Frobenius and Verschiebung maps 

F:M q (C p n-uTR v (A; p)) -> U q (C pn -2, TR V (A; p)) 

V : M q (C p n-% ,TR V (A\ p)) W q (C p n-i,TR v {A\ p)) 

induce maps of spectral sequences which on the £" 2 -terms of the corresponding 
skeleton spectral sequence are given by the transfer and corestriction maps in group 
homology corresponding to the inclusion of C p n - 2 in C p n- 1 . 

Let g G C p n- 1 be the generator g = exp(2jr// p n ~ l ), and let e:W Z be the 
standard resolution which in degree s is a free Z[C p n-i] -module of rank one on a 
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generator x? with differential dx s = N x s -\, for s even, and dx s = (g — l)x^_i, for 
s odd, and with augmentation e(xo) = 1. 

Lemma 6. Let r and n be positive integers, and let p be a prime number. 

(1) Ifr ^ n — 1, then 


H s (C p „-i,Z/ p r Z) = Z/ p r Z ■ z s , 

where z s = z s (p,n,r) is the class of N x s (g) 1. 

(2) Ifr ^ n — 1, then 


H s (C pn -i,Z/p r Z) 


Z/ p r Z • zo (s = 0) 

Z/ p n ~ l Z • ^ (s odd) 

Z/ p n ~ l Z • /? r_ ( ;2_1 )zs > 0 


where z s = z s (p,n, r) and p r ~^ l ~ l ^z s = p r ~^ l ~ l \ s {p,n, r) are the classes of 
Nx s (g) 1 p r ~~( n ~^ N x s (g) 1 , respectively. 

(3) The transfer map 


F:H s (C pn -i,Z/p r Z) -> H s {C p n- 2 ,Z/p r Z) 

maps z s to z s , if s is odd, maps z s to pz s , if s = 0 or if s > 0 is even and 
r ^ n — 1, and maps p r ~^ l ~ l ^z s to p r ~^~ T} z s , if s > 0 is even and r ^ n — 1. 
(4) 77z£ corestriction map 


V\H s (C p n-2,Z/p r Z) -> H s (C p n-i,Z/p r Z) 

maps z s to pz s , if s is odd, maps z s to z s , if s = 0 or if s > 0 w even and 
r ^ n — 1, and maps p r ~^ n ~ l ^z s to p r ~^ n ~ l ^z s , if s > 0 is even and r ^ n — 1. 


Proof. The statements (1) and (2) are readily verified. To prove (3) and (4), we write 
c: W -> Z and c'\W' -> Z for the standard resolutions for the groups C p n- i and 
C p n- 2, respectively. Then c: W -> Z is a resolution of Z by free C pn - 2 -modules. 
The map h: W -> W’ defined by 


= j g' r x' s (s even) 

\Sr,p-ig' d x' s (s odd), 

where 0 ^ r < p and 0 ^ d < n — 2, is a C pn - 2 -linear chain map that lifts the 
identity map of Z, and the C p n- 2 -linear map k\ W' -> W defined by 



k(x' s ) = 


x s 

(1 + g + ...gP~ x )x s 


(s even) 
(s odd) 
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is a chain map and lifts the identity of Z. Now the transfer map F is the map of 
homology groups induced by the composite chain map 

( W <g> Z/p r T) c p n - 1 (W (g) Z///Z) t >~ a -^4 {W' <g> Z/ p rr E) c p "~ 2 , 

where the left-hand map is the canonical inclusion. One verifies readily that this 
map takes N X2i (8) 1 to pN r x r 2i (8) 1 and Nx2i-i (8) 1 to N'x^^ (8) 1. Similarly, the 
corestriction map V is the map of homology groups induced by the composite chain 
map 

(W' (g) Z/ p r zfp n - 2 ( W <g> Z/ p r Z) c p"~ 2 444 (W <g> Z/ p rr E) c p n ~ x , 

where the right-hand map is multiplication by 1 + g + b g p ~ l . This map takes 

(8) 1 to Nx2i (8) 1 and N r x 2i _ x (8) 1 to pNx2i-\ (8) 1. □ 

Lemma 7 . n be a positive integer and let p be a prime number. Then 


Hs(C pH-l i'Zj) — 


Z-zo (s = 0) 

Z/ p n ~ l Z • z s (s odd) 

0 (s > 0 eveftj 


where z s = «) is the class of N x s (8) 1. The transfer map 

F: H s (C p n-i ,Z) ^ H s (C p n-2 , Z) 

maps zo to pzo and z s to z s , for s > 0, and the corestriction map 

V: H S (C pn-2 , Z) -> //? (C p n-l , Z) 

maps zo to zo aad Zj to pz s , for s > 0. 

Proof The proof is similar to the proof of Lemma 6. 


□ 


5 The Groups TR" (§; 2) 

In this section, we implicitly consider homotopy groups with Z 2 -coefficients. The 
groups TR*(§; 2) are the stable homotopy groups of spheres. The group TRq(§; 2) 
is isomorphic to Z 2 generated by the multiplicative unit element 1 = [ 1 ] 1 ; the group 
TR} (§; 2) is isomorphic to Z/ 2Z generated by the Hopf class rj; the group TR^(S; 2) 
is isomorphic to Z/2Z generated by r / 2 ; the group TR^S; 2) is isomorphic to Z/8Z 
generated by the Hopf class v and rf = 4v; the groups TRj(§; 2) and TR^S; 2) 
are zero; the group TR^(§; 2) is isomorphic to Z/2Z generated by v 2 , and the group 
TRy(S; 2) is isomorphic to Z/16Z generated the Hopf class cr. 


148 


L. Hesselholt 


We consider the skeleton spectral sequence 

El, = // v (C 2 „-,.TR; (E: 2)) =► U s+l (C 2 „-uT(S)). 


This sequence may be identified with the Atiyah-Hirzebruch spectral sequence that 
converges to the homotopy groups of the suspension spectrum of the pointed space 
(BC 2 n- 1)+ [14, Proposition 2.4]. Therefore, the edge-homomorphism onto the line 
s = 0 has a retraction, and hence, the differentials d r \ E r rt -> E r Qt+r _ x are all zero. 
Suppose first that n = 2. Then the £ 2 -term for s + t ^ 7 is takes the form 


Z/16Z 


Z/2Z 

Z/2Z 

0 

0 

0 

0 

Z/8Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z2 

Z/2Z 


0 


0 

0 

4Z/8Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

0 

Z/2Z 


4Z/8Z 

Z/2Z Z/2Z 
Z/2Z Z/2Z 
0 Z/2Z 


Z/2Z 

0 Z/2Z, 


where s is the horizontal coordinate and t the vertical coordinate. The group £ 2 0 
is generated by the class iz s , the group E 2 X by the class rjz s , the group E 2 2 by the 
class t] 2 z s , the group £ 2 3 with s = 0 or s an odd positive integer by the class vz s , 
the group £ 2 3 with s an even positive integer by the class 4 vz s , the group £ 2 6 by the 
class v 2 z s , the group E 2 7 with s = 0 or s an odd positive integer by the class oz s , 
and the group E 2 7 with s an even positive integer by the class 8 az s , where are the 
classes defined in Lemmas 6 and 7. We recall from Lemma 5 that the <7 2 -differential 
is given by Connes’ operator and by multiplication by rj. Since Connes’ operator on 
TR^(§; 2) is zero, we find that the £' 3 -term begins 


Z/16Z 






Z/2Z 

Z/2Z 





0 

0 

0 




0 

0 

0 

0 



Z/8Z 

Z/2Z 

0 

Z/2Z 

4Z/8Z 


Z/2Z 

Z/2Z 

0 

0 

0 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

0 

0 

0 Z/2Z 

Z2 

Z/2Z 

0 

Z/2Z 

0 

0 0 

Since the differential <7 3 : £3 0 

-> £"02 i s zero, the £ 3 

-term is also the E‘ 

following result is a 

consequence of Mosher [26, Proposition 5.2]. 

Lemma 8. 

n be a positive integer. Then, in the spectral sequence 


Z/2Z. 


El, = H s (C 2 n-i , TRj 1 (§; 2)) =» H J+( (C 2 ,-i, T(S)), 

the <7 4 -differential < 7 4 : E* t -> £' 4 _ 4 1+3 is equal to the map of sub -quotients induced 
from the map of group homology groups induced from multiplication by v, if s is 
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congruent to 0, 1, 2, 3, 8 , 9, 10, or 11 modulo 16, by 2v, z/s zs congruent to 6 , 7, 12, 
or 13 modulo 16, rzzzr/ 0, z/s zs congruent to 4, 5, 14, 6 >r 15 modulo 16. □ 

In the case at hand, we find that the <7 4 -differential is zero, for s + t ^ 7. For 
degree reasons, the only possible higher non-zero differential all have target on 
the fiber line s = 0. However, we argued above that these differentials are zero. 
Therefore, for s + t ^ 7, the £ 3 -term is also the E 00 -term. 

The is 2 -term of the skeleton spectral sequence for H^C^, T (§)) for s + t ^ 7 is 


Z/16Z 


Z/2Z 

Z/2Z 

0 

0 

0 

0 

Z/ 8 Z 

Z/4Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z 2 

Z/4Z 


0 


0 

0 

2Z/8Z 

Z/4Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

0 

Z/4Z 


2Z/8Z 

Z/2Z Z/2Z 
Z/2Z Z/2Z 
0 Z/4Z 


Z/2Z 

0 Z/4Z. 


The generators of the groups is 2 , are as before with exception that the groups is 3 3 
and E 2 s1 with s an even positive integer are generated by 2vz^ and 4 az s , respectively. 
We find as before that the £ 3 -term for s + t ^7 takes the form 


Z/16Z 

Z/2Z 

0 

0 

Z/ 8 Z 

Z/2Z 

Z/2Z 

0 

0 

Z/4Z 

Z/2Z 

0 

0 

2Z/4Z 

0 

0 

Z/4Z 

0 

2Z/8Z 

0 

Z/2Z 


Z/2Z 

Z/2Z 

Z/2Z 

0 

0 

0 Z/2Z 


Z 2 

Z/4Z 

0 

Z/4Z 

0 

2Z/4Z 0 

Z/4Z. 

The only possible nor 

L-zero <7 3 - 

-differential for .v + ? 

^ 7 is </ 3 : > 

£ 33 . Since 


the corresponding differential in the previous spectral sequence is zero, a compar- 
ison by using the Verschiebung map shows that also this differential is zero. The 
d 4 > -differentials are given by Lemma 8 . Hence, the E^-term begins 


Z/16Z 






Z/2Z 

Z/2Z 





0 

0 

0 




0 

0 

0 

0 



Z/ 8 Z 

Z/4Z 

2Z/4Z 

Z/2Z 

2Z/8Z 


Z/2Z 

Z/2Z 

0 

0 

0 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

0 

0 

0 

Z 2 

Z/4Z 

0 

Z/4Z 

0 

2Z/4Z 


We see as before that the £ 5 -term is also the E 00 ■ -term. 


Z/2Z 

0 2Z/4Z. 


150 


L. Hesselholt 


Finally, we consider the skeleton spectral sequence for ' 
n ^ 4. The £ 2 -term for s + t ^ 7, takes the form 


j (C 2 n - 1 , T(S)), where 


Z/16Z 






Z/2Z 

Z/2Z 





0 

0 

0 




0 

0 

0 

0 



Z/8Z 

Z/8Z 

Z/8Z 

Z/8Z 

Z/8Z 


Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z/2Z 

Z 2 

Z/2' !-1 Z 

0 

Z/2' !-1 Z 

0 

Z/2" _1 Z 


Z/2Z 

0 


Z/2' Z_1 Z. 


The generators of the groups E 2 st are the same as in the skeleton spectral sequence 
for U q (C 2 , T (§)) with the exception that the groups E 2 s3 and E 2 7 are generated by 
the classes and az s , respectively, for all s ^ 0. The d 2 -differential is given by 
Lemma 5. We find that the £ 3 -term for s + 1 ^1 becomes 


Z/16Z 






Z/2Z 

Z/2Z 





0 

0 

0 




0 

0 

0 

0 



Z/8Z 

Z/8Z 

Z/4Z 

Z/4Z 

Z/8Z 


Z/2Z 

Z/2Z 

0 

0 

0 

0 

Z/2Z 

Z/2Z 

Z/2Z 

0 

0 

0 

Z 2 

Z/2' !-1 Z 

0 

Z/2 n-1 Z 

0 

2Z/2 ZZ 


Z/2Z 

0 


Z/2 ZZ_1 Z. 


A comparison with the previous spectral sequence by using the Verschiebung map 
shows that the d 3 -differential is zero. The d 4 -differential is given by Lemma 8. 
Hence, the £ 5 -term for s + t ^ 1 becomes 


z/i6z 






Z/2Z 

Z/2Z 





0 

0 

0 




0 

0 

0 

0 



Z/8Z 

Z/8Z 

Z/4Z 

Z/2Z 

Z/8Z 


Z/2Z 

Z/2Z 

0 

0 

0 

0 

Z/2Z 

Z/2Z 

Z/2Z 

0 

0 

0 

Z 2 

Z/2" _1 Z 

0 

Z/2 n-1 Z 

0 

2Z/2 ZZ 


l Z 


Z/2Z 

0 


2Z/2"- 1 Z 


and, for s + t ^7, this is also the E 00 -term. 

Lemma 9 . (1) There exists unique homotopy classes 


fu-ieIi(C 2 »-iJ(S)) (n& 1) 

such that ^ \ M -i represents iz\ £ E F(£i, w _i) = and%\$ = q. 

(2) There exists unique homotopy classes 

&n-i ei 3 (C r iJ®) (n ^ 1) 


such that%3 M -i represents IZ3 e E%° 0 , F(£ 3 , w _ 1) = £3^-2, and 1 = 3,0 = v. 
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( 3 ) There exists unique homotopy classes 

fan-1 e H 5 (C 2 n-i,r(S)) (n& 1) 

such that %5,n-i represents 2 lzs g E%° 0 and F(^ 5 m ~ i) = £5,77-2. 

Proof. We consider the inverse limit with respect to the Frobenius maps of the skele- 
ton spectral sequences for M q (C 2 »-i , T (§)). By Lemmas 6 and 7 , the map of spectral 
sequences induced by the Frobenius map is given, formally, by F(z s ) = 2 z s , if s is 
even, and F{z s ) = z s , if s is odd. Hence, the E 00 -term of the inverse limit spectral 
sequence for s + t ^7 takes the form 

0 


0 

Z/ 2 Z 






0 

0 

0 





0 

0 

0 

0 




0 

Z/8Z 

0 

Z/ 2 Z 

0 



0 

Z/ 2 Z 

0 

0 

0 

0 


0 

Z/ 2 Z 

0 

0 

0 

0 

0 

0 

Z 2 

0 

Z2 

0 

2 Z 2 

0 


We now prove the statement ( 1 ). There is a unique class 


ft ={^- 1 }climH 1 (C 2 «-i f r(§)) 

F 

such that f i, w -i represents the generator tzi e for all n ^ 2 . We can write 
fu-l = 

where a w _i e Z/ 2 n-1 Z and fe w _i e Z/ 2 Z. Since the class £1,77-1 represents tzi, the 
proof of [ 18 , Proposition 4 . 4 . 1 ] shows that <z w _i = 1 . The calculation 

= FQ i,„) = F<WK' ! (1) + 

shows that also h n -\ = 1 . Finally, 


$1.0 = ^u) = F(dV(l) + V(rj)) = r,. 


which proves ( 1 ). To prove ( 2 ), we must show that there is a unique class 
?3 = fe, I -i}elimH 3 (C 2 „-i, 7 ’(§)) 

F 

such that £3,77-1 represents LZ3 and such that £3,0 = v. There are two classes £3 and 
£3 that satisfy the first requirement and 

=dV'~\r 1 2 ). 
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Moreover, if n ^ 3, then F n 1 : H 3 (C 2 «- 1 , T (§)) -> TR 2 (§; 2) induces a map 
F n ~ l : // 3 (C 2 «-i , TRq(§; 2)) -> TR*(§; 2)/4TR*(§; 2). 


Indeed, F n ~ l V n ~ l (v) = 2 n ~ l v and F n ~ l dV n ~ l {j] 2 ) = q 3 = 4v. The map F n ~ l 
is surjective by [36, Table 4]. One readily verifies that it maps the generator tZ 3 to 
the modulo 4 reduction v of the Hopf class v. Hence, F n ~ l maps one of the classes 
and £3 n _ x to v and the other class to 5v. The statement (2) follows. 

Finally, the statement (3) follows immediately from the inverse limit of the 
spectral sequences displayed above. □ 

The group W 5 (Cs, T (§)) is equal to the direct sum of the subgroup generated by 
the class £ 5 ^ and a cyclic group. We choose a generator p this cyclic group. 

Proposition 10. The groups W q (C 2 n-i , T (§)) with q ^ 5 are given by 


Ho(C 2 »-i,r(S)) = Z 2 -v n -\C), 
Ul(C 2 n-l,T($)) = 

H 2 (C 2 n-i,r(S)) = 


H 3 (c 2 i.-i,r(S)) 


H 4 (c 2 «-i,r(§)) 


H 5 (c 2 „-i,r(S)) = 


Z/2Z • rj 

(n = 1 ) 

Z/2 n-1 Z • © Z/2Z • P w “ 1 (77) 

(« ^ 2) 

Z/2Z • q 2 

(« = 0 

TL/ITL • 7] n _ ! © Z/2Z • 

(« ^ 2) 

Z/8Z • v 

(« = 1 ) 

Z/8Z • £ 3a © Z/8Z • P(v) 

(» = 2) 

Z/2”Z • £ 3 , n -i © Z/2Z • 77 2 £i, w -i 

A\ 

©Z/8Z • P n-1 (v) 


Z/2 n_1 Z • v^ Uz _! 

7T 

/A 

Z/8Z • 

A\ 

0 

(« =$ 2) 

Z/ 4Z • ^3 2 

(» = 3) 

Z/2 W_1 Z • © Z/2Z • P” -4 (/o) 

A\ 


In addition, F(f qjl -\) = where £i,o = q and £ 3i o = v, and F(p) = 0. 

Proof. We have already evaluated the E 00 -term of the spectral sequence 

El, = H s (C 2 n-\ , TR* (§; 2)) =» H s+; (C 2 „-i, 7(S)), 


for s + t ^ 7. We have also defined all the homotopy classes that appear in the 
statement. Hence, it remains only to prove that these homotopy classes have the 
indicated order. First, the edge homomorphism of the spectral sequence is the map 


V n ~ l : TR , 1 (§; 2) M, (C 2 „-i , T(S)). 
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Since this map has a retraction, the classes V n ~ l (rj) and V n ~ l (rj 2 ) both generate a 
direct summand Z/2Z and the class V n ~ l (v) generates a direct summand Z/ 8 Z as 
stated. This completes the proof for q ^ 2. Next, the Frobenius map 

F: H 3 (C 2 , T ( §)) TR3 (S; 2) 

is surjective by [36, Table 4]. This implies that the class £ 3,1 has order 8 and that the 
group M 3 (C 2 , T (§)) is as stated. We note that 4^3 j is congruent to dV(r] 2 ) modulo 
the image of the edge homomorphism. 

Next, we show by induction on n ^ 3 that the class £ 3^-1 has order 2 n . The class 
£ 3,2 has order either 8 or 16, because F(£ 3 , 2 ) = £ 3,1 has order 8. If £ 3,2 has order 
16, then the quotient of H 3 (C 4 , T (§)) by the image of the edge homomorphism is 
equal to Z/16Z generated by the image of £ 3 , 2 . But then F(£ 3 j) has order 8 which 
contradicts that, modulo the image of the edge homomorphism, 

4K&.1) = Vm 3A ) = VdV(r?) = 2dv 2 (r] 2 ) = 0. 

Hence, £ 3,2 has order 8 , and the group H 3 (C 4 , T (§)) is as stated. So we let n ^4 and 
assume, inductively, that £ 3^-2 has order 2 n ~ l . The class 2 n ~ 2 ^,n-2 is represented in 
the spectral sequence by r\zi. Now, by Lemma 6(4), we have V(rjZ 2 ) = r]Z 2 , which 
shows that the class 2 n ~ 2 V(^, n - 2 ) = L( 2 W_2 £ 3 ^_ 2 ) is non-zero and represented 
by rjZ 2 - This implies that 2 n- 1 £ 3 , w _i is non-zero, and hence, £ 3,^-1 has order 2 n as 
stated. 

Next, we show that, for n ^ 3, the class £ 5^-1 has order 2 n ~ l . If n ^ 4, the 
spectral sequence shows that there is an extension 

0 -> Z/4Z -> M 5 (C 2 «-1, r(S)) -> Z/2 n-2 Z -> 0. 

The Verschiebung map induces a map of extensions from the extension for n to the 
extension for n + 1 , and Lemma 6 shows that the resulting extension of colimits 
with respect to the Verschiebung maps is an extension 

0 -> Z/4Z -> colimM 5 (C 2 «-i, T(S)) -> ^ 2/^2 0. 

It follows from [25, Lemma 4.4.9] that there is a canonical isomorphism 
Ext(Q 2 /Z 2 ,colimM 5 (C 2 «-i, T(S))) limM 6 (C 2 «-i, T(S)) 

V F 

and, by the proof of Lemma 9, the right-hand group is cyclic of order 2. This implies 
that the extension for ft ^ 4 is equivalent to the extension 

0 Z/4Z ( — X TjlTL ® Z/2” _1 Z - 3+1 > Z/2" _2 Z 0. 
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It follows that, for n ^ 4, the class *5,, z _i has order 2 n ~ l as stated. It remains to 
prove that *5,2 has order 4. If this is not the case, the map of extensions induced by 
the Verschiebung map V : H 5 (C4, T (§)) -+ H 5 (C8, T (§)) takes the form 


0 

0 


> Z/2Z 2sltz/2Z ® Z/2Z Z/2Zw-^- 0 

2 V 2 

->• Z/4Z Z/2Z © Z/8Z Z/4Z > 0, 


where the middle map V takes (1,0) to (0, 4) and (0, 1) to either (1,0) or (1,4). 
The class £5,2 corresponds to either (0, 1) or (1, 1) in the top middle group. In either 
case, we find that the class ^(*5,2) has order 2 and reduces to a generator of the 
quotient of H 5 (C8, T (§)) by the subgroup Z/8Z • £5,3. It follows that the class 

n$5,2) - 2*5,3 eH 5 (C 8 ,r(S)) 

generates the kernel of the edge homomorphism onto Z/4Z • 2lzs- Then, Lemma 6 
shows that the class ^(^(*5,2) — 2*5,3) generates the kernel of the edge homomor- 
phism from H 5 (C 4 , r(§)) onto Z/2Z • 2 115 . But ^(^(*5,2) — 2*5,3) = 0 which is a 
contradiction. We conclude that the group H 5 (C4, T (§)) is cyclic as stated. 

Finally, the Frobenius map F : H 5 (C8, T (§)) -+ H 5 (C4, T (§)) induces a map of 
extensions which takes the form 


Z/4Z — L Z/2Z © Z/8Z Z/4Z >- 0 

1 0+1 1 

V V V 

0 Z/2Z 2 >- Z/4Z 1 > Z/2Z - — + 0. 

The class p corresponds to one of the elements (1,0) or (1,4) of the top middle 
group both of which map to zero by the middle vertical map. It follows that F(p ) is 
zero as stated. □ 

We define *^ e TR”(§;2) to be the image of *^ € T(S)) by the 

composition of the norm map and the iterated Segal-tom Dieck splitting 

H q (C 2 * 9 T(S)) -+ TR^(§; 2) -+ TR"(§; 2). 

Similarly, we define p e TR”(S;2) to be the image of p e H 5 (C8, T(\ §)) by the 
composition of the norm map and the iterated Segal-tom Dieck splitting 

H 5 (C 8 , T(§)) -»• T+(S; 2) -> TR'i(S; 2). 


Then we have the following result. 
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Theorem 11. The groups TR”(§; 2) with q ^ 5 are given by 
TR£(§;2) = 0 Z 2 -V s (l) 

0 ^S<tl 

TR| (§: 2) = 0 Z/2Z-r i (??)© 0 Z/2 S Z-£ U 

0 ^S<Il 1 ^S<Tl 

TRj (§; 2 ) = © Z/2Z- V s (p 2 ) © 0 Z/ 2Z • 

0 ^s<n 1 ^s<n 

TR"(S;2) = 0 Z/ 8 Z- © 0 Z/2 M Z • ^ © 0 Z/2Z-^ U 

2^s<n 

TR 4 (§; 2) = 0 Z/2 v Z-v£ u 

TR?(S;2)= 0 Z/2 i Z-^© 0 Z/2Z-V s ~\p ) 

2^s<n 3 ^s<n 


where u = w(s) w larger of 3 and s + 1, rwd where v = v(s) w smaller of 3 
and s. The restriction map takes to if s < n — 1, rmd to zero, if s = n — 1, 
aziJ takes p to p, if n ^ 5, azzJ to zero, if n = 4. 77z£ Frobenius map takes to 
t;q,s- i, where £po = h and £ 3,0 = v, aziJ takes p to zero. Connes’ operator takes 
V s (1) to + V s (rj), and takes to zero. 

Proof. The Segal-tom Dieck splitting gives a section of the restriction map. Hence, 
the fundamental long-exact sequence 

- -► H, (C p n- 1 , r (§)) 4 TR” (S; P) 4 TR^ 1 (S; />) 4 (C>- 1 , 7 (§)) ••• 

of Proposition 4 breaks into split short-exact sequences and Proposition 10 then 
shows that the groups TR”(§;2) are as stated. Since the Frobenius map and the 
Segal-tom Dieck splitting commute, the formula for the Frobenius also follows 
form Proposition 10. Finally, from the proof of Proposition 10, we have £i ^ = 
dV s (l) + V s (rj). This implies that 

d$ u = ddV s ( 1) + dV s (rj) = dV s (p) + dV s (rj) = 0 


as stated. □ 

Remark 12. We have not determined rj^ s and d% 3 ^. 

6 The Groups TR" (Z; 2) 

In this section, we again implicitly consider homotopy groups with Z 2 -coefficients. 
The groups TR* (Z; 2) were evaluated by Bokstedt [3]; see also [23, Theorem 1.1]. 
The group TRq(Z; 2) is equal to Z 2 generated by the multiplicative unit element 
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l = [1] i , and for positive integers q , the group TR* (Z; 2) is finite cyclic of order 


|TRj(Z;2)| 


2 V 2(0 = 2i - 1 odd) 

1 (g even). 


We choose a generator A of A" 3 (Z) such that 2A = v. Then, by [5, Theorem 10.4], 
the image of A by the cyclotomic trace map generates the group TR^Z; 2). We also 
choose a generator y of the group TRy(Z; 2). We first derive the following result 
from Rognes’ paper [27]. 


Proposition 13. The group TR” (Z; 2) is zero, for every positive even integer q and 
every positive integer n. 

Proof The group TR” (Z; 2) is finite, for all positive integers q and n. Indeed, this is 
true, for ft = 1 by Bokstedt’s result that we recalled above and follows, inductively, 
for ft ^ 1, from the fundamental long-exact sequence of Proposition 4, the skeleton 
spectral sequence, and the fact that the boundary map 

9: TR" -1 (Z; 2) -* H 0 (C 2 „-i , T(Z)) 


in the fundamental long-exact sequence is zero [17, Proposition 3.3]. Moreover, the 
group TRq(Z; 2) is a free Z 2 -module. It follows that, in the strongly convergent 
whole plane Bockstein spectral sequence 

El, = TR” + , (Z; 2, 2 _S Z/2 _(,S_1, Z) =>■ TR" + ,(Z; 2, Q 2 ) 

induced from the 2-adic filtration of Q 2 , all elements of total degree 0 survive to the 
E 00 -term and all elements of positive total degree are annihilated by differentials. 
The differentials are periodic in the sense that the isomorphism 2: Q 2 — ► Q 2 induces 
an isomorphism of spectral sequences 


2 :£;,-£;_ u+1 . 

We recall from [27, Lemma 9.4] that, for all positive integers n and /, 

dim F2 TR^_! (Z; 2, F 2 ) = dim F2 TR^ (Z; 2, F 2 ). 

Using this result, we show, by induction on i ^ 1, that every element of total degree 
2/ — 1 is an infinite cycle and that every non-zero element of total degree 2 i supports 
a non-zero differential. The proof of the case i = 1 and of the induction step are 
similar. The statement that every element in total degree 2/ — 1 is an infinite cycle 
follows, for i = 1 , from the fact that every element of total degree 0 survives to 
the E°°-tQYm, and for i > 1, from the inductive hypothesis that every non-zero 
element of total degree 2i — 2 supports a non-zero differential. Since no element 
of total degree 2i — 1 survives to the E 00 -term, it is hit by a differential supported 


On the Whitehead Spectrum of the Circle 


157 


on an element of total degree 2 i. Since the differentials are periodic and E 2 2i _ x _ s 
and E 2 2i _ s have the same dimension, we find that non-zero every element of total 
degree 2 i supports a non-zero differential as stated. 

Finally, we consider the strongly convergent left half-plane Bockstein spectral 
sequence induced from the 2-adic filtration of Z 2 , 

E] t = TR" +; (Z;2,2 _ 'Z/2 _(S_1) Z) =*> TR" +; (Z; 2, Z 2 ). 

The differentials in this spectral sequence are obtained by restricting the differentials 
in the whole plan Bockstein spectral sequence above. It follows that in this spectral 
sequence, too, every non-zero element of positive even total degree supports a non- 
zero differential. This completes the proof. □ 

Remark 14. The same argument based on Bokstedt and Madsen’s paper [5], shows 
that, for an odd prime p, the groups TR”(Z; p) are zero, for every positive even 
integer q and every positive integer n. 

We next consider the skeleton spectral sequence 

El = H s (C 2 n-i , TR* (Z; 2)) =» H s+t (C 2 n-i, T(Z)). 

The £ 2 -term, for s + t ^ 7, takes the form 

Z/4Z 

0 0 

0 0 0 

0 0 0 0 

Z/2Z Z/2Z Z/2Z Z/2Z Z/2Z 

0 0 0 0 0 0 

0 0 0 0 0 0 0 

Z 2 Z/2 n-1 Z 0 Z/2 n-1 Z 0 Z/2 n_1 Z 0 Z/2 W_1 Z. 

The group E 2 0 is generated by tz s and the group E 2 3 is generated by Xz s • The group 
E 2 sl is generated by yz s , if a = 0 or if s is odd of if n > 1, and is generated by 2 yz s , 
if n = 1 and s is positive and even. It follows from [27, Theorem 8.14] that the 
group H 4 (C 2 «— i , T (Z); F 2 ) is an F 2 -vector space of dimension 1. This implies that 
d A (iZ5) = Xz\. On the other hand, d A (izi) = 0, since izi survives to the £' 4 -term of 
the skeleton spectral sequence for H^(C 2 «-i, T(§)) and is a d 4 -cycle. This shows 


that the E 

5 -term for s 

+ t ^ 7 is given by 



Z/AZ 






0 

0 





0 

0 

0 




0 

0 

0 

0 



Z/2Z 

0 

Z/2Z 

Z/2Z 

Z/2Z 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

z 2 

Z/2 n-1 Z 

0 

Z/2 n_1 Z 

0 

2Z/2”“ 1 Z 
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We claim that the differential d 5 \ E 33 -> Eq ? i s zero. Indeed, let 

Tjm—n.iTjr 77 r 

r • s,t 11 s,t 

be the map of spectral sequences induced by the iterated Frobenius map 


F m - n :U q (C 2 m-i f T(Z)) -> M q (C 2 »-i,T(Z)). 

It follows from Lemma 6 that the map F m ~ n \ r E 33 —> E 33 is an isomorphism and 
that, for m ^ n + 2, the map F m ~ n : ' E 3 3 — >► E 33 is zero. Hence, the differential in 
question is zero as claimed. It follows that the £ 5 -term of the spectral sequence is 
also the E 00 -term. 

We choose a generator k of the infinite cyclic group K 5 (X) and recall the gener- 
ator X of the group K 3 (Z) . We continue to write X and k for the images of X and k 
in TR” (Z; 2) and TR5 (Z; 2) by the cyclotomic trace map. The norm map 

H 5 (C 2 , r(Z)) -^TR 2 (Z;2) 


is an isomorphism, and we will also write k for the unique class on the left-hand 
side whose image by the norm map is the class k on the right-hand side. Finally, we 
continue to write e W q (C 2 n-i 9 T( Z)) for the image by the map induced from 
the Hurewicz map l : § -> Z of the class e W q (C 2 n-i , T (8)). 

Proposition 15. The groups W q (C 2 n-i , T (Z)) with q ^ 6 are given by 


Ho(C 2n -i, T(Z)) = Z 2 • V n ~\i), 

Hi(c 2B -i,r(Z)) = |° 

| Z/2" -1 Z ■ 

H 2 (c 2 „-i,r(Z)) = 0 

1 Z/2Z • A 


e 3 (c 2 „-i,r(Z)) = 
H 4 (c 2B -i,r(Z)) = 0 


Z/2"Z • 


(n = 1) 

(« ^ 2) ’ 


(« = 1 ) 

(» ^ 2 ) ’ 


H 5 (c 2 „-i,r(Z)) 


MeCC^-i.rCZ)) 


0 (« = 1 ) 

< Z/2Z • k (n = 2) , 

Z/2 w_2 Z • © Z/2Z • L"- 2 (/c) (w £ 3) 

(O (n = l) 

(Z/2Z -dV n -\K) (n ^ 2) ' 


In addition , F(£^ w -|) = ^ q ,n- 2 , where £i,o, £3,0* £5,0 zero. 

Proof. The cases q = 0 and q = l follow immediately from the spectral 
sequence above and from the fact that the map TRq(§;2) -> TRq(Z; 2) induced 
by the Hurewicz map is an isomorphism. The cases q = 2 and g = 4 follow 
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directly from the spectral sequence above. It follows from [27, Theorem 8. 14] that 
M3 (C 2 «— 1 , T (Z); F2) is an F 2 -vector space of dimension 1 , for all n ^ 1 . The state- 
ment for q = 3 follows. It also follows from loc. cit. that H 5 (C 2 «-i , T (Z); F 2 ) is an 
F 2 -vector space of dimension 0, if n = 1, dimension 1, if n =2, and dimension 2, if 
n ^ 3. Hence, to prove the statement for q = 5, it will suffice to show that the group 
M 5 (C 2 , T (Z)) is generated by the class k , or equivalently, that the composition 

K 5 (Z) -* TCj Z; 2) -* TR^(Z; 2) TR^(Z; 2, F 2 ) 

of the cyclotomic trace map and the modulo 2 reduction map is surjective. But this is 
the statement that i\ (k) = £ 5 (0) in [30, Proposition 4.2]. (Here £s(0) is name given 
in loc. cit. to the generator of the right-hand group; it is unrelated to the class £5,0.) 
Finally, the statement for q = 6 follows from [18, Proposition 4.4.1]. □ 


Corollary 16. The cokernel of the map induced by the Hurewicz map 

-£:TR"(§;2) -^TR"(Z;2) 


is equal to TLfYL • X. 

Proof. The proof is by induction on n ^ 1 . In the case n = 1 , the Hurewicz map 
induces the zero map TR* (§; 2) -> TR l q (Z; 2), for all positive integers q. Indeed, the 
spectrum TR 1 (Z; 2) is a module spectrum over the Eilenberg-MacLane spectrum 
for Z and therefore is weakly equivalent to a product of Eilenberg-MacLane spectra. 
As we recalled above, TR 3 (Z; 2) = Z/2Z - A, which proves the case n = 1 . To prove 
the induction step, we use that the Hurewicz map induces a map of fundamental 
long-exact sequences which takes the form 

0 4—# M 3 (C 2 «-i , T (§))’ — ^ TR 3 (S; 2) — ^ TR” -1 (S; 2) ^ 0 


0 # M 3 (C 2 »-i , T{ Z)) TR” (Z; 2) TR” -1 (Z; 2) — ^ 0. 

The zero on the lower right-hand side follows from Proposition 15, and the zero 
on the lower left-hand side from Proposition 13. Since Propositions 10 and 15 show 
that the left-hand vertical map is surjective, the induction step follows. □ 

We owe the proof of the following result to Marcel Bokstedt. 

Lemma 17. The square ofhomotopy groups with Z 2 - coefficients 


K 5 (8>; Z 2 ) ^ K 5 (S 2 ;Z 2 ) 


K 5 (Z;Z 2 ) 
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where the vertical maps are induced by the Hurewicz maps and the horizontal maps 
are induced by the completion maps, takes the from 

7L 2 • 8 — ^^7L 2 • (4 k + r) 


Z 2 • k ■ ~ Z 2 • k 0 Z/2Z • x 


Proof. It was proved in [30, Proposition 4.2] that the group K 5 { Z 2 ; Z 2 ) is the direct 
sum of a free Z 2 -module of rank one generated by k and a torsion subgroup of order 
2; the class r is the unique generator of the torsion subgroup. Moreover, [31, Theo- 
rem 5.8] shows that the group K 5 ( S; Z 2 ) is a free Z 2 -module of rank one, and [31, 
Theorem2.11] and [4, Theorem5.17] show that the group K 5 (E > 2 ; Z 2 ) is a free Z 2 - 
module of rank one. To complete the proof of the lemma, it remains to show that the 
left-hand vertical map in the diagram in the statement is equal to the inclusion of a 
subgroup of index 8. This is essentially proved in [2] as we now explain. In op. cit., 
Bokstedt constructs a homotopy commutative diagram of pointed spaces 

G/O — ^ Fib(,v) Fib(0 


BSO = BSO = BSO 

S t 

M M M 

BSG * > SG SJ 

in which the columns are fibration sequences. The induced diagram of fourth 
homotopy groups with Z 2 -coefficients is isomorphic to the diagram 



We compare this diagram to the following diagram constructed by Waldhausen. 


G/O 


f 


>■ Q Wh D '" (*) 


Fib(0 


g 


9 - Fib(.v) 


♦ Q,K( Z) 


» QJK(Z). 
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It is proved in [2, p. 30] that the composition of the lower horizontal maps in this 
diagram becomes a weak equivalence after 2-completion. Moreover, it is proved 
in [31, Theorem 7.5] that the upper horizontal map induces an isomorphism of 
homotopy groups with Z 2 -coefficients in degrees less than or equal to 8. Hence, 
the induced diagram of fourth homotopy groups with Z 2 -coefficients is isomorphic 
to the diagram 

Z 2 -^-Z 2 
8 8 

z 2 — ^ z 2 — ^ z 2 z 2 . 

The right-hand vertical map in this diagram is induced by the composition 

Wh Diff (*) K(S) K( Z) 

of the canonical section of the canonical map K( S) — Wh Dlff (*) and the map 
induced by the Hurewicz map. The left-hand map induces an isomorphism of fifth 
homotopy groups with Z 2 -coefficients because 7rs(S;Z2) is zero. This completes 
the proof that the map induced by the Hurewicz map K 5 (S>; Z 2 ) -> K 5 ( Z; Z 2 ) is the 
inclusion of an index eighth subgroup. The lemma follows. □ 


We define the class £ TR” (Z; 2) to be the image of the class £ TR” (§; 2) 
by the map induced by the Hurewicz map. 


Theorem 18. The groups TR”(Z; 2) with q ^ 6 are given by 
TR£(Z;2) = 0 Z 2 -^(l), 

0 ^s<n 

TR"(Z; 2) = 0 Z/2 S Z-$ U , 

1 ^S<Tl 

TR"(Z;2) = 0, 

( Z/2Z - A (n = 1) 

TR"(Z; 2) = j Z / 8Z • A © 0 Z/2 s+l Z ■ $ Xs (n 2) > 

V 2^s<n 

TR'](Z;2) = 0, 

TR?(Z; 2) = Z/2" _1 Z • k © 0 Z/2 i “ 1 Z • <£ 5 . s + • • • + £ 5 ,«-i + 4 wc), 

2^s<n 

TR"(Z;2) = 0, 
where u e Z* is a unit. 
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Proof. The map induced by the Hurewicz map is an isomorphism, for q = 0, so 
the statement for the group TRq(Z; 2) follows from Theorem 11. The statement for 
q = 1 follows from Proposition 15 and from the fact that the generator £i^ is anni- 
hilated by 2 s . For q = 3, the case n = 1 was recalled at the beginning of the section, 
so suppose that n ^ 2. We know from Proposition 15 that the two sides of the state- 
ment are groups of the same order. We also know that both groups are the direct sum 
of n — 1 cyclic groups. Indeed, this is trivial, for the right-hand side, and is proved 
in [27, Lemma 9.4], for the left-hand side. Now, it follows from Theorem 1 1 that £3^ 
is annihilated by 2 5+1 , so it suffices to show that X is annihilated by 8. We have a 
commutative diagram 


K 3 (Z; Z 2 ) >- TR" (Z; 2, Z 2 ) 


K 3 ( Z 2 ; Z 2 >*— ^ TR"(Z 2 ; 2, Z 2 ) 


where the horizontal maps are the cyclotomic trace maps, where the vertical maps 
are induced by the completion maps, and where we have explicitly indicated that we 
are considering the homotopy groups with Z 2 -coefficients. The right-hand vertical 
map is an isomorphism by [17, Addendum 6.2]. Therefore, it suffices to show that 
the image of X in ^3(Z 2 ; Z 2 ) has order 8. But this is proved in [30, Proposition 4.2]. 

It remains to prove the statement for q = 5. We first show that TR"(Z;2) is 
generated by the classes k , £5 , 2 , . . . , £5,77-1, or equivalently, that the group 

TR5 (Z; 2)/2 TR" (Z; 2) TR" (Z; 2 , F 2 ) 

is generated by the images of the classes k , £5^, . . . , £5,77-1 . We prove this by induc- 
tion on n ^ 2. The case n = 2 is true, so we assume the statement for ft — 1 and 
prove it for ft. The fundamental long-exact sequence takes the form 

H 5 (C 2 „-1, 7XZ); F 2 ) 4 TRj (Z; 2, F 2 ) 4 TR'^CZ; 2, F 2 ) -* 0. 

Inductively, the right-hand group is generated by the classes k, £ s )2 , . . . , £5,77— 2 , 
which are the images by the restriction map of the classes k, £5 , 2 , . . . , £5,77— 2 in the 
middle group. Moreover, Proposition 15 shows that the left-hand group is generated 
by the classes V n ~ 2 (ic) and £5,77-1. Hence, it will suffice to show that, for ft ^ 3, 
the image of the class L" _2 (/c) in TR 3 (Z;2,F 2 ) is zero. This follows from [27, 
Theorem 8.14] as we now explain. We have the commutative diagram with exact 
rows 


TR"+i(Z;2,F 2 ) 


* Uq(C 2 n-i , T( Z); F 2 ) 34-*. TR"(Z; 2, F 2 ) 


ir ?- 1 


(C 2 n - 1 , 7XZ); F 2 ) r^H, (C 2 „-i , T( Z); F 2 ) , T( Z); F 2 ) 
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considered first in [5, (6.1)]. It is follows from [27, Theorems 0.2, 0.3] that the left- 
hand vertical map T is an isomorphism, for all integers g + 1 ^ 0 and n ^ 1 . Hence, 
it suffices to show that the class V h ~ 2 (k) in the lower middle group is in the image 
of the lower left-hand horizontal map d h . The lower left-hand group is the abutment 
of the strongly convergent, upper half-plan Tate spectral sequence 

E 2 st = H~ s (C 2 „- i,TRJ(Z;2,F 2 )) => Xt s -‘(C 2 n-i, 7’(Z);F 2 ), 


and the middle groups are the abutment of the strongly convergent, first quadrant 
skeleton spectral sequence 

El = H s (C 2 n-i , TR' (Z; 2, F 2 )) =► U s+t {C 2 n~i, r(Z);F 2 ). 


Moreover, the map d h induces a map of spectral sequences 


3 h ' r :E. 


S,t 


-'s— l,t ’ 


which is an isomorphism, for r =2 and s ^ 1 . Suppose that the homotopy class 
x e W q (C 2 n-i , T (Z); F 2 ) is represented by the infinite cycle x e E 2 t , and let y e 
E 2 +l t be the unique element with d h2 (y) = x. Then, if y is an infinite cycle, there 
exists a homotopy class y e M.~ q ~ l (C 2 n-i , T(Z);¥ 2 ) represented by y such that 
3 h (y) = x; compare [5, Theorem 2.5]. We now return to [27, Theorem 8. 14]. The 
homotopy class V h ~ 2 (k) is represented by the unique generator of E% 3 which, in 
turn, is the image by the map d h 2 of the unique generator of E 1 ^' 2 . In loc. cit., the 
latter generator is given the name u n -\t~ 2 e 2 and proved to be an infinite cycle for 
n ^ 3. This shows that the image of the class V u ~ 2 (k) by the norm map 


N :W 5 (C 2 n-i , T{ Z); F 2 ) -> TR?(Z; 2, F 2 ) 
is zero as stated. We conclude that k , ^5,2 , . . . , ^5^-1 generate TR”(Z; 2). 


We know from Theorem 1 1 that ^5 ^ is annihilated by 2 s and further claim that k 
is annihilated by 2 n ~ l and that, for some unit u e Z* , 


2 • (£5,2 + • • • + £5,77-1 + 4 uk ) — 0 . 

This implies the statement of the theorem for q = 5. Indeed, the abelian group 
generated by k , £5,2 , . . . , £5^-1 and subject to the relations above is equal to 

Z/2 W *Z • k 0 Z/2^ *Z • (£5,5 + • • • + £5,77-1 + 4 uk ) 

2^s<n 

and subjects onto TR^ (Z; 2). Hence, it suffices to show that the two groups have the 
same order. But this follows by an induction argument based on the exact sequence 
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0 -* H 5 (C 2 „-1 , T( Z)) -> TR" (Z; 2) -> TR"~' (Z; 2) -> 0 
and Proposition 15. 

It remains to prove the claim. We first show that the class 2 n ~ l • k is zero by 
induction on n ^ 2. The case n = 2 is true, so we assume the statement for n — 1 
and prove it for n. We again use the exact sequence 

0 -* H 5 (C 2 „-1 , T( Z)) -* TRj (Z; 2) -* TR'i - ' (Z; 2) -* 0 

and the calculation of the left-hand group in Proposition 15. The inductive hypoth- 
esis implies that the image of the class 2 n ~ 2 • k by the right-hand map is zero, and 
hence, this class is in the image of the left-hand map. It follows that we can write 

2” -2 - k = a- £ 5 ,„_i + b ■ V"~ 2 (k) 

with a e Z/2 n_2 Z and b e TLjTL. We apply the Frobenius map 

F:TRj(Z; 2) -* TR"~' (Z; 2) 

to this equation. The image of the left-hand side is zero, by induction, and the image 
of the right-hand side is a • £5^-2, where a e Z/2 W-3 Z is reduction of a modulo 
2 n ~ 3 . It follows that d is zero, or equivalently, that a e 2 W_3 Z/2 W_2 Z. This shows 
that 2 n ~ l • k is zero as desired. 

Finally, to prove the relation 2 • (£5,2 + . . . £5^-1 + 4 uk) = 0, we consider the 
following long-exact sequence 

* TR 6 (S; 2) TR 6 (§; 2) 4 ^ 5 (§ 2 ; Z 2 ) 4 TR 5 (S; 2) TR 5 (S; 2) • • • 

We know from Lemma 17 that the group ^(§2; ^2) is a free Z2-module of rank 
one generated by the class 4k + r. Moreover, it follows from Theorem 11 that the 
left-hand map 1 — F is surjective and that the kernel of the right-hand map 1 — F is 
isomorphic to a free Z2-module of rank one generated by the element A = (A^) 
with A^ = £52 + • • • + £5, n -i . It follows that there exists a unit we Z* such that 
A + u{4k + r) = 0 in TR 5 (S; 2). But then 2(A + 4 uk) = 0, since 2(4/c + r) = 8 k. 
This completes the proof. □ 

Corollary 19. The cokernel of the map induced hy the Hurewicz map 

l\ TR”(§; 2) -> TR^Z; 2) 

is equal to Z/2 V Z • k, where v = v(n — 1 ) is the smaller of 3 and n — 1 . 

Proof It follows immediately from Theorem 1 8 that the cokernel of the map i is 
generated by the class of k. Moreover, since the class 


£5,1 + • • • + £5,77—1 + 4 UK 
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has order 2, it is also clear that the cokernel of the map l is annihilated by multipli- 
cation by 8. Hence, it will suffice to show that, for n = 4, the cokernel of the map i 
is not annihilated by 4, or equivalently, that the map i takes the class p e TR^S; 2) 
to zero. But this follows immediately from the structure of the spectral sequences 
that abuts H 5 (Cg , T (§)) and H 5 (Cg , T (Z)) . □ 


7 The Groups TR"(S, /; 2) 

We again implicitly consider homotopy groups with Z 2 -coefficients. The Hurewicz 
map from the sphere spectrum S to the Eilenberg MacLane spectrum Z for the ring 
of integers induces a map of topological Hochschild T- spectra 

l:T(§) -> T( Z). 

In [5, Appendix], Bokstedt and Madsen constructs a sequence of cyclotomic spectra 

T(S, /) 4 T( S) 4 T(Z) 4 E7X§, /) 

such that the underlying sequence of T- spectra is a cofibration sequence. As a 
consequence, the equivariant homotopy groups 

TR"(§, /; p) = [S« a (T/C pn - .)+, r(S, I)h 

come equipped with maps 


R:TR”(§, /; p) -> 

TR "- 1 (§,/;/>) 

(restriction) 

F: TR”(S, /; p) -> 

TR^ _1 (S ,I;p) 

(Frobenius) 

R:TR^ _1 (§V; P) - 

-a TR^ (S, / ; p) 

(Verschiebung) 

d:TR n q (SJ-,p)^ 

TR ” +1 (S,/;/>) 

(Connes’ operator) 


and all maps in the long-exact sequence of equivariant homotopy groups induced by 
the cofibration sequence above, 

— » tr;; (s, / ; 2) 4 tr;; (§ ; 2) 4 tr;; (Z; 2) 4 tr;;_, (s, / ; 2) -► • • • , 

are compatible with restriction maps, Frobenius maps, Verschiebung maps, and 
Connes’ operator. Moreover, this is a sequence of graded modules over the graded 
ring TR£(§; p). 


Lemma 20. The following sequence is exact, for all n ^ 1. 
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0->H 3 (C 2 „-i, 7XS,/)) ^>TR'j(§,/;2) A I -,2) -► 0. 

Proof. From the proof of Corollary 16 we have a map of short-exact sequences 


0 H 3 (C 2 „- 1 , r(S)) ^ TR"(§; 2) » TRr'(S; 2) 0 

0 ** Ms (C 2 n- 1 , T{ Z)§ • ^ TR” (Z; 2) >- TR” -1 (Z; 2) * 0 


and that the left-hand vertical map is surjective. Moreover, Lemma 13 and Propo- 
sition 15 identify the sequence of the statement with the sequence of kernels of the 
vertical maps in this diagram. This completes the proof. □ 

Corollary 21. The restriction map 

R:TR^(§,/;2) -* TR^ _1 (§, 7; 2) 

is surjective, for all q ^ 4 and all n ^ 1. 

We recall that for n = 1, the map l is an isomorphism, if q = 0, and the zero 
map, if q > 0. It follows that the groups TRq(S, I ; 2), TRj(§, I ; 2), and TR^S, I ; 2) 
are zero, that TR}(§, /; 2) is isomorphic to Z/2Z generated by the unique class rj 
with i (rj) = rj, that TR 2 (§, /; 2) is isomorphic to Z/2Z 0 Z/2Z generated by rjrj 
and by the class A = 9(A), and that TR 3 (§, /; 2) is isomorphic to Z/8Z generated 
by the unique class v with i (v) = v. We note that rjX = 0, since TR^(Z; 2) is zero, 
while rffj = 4v. We consider the skeleton spectral sequences 

E 2 s4 = H s (C 2 n-i , TR* (§, / ; 2)) =► H,+,(C 2 «-i,r(S,/)). 


In the case n = 2, the £ 2 -term for s + £ ^5 takes the form 


0 

0 

Z/8Z 

(Z/2Z) 2 

Z/2Z 

0 


0 

Z/2Z 

(Z/2Z) 2 

Z/2Z 

0 


4Z/8Z 

(Z/2Z) 2 

Z/2Z 

0 


(Z/2Z) 2 

Z/2Z Z/2Z 

0 0 


0 . 


The group E 2 } is generated by the class ijzj, the group E 2 2 by the classes rjfjz s 
and Azs, the group £ 2 3 with j = 0 or s an odd positive integer by the class vz.?, 
and the group E 2 3 with s an even positive integer by the class 4vz,y. We claim that 
d 2 {rjZi) = Azo, or equivalently, that Connes’ operator maps 


= A. 


We show that the class L(A) e H 2 (C 2 , T(§, /)) represented by Azo is zero. By 
Lemma 20, we may instead show that the image L(A) e TR 2 (S, /; 2) by the norm 


On the Whitehead Spectrum of the Circle 


167 


map is zero. Now, V(X) = L(9(A)) = 9(L(A)), and by Proposition 18, the class 
V(X) e TRj(Z;2) is either zero or equal to 4A. But 9(4A) = 49(A) = 4A which 
is zero, by Corollary 16. This proves the claim. The d 2 -differential is now given by 
Lemma 5. We find that the £ 3 -term for s + t ^ 5 takes the form 


0 

0 0 

Z/8Z Z/2Z 0 

Z/2Z Z/2Z Z/2Z 

Z/2Z Z/2Z 0 

0 0 0 


Z/2Z 

0 0 

0 0 


0 


and, for degree reasons, this is also the E 00 -term. The group £ 3 2 is generated by 
the class of r)rjz s - The class of Xz s in E^ 2 is equal to zero, if s is congruent to 0 or 1 
modulo 4, and is equal to the class of rjrjz s , if s is congruent to 2 or 3 modulo 4. 

The spectral sequences for ft ^3 are similar with the only difference being the 
groups E r s 3 with s > 0. In the case n = 3, the E 00 -term for s + t ^ 5 takes the 
form 


0 

0 0 

Z/8Z Z/4Z 2Z/4Z 

Z/2Z Z/2Z Z/2Z 

Z/2Z Z/2Z 0 

0 0 0 

and in the case ft ^ 4, it takes the form 
0 

0 0 

Z/8Z Z/8Z Z/4Z 

Z/2Z Z/2Z Z/2Z 

Z/2Z Z/2Z 0 

0 0 0 


Z/2Z 

0 

0 


Z/2Z 

0 

0 


0 

0 


0 

0 


0 


0. 


We define € e H 5 (C4, T (S, /)) and p e H 5 (C 8 , T (§, /)) to be the unique homotopy 
classes that represent 2vz2 and VZ 2 , respectively. We note that V (e) = 2 p. We further 
define ic = 9(/c) e H 4 (C2, T(§, /)). 


Proposition 22. 77z^ groups H^(C 2 «-i , T (S, /)) with q ^ 5 are g/v^ft Z?y 


H 0 (c 2 «-i,r(§,/)) = o, 

Hi(C 2 b-i, T(§, /)) = Z/2Z • K" -1 ®, 

H 2 (C 2B -1, r(S, /)) = Z/2Z • © Z/2Z • 

e 3 (C 2 „-i, 7(S, /)) = Z/2Z • dV n ~ l (r]fj) © Z/8Z • K n_1 (v), 

0 (n = 1) 

Z/2 V Z • c?F" _1 (v) © Z/2Z • F" _2 (/c) (n 5=2), 


lU(C 2 »-t,7’(S,/)) = 
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e 5 (c 2B -i,7’ (§,/)) = 


0 

Z/2Z • da 

JjITL • dV(k) ® Z/2Z • e 
t Z/2Z • © Z/4Z • F” -4 


(P) (« ^ 4), 


(n = 1) 
(« = 2) 
(h = 3) 


where v = v(n — 1) is the smaller of 3 and n — 1. 

Proof. The statement for q ^ 3 follows immediately from the spectral sequence 
above since the generators given in the statement have the indicated orders. To prove 
the statement for q = 4, we first note that d V n ~ l (v) has order v(n — 1). Indeed, the 
class v has order 8 and d v = 0. Moreover, the image of the map 


t U 5 (C 2 n - 1 , T(S )) -> m 5 (C 2 n-l , T( Z)) 


does not contain the class V n ~ 2 (ic). Indeed, this follows immediately from the 
induced map of spectral sequences. It follows that V n ~ 2 (k) is a non-zero class of 
order 2 which is represented by the element r]fjz 2 = ^Z 2 in the E 00 -term of the 
spectral sequence above. This proves the statement for q = 4. It remains to prove 
the statement for q = 5. It follows from [18, Proposition 4.4.1] that the element 
r]fjz 3 = Az 3 in the E 00 -term of the spectral sequence above represents the class 
dV n ~ 2 {ic). Hence, this class is non-zero and has order 2. Moreover, the spectral 
sequence shows that the subgroup of H 5 (C 2 «-i , T (S, /)) generated by d V n ~ 2 {k) is 
a direct summand. This completes the proof. □ 

The following result was proved by Costeanu in [7, Proposition 2.6]. 

Lemma 23. The map 


l\ TR? 



(Z;2) 


takes the class rj = rj • [l \ n to the class £ij. 

Proof We temporarily write [1 §] w and [1 j\ n for the multiplicative unit elements of 
the graded rings TR” (S; 2) and TR” (Z; 2), respectively. By [17, Proposition 2.7.1], 
the map i is a map of graded algebras over the graded ring given by the stable 
homotopy groups of spheres. Hence, it takes the class q • [1§]„ to the class q • [lz] n - 
Similarly, it is proved in [12, Corollary 6.4.1] that the cyclotomic trace map 


tr: K*( Z) -*TR”(Z;2) 


is a map of graded algebras over the graded ring given by the stable homotopy 
groups of spheres. Hence, the class q-[lz] n is equal to the image by the cyclotomic 
trace map of the class q • \z € KifL). The latter class is known to be equal to the 
generator {—1} e ATi(Z). It is proved in [18, Lemma 2.3.3] that the image by the 
cyclotomic trace map of the generator {—1} is equal to the class 


dlog[-l] n gTR; z (Z;2). 
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To evaluate this class, we recall from [17, Theorem F] that the ring TRq(Z; 2) is 
canonically isomorphic to the ring of Witt vectors W n (Z) . One readily verifies that 

[ — 1 ]n = “ [1 ]n + V(Wn-l) 

by evaluating the ghost coordinates. It follows that d [— l] n = dV([ l] w _i), and since 
the class [— l] n is a square root of 1, we find 

d log[-l] w = [-l]nd[-l]n = (-[1 ]n + V([l] n -0) • d L([l],-l) 

= dv([\) n -i) + n^n[i],-i)) = dvd i] n -i) + • [i ]«-o- 

But by Theorem 11, this is the class as stated. □ 

Remark 24. It follows from Lemma 23 that l(V s (rj)) = if s ^ 2. 

At present, we do not know the precise value of the map 
l\ TR”(§; 2) ->TR”(Z;2) 

for g > 3. However, we have the following result. We define rj e TR” (§, I ; 2) to be 
the unique class such that i (rj) = rj — £ u . The class v that appears in the statement 
will be defined in the course of the proof. It would be desirable to better understand 
this class. In particular, we do not know the values of rj 2 rj or Fdv. 

Theorem 25. The groups TR” (§, I ; 2) with q ^ 3 are given by 

TRq(§, /; 2) = 0, 

TR” (§, / ; 2) = 0 Z/2Z ■ V s (rj), 

0 ^:S<n 

TR"(§, / ; 2) = 0 (Z/2Z • V s (r]fj) ® Z/2Z ■ dV s (fj)), 

0 ^:S<n 

TR" (S, / ; 2) = 0 Z/8Z ■ R s (v) ® 0 Z/2Z • dV s (r]fj), 

0 ^s<n 1 ^s<n 


and the group TR”(§, /; 2) A generated by dV s (v) with 0 ^ s < n. Moreover, the 
restriction map takes rj to rj and v to v, and the Frobenius map takes both rj and v 
to zero and takes drj to drj. The class d(r]fj) = r]d(fj) is zero. 

Proof. The statement for q = 0 follows immediately from Theorem 1 1 and Propo- 
sition 18. For q = 1, Lemma 13 shows that the map i : TR” (S, /; 2) TR”(§; 2) is 

injective, and Lemma 23 shows that the class rj — j is in the image. As said above, 
we define rj e TR”(§, /; 2) to be the unique class with i (rj) = rj — £ij. The state- 
ment for q = 1 now follows immediately from Theorem 1 1 and Proposition 18. For 
q = 2, a similar argument shows that the group TR^S, /; 2) contains the subgroup 
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TR" (§, / ; 2) ; = 0 Z/2Z • V s (r]fj) © 0 Z/2Z • dV s (fj), 

0 ^S<Il 1 ^S<Il 


which maps isomorphically onto the image of LTR^S, /;2) — > TR^S; 2), and 
Lemma 16 shows that the kernel of the latter map is Z/2Z • A. Therefore, to prove 
the statement for q = 2, it remains to prove that drj = A. We have already proved 
this equality, for ft = 1, in the discussion preceeding Proposition 22. It follows that 
the iterated restriction map R n ~ l : TR^(§, /; 2) ->► TRi>(§, /; 2) takes the class drj 
to the class A. Since the kernel of this map is equal to the subgroup TR” (§, I ; 2)', it 
suffices to show that the class i{drj — A) e TRJJ (§; 2) is zero. We have 

i(drj — A) = /(di)) = d(i(rj)) = drj — d% ij. 

The class drj is zero, since rj is in the image of the cyclotomic trace map, and we 
proved in Theorem 11 that d% u is zero. Th statement for q = 2 follows. It also 
follows that F {drj) = drj, since drj = 9(A) and A is in the image of the cyclotomic 
trace map. 

We next prove the statement for q = 3. By Lemma 20, the sequences 

0 -*• H 3 (C 2 »-1 , T(S, /)) 4 TRj (S, / ; 2) 4 TR^ -1 (S, / ; 2) -s- 0 

are exact. The left-hand group was evaluated in Proposition 22. To complete the 
proof, we inductively construct classes 

V = v n e TR” (S, / ; 2) (ft ^ 1) 

such that R(v n ) = v n -\ and F(v n ) = 0, and such that v\ is the class v already 
defined. By Proposition 13 and Corollary 16, we have a short-exact sequence 

0 -* TR" (§, I ; 2) 4 TR" (S; 2) 4 TR" (Z; 2)' -> 0, 

where the right-hand group is the index two subgroup of TR” (Z; 2) defined by 
TR5(Z;2)'= 0 Z/2 s+l Z-^, s . 

1 ^s<n 


To define the class v>2, we first note that l(v) = ft 1^3,1, where a\ e (Z/4Z)* is a 
unit, and choose a unit fti e (Z/8Z)* whose reduction modulo 4 is fti. Then, we 
have l(y — fti^3,i) = 0 and F(v — fti^3,i) = (1 — fti)v. We choose b\ e 7LI%7L such 
that 2b\ = fti — 1 and define V2 to be the unique class such that 


i(y 2) = v — 5 i^ 3 ,i +b iV(v). 


Then R(v 2) = Vi and T(v 2 ) = 0 as desired. 
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We next define the class V3 . The image of V2 by the composition 

TR 3 (§, /; 2) 4 TR 3 (§; 2) 4 TR;’(S: 2) 4 TR^(Z; 2)' 

is equal to < 22 ^ 3 , 2 , f° r some a 2 c Z/8Z. We claim that, in fact, <22 e \ r LI ( tFL. Indeed, 
since F(v 2 ) = 0, we have Ffa&j) = 0. But ^(£ 3 , 2 ) = £ 3,1 which shows that 
the modulo 4 reduction of <22 is zero as claimed. We let 62 € Z/2Z be the unique 
element such that 4^2 = <22 and define V 3 to be the unique class such that 

i( ~ )= [ S(i(v 2 )) + b 2 ( 4^3,2 + ^(ry 2 ) + 2R 2 (v)) if 4f 3 .i = <W) 

V3 I S(i(y 2 )) + b 2 ( 4^3,2 + dR 2 (> 7 2 )) if 4^3,1 = ? 7 2 £i,i. 

The sum on the right-hand side is in the kernel of l, since both l(j] 2 ) e TR 3 (Z; 2) 
and t(v) e TR 3 (Z; 2) are zero. We also have R(v 3 ) = v 2 and F(v 3 ) = 0 as desired. 
Indeed, if 4 £ 3 ,i = d V(r/ 2 ), then 

i(F(v 3 )) = F(S(i(v 2 )) + b 2 ( 4 ^ 3.2 + dV 2 ^ 2 ) + 2V 2 (v ))) 

= S(i(F(v 2 ))) + b 2 m, A + dV(r?) + Vtf) + 4K(v)), 


and if 4^3,1 = t? 2 £ 3 .i, then 


i (F (v 3 )) = F(S(i(y 2 )) + b 2 { 4^.2 + dV 2 (r?))) 

= S(i(F(h))) + b 2 ( 4 ^ 3 j + dVirj 2 ) + 

and in either case, the sum is zero. 

Finally, we let n ^ 4 and assume that the class v„_i has been defined. We find as 
before that the image of the class v n -\ by the composition 

TR ' 3 ,_1 (S, I ; 2) 4 TR ' 3 ,_1 (S; 2) 4 TR" (S; 2) 4 TR' 3 ’ (Z; 2)' 

is equal to a n -\^,n-\ with a n -\ e and define v n to be the unique class 

whose image by the map i is equal to 

i(yn) = S(j(yn — l)) &n — 1^3,n — 1- 

Then /?(v w ) = v„_i and F(v w ) = 0, since 2 n_1 £ 3 , w _2 = 0, for ft ^ 4. 

It remains to prove that the group TR”(§, /; 2) is generated by the homotopy 
classes dV s (v) with 0 ^ s < ft. The sequence 

H 4 (C 2 «-i,r(§,/)) ->TR2(S,/;2) TR"~ /; 2) -► 0, 

which is exact by Corollary 21, together with Proposition 22 show that TR 4 (§, I ; 2) 
is generated by the classes dV(v), 1 ^ s < n , and k. Indeed, since the boundary 
map 
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3:TR”(Z;2) ^TR2(S,/;2) 

commutes with the Verschiebung, it follows that V n ~ l (k ) = ck , for some c e 
2 n ~ l Z. Hence, it suffices to show that there exists a class x n e TR”(§, /;2) 
with dx n = k. The statement for n = 1 is trivial, since the group TR 4 (§, /; 2) 
is zero. We postpone the proof of the statement for n = 2 to Lemma 26 and 
here prove the induction step. So we let n > 3 and assume that there exists a 
class x n _i G TR5 _1 (S,/;2) with dx n _i = /c. We use Corollary 21 to choose a 
class x' n G TR”(S, /; 2) with R(x') = x, 2 _i . Then the exact sequence above and 
Proposition 22 show that 

dx' n = k + ^L' z_1 (v) + &L n_1 (/c) = adV n -\v) + (1 + bc)k, 
for some integers a and b. Since 1 + be is a 2-adic unit, the class 
x n = (1 + bc)~ l (x' n -aV n ~ l {v)) 

is well-defined and satisfies dx n = k as desired. □ 

One wonders whether the class v, which was defined in the proof, satisfies that 
dv = k. This would imply that Fd v = d v, since k is in the image of the cyclotomic 
trace map. 

The following result was used in the proof of Theorem 25. 

Lemma 26. Connes ’ operator 

d : TRj(§, 1:2) ^ TR^(§, / ; 2) 


is surjective. 

Proof. The groups TR^ (§, I ; 2) for q ^ 5 are given by 
TR^(S, /; 2) = 0, 

TRj(S, /; 2) = Z/2Z • rj © Z/2Z • R(jj), 

TR^S, /; 2) = Z/2Z • e??? ® Z/2Z • dV(rj) © Z/2Z • rjrj © Z/2Z • 

TRj(S, /; 2) = Z/2Z ■ dV(r/rj) © Z/8Z • v © Z/8Z • F(v), 

TR^(S, / ; 2) = Z/2Z • k © Z/2Z • d V{v), 

TRj(S, /; 2) = 0. 

Hence, the lemma is equivalent to the statement that in the spectral sequence 

E% = H s (C 2 , TR^ (§, / ; 2)) =» U s+t (C 2 , TR 2 (S, /)), 

the d 2 -differential d 2 : E 2 3 -> ii 2 4 is surjective. We first argue that this is equivalent 
to the statement that M 5 (C 2y TR 2 (E>, /)) has order 4. The elements kzo and dV(v)zo 
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in Eq A are infinite cycles and represent the homotopy classes V 2 (k) and 2 dV 2 (v) 
of H 4 (C 2 , TR 2 (S>, /)). We claim that these classes are non-zero and generate a 
subgroup of order 4. To see this, we consider the norm maps from Proposition 4, 

H 4 (C 2 , TR 2 (S, /)) ^4 TR 2 (S, /; 2) E H 4 (C 4 , r(S, /)). 

It will suffice to show that the subgroup of the middle group generated by the images 
of the classes V 2 (k) and d V 2 (v) has order 4. This subgroup is equal to the subgroup 
generated by the images of the classes V 2 (k) and dV 2 (v) of the right-hand group. 
The right-hand map is injective, since TR 2 (§, /; 2) is zero. (The left-hand map is 
also injective, since TR^S, /; 2) is zero.) Hence, it suffices to show that the sub- 
group of the right-hand group generated by the classes V 2 (k) and d V 2 (v) has order 
4. But this is proved in Proposition 22. The claim follows. We conclude that in the 
spectral sequence under consideration, the differentials 


are zero, for all r ^ 2. It follows that the groups Eq° 5 , E%° 3 , E™, E%° v and E™ have 
orders 0, 2, 2, 0, and 0, respectively, and that for all r ^ 3, the differentials 

/j r • f r f r 

a • ^r + 1,4— r ^ ^1,4 

are zero. We conclude that the differential d 2 : E 33 -> E 2 4 is surjective if and only 
if the group H 5 (C 2 , 77? 2 (§, /)) has order 4. 


The order of the group Ms(C 2 , 77? 2 (§, /) is divisible by 4 and to show that it is 
equal to 4, we consider the following diagram with exact rows and columns: 

TR*(S; 2) ^ H 6 (C 2 , TR 2 (S; 2)) >■ TR 2 (§; 2) 

i 

TRy(Z; 2) — > H 6 (C 2 , 77? 2 (Z; 2)) >■ TR;?(Z; 2) 

9 

Y Y Y 

TRg(§, /; 2) H 5 (C 2 , TR 2 (S, /)) >■ TR 2 (S, /; 2) 

Y V Y 

TRg(§; 2) ■ ' ° > H 5 (C 2 , TR 2 (S: 2)) - |£ 5 ^f TR 2 (g; 2). 

It follows from Theorems 11 and 18 that the group TR^S, I ; 2) is equal to Z/2Z • 
2 ^ 5 , 2 . Hence, it will suffice to show that the image of the map S' has order at most 2. 
Since the lower left-hand horizontal map in the diagram is zero, we conclude that 
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the image of the map 8' is contained in the image of the map 9. Therefore, it suffices 
to show that the image of the map 9 has order at most 2. 

The group TR|(Z; 2) is zero by Proposition 13 and the group TRy(Z; 2) is cyclic 
of order 4. It follows that the group Me(C 2 , TR 2 (Z ; 2)) is cyclic and has order either 
0, 2, or 4. If the order is either 0 or 2, we are done, so assume that the order is 4. 
We must show that 2 times a generator is contained in the image of the map l in the 
diagram. To this end, we consider the diagram 

H 6 (C 4 , 77? 2 (§; 2)) — ^ H 6 (C 2 , TR 2 (S; 2) 

l l 

\ V 

H 6 (C 4 , 77? 2 (Z; 2)) — ^ H 6 ( C 2 , TR 2 (Z\ 2). 

We first show that the lower horizontal map F is surjective. The assumption that 
the lower right-hand group has order 4 implies that a generator of this group is 
represented in the spectral sequence 

El = H s (C 2 . TR"(Z: 2)) =► H i+ ,(C 2 , 77? 2 (Z; 2)) 

by the element Xz 3 e E 2 3 . This element is the image by the map of spectral 
sequences induced by the map F of the element Xz 3 6 E 2 3 in the spectral sequence 

El = 77,(C 4 ,TR 2 (Z;2)) =» U s+t (C 4 , 77? 2 (Z; 2)). 

We must show that the latter element Xz 3 is an infinite cycle. For degree rea- 
sons, the only possible non-zero differential is d 3 : E 33 -> E 3 )5 . The target group 
is equal to Z/2Z • kzo , and the generator kzo represents the homotopy class V 2 (k) 
in H 5 (C 4 , TR 2 { Z; 2)). To see that this class is non-zero, we consider the norm maps 

H 4 (C 4 , 77? 2 (Z; 2)) % TR^(Z; 2) H 4 (C 8 , 7’(Z)). 

We may instead prove that the image of the class V 2 (k) by the left-hand map is 
non-zero. This image class, in turn, is equal to the image of the class V 2 (k ) by 
the right-hand map which is injective since TR|(Z; 2) is zero. Now, Proposition 15 
shows that the class V 2 (k) in the right-hand group is non-zero. We conclude that 
the lower horizontal map F in the square diagram is surjective as stated. 

Finally, we show that the image of the left-hand vertical map l in the square 
diagram contains two times the homotopy class represented by the element Xz 3 . In 
fact, the image of the composition 

H 5 (C 4 , T(S)) 4 H 5 (C 4 , 77? 2 (S; 2)) 4 H 5 (C 4 , 77? 2 (Z; 2)) 
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of the Segal-tom Dieck splitting and the map l contains 2 times the class represented 
by Xz 3 - Indeed, by Proposition 10, the element VZ 3 e E 33 of the spectral sequence 

El = H S (C+. TR , 1 (S; 2)) =► H, +f (C 4 , T(S)) 

is an infinite cycle whose image by the map of spectral sequence induced by the 
composition of the maps S and l is equal 2Az3 c E 33 = Z/4Z-Az3. This completes 
the proof. □ 


8 The Groups Whf \S ') for q =$ 3 

In this section, we complete the proof of Theorem 1 of the Introduction. It follows 
from [15, Theorem 1.2] that the odd-primary torsion subgroup of Wh^ op (5' 1 ) is zero, 
for q ^ 3. Hence, it suffices to consider the homotopy groups with Z 2 -coefficients. 
We implicitly consider homotopy groups with Z 2 -coefficients. 

As we explained in the introduction, there is a long-exact sequence 

> Whf p (S l ) ^ TR q (S[x ±l l I[x ±l ]^) I[x ±l ]^) -► ••• 

where the middle and on the right-hand terms are the cokernel of the assembly map 

a:TR ? (§; /;2) © TR ? _i(§; /;2) -* TR ? (S[x ± 1 ], /[x ±1 ]; 2). 

Moreover, since the groups TR”(§, /; 2) are finite, for all integers q and n ^ 1, the 
limit system {TR”(§, / ; 2)} satisfies the Mittag-Leffler^condition, and Corollary 3 
then shows that the same holds for the limit system {TR"(S[x ±1 ], 7[x ± 1 ];2)}. It 
follows that, for all integers q , the canonical map 

TO^CSfjc* 1 ], /r^ 1 ]; 2) ->limTO2(S[je ±1 ],/[jc ±1 l;2) 

n q 

is an isomorphism. Finally, Theorem 2 expresses the right-hand side in terms of the 
groups TR^ (S, I ; 2) which we evaluated in Theorem 25, for q ^ 3. 


Theorem 27. The groups Wh^^S 1 ) and Wh| op (5' 1 ) are zero. 


Proof. We first note that, as an immediate consequence of Theorems 2 and 25, the 
group TRo(S[x ±1 ], I [x ±1 ]; 2) is zero. Moreover, we showed in Theorem 25 that the 
Frobenius map F: TRf (§, / ; 2) ->► TRf 1 (§, / ; 2) is zero, and hence, 
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is the identity map. This shows that the group W\\q° v (S 1 ) is zero as stated. To prove 
that Wh| op (5' 1 ) is zero, it remains to prove that the map 

1 - F: TR 2 (S[x ±1 ], I[x ±l ];2) -> TR 2 (S[x ±1 ], I[x ±l ]; 2), 

is surjective. So let co = (co^) be an element on the right-hand side. We find an 
element co' = such that ( R — F)(co') = co. By Theorem 2, we can write co^ 

uniquely as a sum 


E ( a 0J Mn + h 0,j Mn d l°g[ x ]n) + 


E 


(V\a™[x]i_ s )+dV*(bl*M_ 


,)) 


j €Z^{0} 


1 ^s<n 
j 2 Z 


with e TR^ 5 (S, /; 2) and e TR” 5 (§, /; 2). We first consider the four 
types of summands separately. 

First, if co^ = V s (a^[x] j ) with s ^ 1, we let co' = co. Then 

(R - F)(co f{n+l) ) = (R — F)(V s (a in+l) [x] j )) = V s (a (n) [x] j ), 

since FV = 2 and 2 = 0. We note that here j may be any integer. 

Second, if co^ = d V s (b (n } [x] J ) , where j and s ^ 1 are integers, we define 


= - 


E 

s^r<n — 1 


dV r+l {b (n ~ l ~ r+s) [x] i ) 


- J2 V r {y ib< n ~ r+s) [x] J ). 

s^r<n 


Then we have R(cu ltn+I} ) = oS { " ) and 


(. R - F)(ft> ,(,,+1) ) 


- dV r+ \b (n - 1 - r+s) [x] j ) 

s^r<n — 1 


- J2 V r (r 1 b (n - r+s) [x] j ) 

s^r<n 


+ J2 dV r (b {n - r+s) [x ] j ) + J2 V r (r,b (n ~ r+S) [x ] j ) 

s^r<n s^r<n 

dV s (b (n) [x] j ) 


as desired. 

Third, if co^ = b^[x] j d log[x], we let co' = co. Then (R — F){co ,(jl+l ^) = co^ n \ 
since F(b = 0. 

Fourth, we consider the case 00 ^ = a^[x ] j . Then e TR^(S, /; 2) and we 
showed in Theorem 25 that this group is an F 2 -vector space with a basis given by the 
classes V s (rjfj) and dV s (r]fj ), where 0 ^ s < n. If aS n ^ = V s (rjfj) with 0 ^ s < n, 
then we let co' = co. Then ( R — F){co'^ l+l ^) = co^ n \ since F(fj) = 0. Next, suppose 
that = dV s (fj ) with 1 ^ s < n. Then 


dV s (fj)[x] j = dV s (rj[xf j ) - jV s (fj)[x] j d\og[x]. 
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and we have already considered the two terms on the right-hand side. Hence, also 
in this case, there exists co' such that ( R — F){co'^ n+i y = co^\ Similarly, in the 
remaining case co (n) = (d rj)[x]i , the calculation 


( R — F)(dV(fj[x] J )) = dV(rj[x] J ) — d(fj[x] J ) — r]fj[x] J 

= dV(r)[x]i) — (dfj)[xy + j fj[x] j d log[x] — r]fj[xy 


shows that there exists co' such that ( R — F)(oo'^ l+l ^) = co^K Indeed, we have 
already considered dV(fj[xy), rj[xy d log[x], and r]fj[xy . 

Finally, we can write every element co = (co^) of TR 2 (S[x] ±1 , I[x ±l ];2 ) as 
a series co = J2 ieI cot , where each a)i is an element of the one of the four types 
considered above, and where, for every n ^ 1, all but finitely many of the a)j are 
zero. Now, for every i el, we have constructed an element co- = ( co -^) such that 
(R — F)(co[) = co i . Moreover, the element co- has the property that, if cof 1} = 0, 
then also co'd n) = 0. It follows that, for all n ^ 1, all but finitely many of the co'd n K 
Hence, the series co' = J2 ieI co- defines an element with ( R — F)(co') = co as 
desired. □ 


Theorem 28. There is a canonical isomorphism 


Wh^VS' 1 ) © 0 Z/2Z. 


r^l y'GZ\2Z 


Proof. We first evaluate the kernel of the map 1 — F in the long-exact sequence at the 
beginning of the section. Let co = (co^) be an element of TR 2 (S[x ±1 ], I[x ±l ]; 2). 
Then co lies in the kernel of 1 — F if and only if the coefficients 


afj = a sJ (co (n) ) e TR" _S (§, /; 2) 
b ( 0 = b s ,j{co (n) ) e TR'P(S,/;2) 


satisfy the equations of Corollary 3. In the case at hand, the equations imply that the 
coefficients above are determined by the coefficients h^j. Indeed, if we write j as 
2 u j' with j' odd, then we have 



F u (dbfp +U) 



1+M) ) (s = 0) 

(1 ^ s < n) 



(s = 0 and j even) 
(s = 0 and j odd) 
(l ^ s < n). 
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(n) 

The coefficients b\ j, however, are not unrestricted, since for every n ^ 1, all but 
finitely many of the coefficients afj and are zero. We write 

b lJ= Z CrjV'W 

0^r<n — l 


and consider the coefficients 


c r j = c r j(co) e Z/2Z. 

Since R(b\ n + ]} ) = b\ H j and R(fj ) = fj , the coefficients c r j depend only on the 
integers r ^ 0 and j gZ\Z and not on n. They determine and are determined by 

the coefficients af?) and b[ n -. 

’ } ( n ) 

The requirement that for all n ^ 1, all but finitely many of the b s ■ be zero 

implies that there exists a finite subset I = I (go) C Z/2Z such that c r j is zero, 
unless j e I . We fix j e I and consider affyj , with u ^ 0. We calculate 

4%j = F u (dbj” +1+U> + rjb^ 1+1+u) ) 

= Z c r.jF u (dV r {fi) + v r (r]fj)) 

0 4£r<zi+w 

= Z c r.i FU - r (df) + r]fj) + ^2 c r,j(dV r ~ u {f]) + V r ~ u (j]f])) 

0 ^r<u u^r<u-\-n 

= ^2 Crjdrj + Z + V r ~ u (r\fi)). 

0 ^r<u u^r<u-\-n 


Now, for all n > 1, there exists = N^(co) such that for all j e I and all 
u ^ N (n \ the coefficient a^uj is zero. We assume that is chosen minimal. 
Since 

R: TR 2 (§, / ; 2) -► TR" -1 (S, / ; 2) 

is surjective and takes (i^\ U j t0 a 0 2 “j^ we have N (n) ^ Considering the 

coefficients of d fj and 17 fj in the sum above, we find that for all u 3; 

Z ( V,/ = 0 (coefficient of d fj) 

0^r<M+l 

= 0 (coefficients of rj fj). 

But these equations are satisfied also for u ^ N ^ _1) which implies that we also 
have ^ We conclude that there exists an integer N = N(co) ^ 0 

independent of n such that c u j = 0, for u > N, and that the coefficient Cqj is equal 
to the sum of the coefficients c r j with r > 1. Conversely, suppose we are given 
coefficients c r j all but finitely many of which are zero. Then, for every n ^ 1, all 
but finitely many of the corresponding coefficients a^j and b^j are zero. This shows 
that the map 
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ker(l-F:TR 2 (S[x ±1 ],/[x ±1 ];2) ^ TR 2 (S[x ±1 ],/[x ±1 ];2)) ^ 0 0 Z/2Z 

r^l je Z^Z 


that to assigns (c r j (&>)) is an isomorphism. 

It remains to show that the map 

1 — 7 7 :TR 3 (S[x ±1 ], 7[x ± 1 ];2) -> TR 3 (S[x ±1 ], 7[x ±1 ];2) 

is surjective. Given the element oo = (co^) on the right-hand side, we find an 
element oo' = (< oo '^) on the left-hand side such that ( R — F)(oo') = oo. As in the 
proof of Theorem 27, we first consider several cases separately. 

First, if oo^ = dV s (b^[x ] J ), where j ands > 1 are integers, we define 

ft> ,(n ) = - dV r+1 (b {n ~ 1 ~ r+s) [x] j ) V r (r 1 b {n - r+s) [xy). 

s^r<n — 1 s^r<n 

Then we find that R(oo'^ 1 ^) = oo'^ and ( R — F){oo r(jl+l )) = oo^ by calculations 
entirely similar to the ones in the proof of Theorem 27. 

Second, if oo^ = b^[x] J d log[x], we consider three cases separately. In the 
case oo^ = V s (r]fj)[xY d log[x] with 0 ^ s < n, we let oo' = oo. Then ( R — 
F)(oo') = oo since F(fj) = 0. In the case oo^ = dV s (rj)[xY d log[x], where 
1 ^ s < n, we note that oo^ = df^^x] 2 * 7 d log[x]) and define 

oo'( n ) = _ ^ dF r+1 (?7[x] 2 * 7 <7 log[x]) — ^ log[x]). 

s^r<n — 1 s$Z.r<n 

Then R(co^ n+l ^) = and ( R — F){oo ,(j2+l>) ) = oo^ as before. In the remaining 
case oo^ = (drj)[xY d log[x], the calculation 

(R - F)(dV(fj[x] J d log[x])) 

= dV(rj[xY d log[x]) — (drj)[xY d log[x] — r]fj[xY d log[x] 

shows that there exists oo' with ( R — F)(oo') = co. Indeed, we have already 
considered d V(fj[x ] 7 d log[x]) and r]fj[xY d log[x]. 

Third, if oo (n) = a^ n) [xY , we consider two cases separately. In the first case, we 
have oo^ n) = V s (v)[x\ j with 0 ^ s < n and define 

a '(n) = V s {v)[ X y + F(K s (v)[x] y ) + F 2 (V s (v)[x] j ). 

Then R(ft> ,(n+1) ) = oS {n} and (R - F)(o/ in+l >) = ft/" 1 because F 2 V s (v) = 0. In 
the second case, oj in) = d V s (rjrj)[ X \ j , we calculate 


dV s (r]fj)[ X y = dV s (r)rj[x] 2S i) — jV s (rjrj)[x] J d log[x]. 
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Since we have already considered the two terms on the right-hand side, it follows 
that there exists of with ( R — F){oo r ) = co. 

Finally, we consider co^ = V s (a^[x\j ) with 1 ^ s < n. For s > 3, we define 

co' (n) = V s {a (n) [x] j ) + FV s (a (n+1) [x] j ) + F 2 V S (a (n+2) [x] j ). 

Then R(o/ l " +i> ) = and ( R — F)(<w'*” +1 *) = a/" 1 since 8a <,,+3) = 0. For 
s = 0 and ^ = 1 , the calculation 

( R - F)(V(a {n+l) [x] j )) = V(a {n) [x] j ) -2a (n+l) [x] j 
( R - F)(V 2 (a {n+l) [x] j ) + FV 2 (a {n+2) [x] j )) = V 2 (a (n) [x] j ) - 4 a {n+2) [x] j , 

shows that there exists oo f with ( R — F)(co') = co. Indeed, we have already 
considered 2 a {n + ^ [x ] 7 and 4 a {n +2) [x ] 7 above. 

The elements oo' with ( R — F)(co') = co which we constructed above have 
the property that, if co ^ is zero, then co'^ is zero. It follows as in the proof of 
Theorem 27 that the map 1 — F in question is surjective. □ 


Theorem 29. There is a canonical isomorphism 


Whf p (.S') ^ 0 0 Z/2Z ® 0 0 Z/2Z. 


rSO ;€Z^2Z 


r^l y'G Z\2Z 


Proof. We first show that the kernel of the map 1 — F in the long-exact sequence 
at the beginning of the section is canonically isomorphic to the group that appears 
on the right-hand side in the statement. So we let oo = (co^) be an element of 
TR 3 (S[x ±1 ], I [x ±l ]; 2) that lies in the kernel of 1 — F. The equations of Corollary 3 
again show that the coefficients 


a ( "j = a s j(co (n) ) e TR" “■*(§, /; p) 

bl”j = b sJ (cv (n 0 eTRP(S,/;/0 


are completely determined by the coefficients h\"j. Indeed, we find 



r 07 + 1— S) 

D hj 


jF u {bfp +u) ) 


F u (db ( "p +U) 

i(n + l—s) 

vKi 



(1 ^ s < n) 

(s = 0) 

(1 ^ s < n ), 


where j = 2 u j' with j r odd. For example, if 1 ^ s < n, then 
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= 2 ( 2 *® + rib™) + r,b^j 
= 2(2(2a^ 3 ] + + ^<"+3) + 

= i?® = ri:r s) 

since TR” -5 ^, /; 2) is annihilated by 8. We now write 


b\ j = E c r ,jV r (rifj) + y] c' r jdV r (rj), 


0^r<n—l 


0^r<n — l 


where the coefficients c r j = c r j(co ) and c f r j = c' rj (co) are independent on n. It 
is clear that the c rj - and c' r ■ are non-zero for only finitely many values of the odd 
integer j . We fix such a j and evaluate the coefficients and &q ^ 7 - for w ^ 1 
as functions of the coefficients c r j and c' r j . 

= F u (dbf +l+u) + r,bf +l+u) ) 

= E c r,j (F u dV r (r]fj) + rjF u V r (rjfj)) 

0 ^r<n-\-u 

+ J2 c' r j(F u ddV r (rj) + r]F u dV r (fj)) 

0 ^r<n-\-u 

= J2 c rj(dV r ~ u (r]ij) + V r ~ u (rj 2 fj)) 

u^r<n-\-u 

b ( o%j = jF u (bf +l+u) ) 

= J2 jCr,jF u V r m + J c r,j F u dV r (r,) 

0 ^r<n-\-u 0 ^r<n-\-u 

= J2 Kj df i + E Kjwv'^w + v'^im- 

0 ^r<u u^r<n-\-u 


We claim that the elements dV u (r]fj ) and V u (rj 2 fj) with u < r < n + u form a 
linearly independent set. Indeed, the map 

/*: TR" +U (§, / ; 2) — > TR" +U (§; 2) 

is injective by Proposition 13, and Lemma 23 shows that 

U(dV r ~ u (r]fj) = dV r ~ u (rj 2 ) + dV r ~ u+ \r] 2 ) 

i*(V r ~ u (ri 2 rj) = V~ u (r] 3 ) + V r ~ u+ \rf’) = 4V r ~ u (v ) + 4V r - u+l (v). 

The claim then follows from Theorem 11. We now conclude as in the proof 
of Theorem 28 that the map that to co assigns ((c r j(co)), (c' r - (co))) defines an 
isomorphism 
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ker(l — 7 7 :TR 3 (S[x ±1 ], 7[x ± 1 ];2) -> TR 3 (S[x ±1 ], 7[x ±1 ];2)) 
- 0 © Z/2Z © 00 Z/2Z 

r^O je Z\Z r^l jeZ^Z 


Finally, we argue as in the proof of Theorem 27 that the map 

1 - T 7 : TR 4 (S[x ± 1 ], 7[x ±1 ]; 2) -> fR 4 (S[x ±1 ], 7[x ±1 ]; 2) 

is surjective. Given co = (co^) on the right-hand side, we find co' = (co'^) on the 
left-hand side with ( R — F)(co') = co. 

First, if co^ = dV s (b^[x] J ), where 1 ^ s < n and j are integers, we define 
ft/ ( "> = - dV r+ \b (n ~ l - r+s \x] i )-^_ ] V(r 1 b (n - r+s) [x] i ). 

s^r<n — 1 s^r<n 

Then we have R(co' (n+l) ) = co'^ and ( R — F){co^ n+l ^) = co^ as desired. 

Second, if co^ = b^[x] J d log[x], we consider two cases separately. In the case 
(^(n) _ dV s (rjrj)[x]i d log[x] with 1 ^ s < n, we write co^ = ^F^t^x] 2 * 7 ^ 
log[x] and define 

^(n) _ _ ^ dV r+l (j]r)[x]j d log[x]) — ^ V r (r] 2 fj[x] J d log[x]). 

s^r<n — 1 s^r<n 

Then R(u/ (7Z+1 )) = and ( R — F)(co ,(<n+l )) = co^ as before. In the case where 
^(n) _ y s (y^[ x y d log[x] with 0 ^ s < n, we define 

Q)dn) _ y s (y^[ x y d log[x] + F (V s (v)[xY d log[x]) + F 2 (V s (v)[xY d log[x]). 

Then R(co ,(<n+l Y = co'^ and ( R — F)(co ,(<n+l Y = co^ since 8v and Fv are zero. 
Finally, we consider co^ = dV s (v)[xY with 0 ^ s < n. For s ^ 1, 

dV s (v)[xY = dV s (v[xf j ) - jV s {v)[xY d\og[x] 

and the two terms on the right-hand side were considered above. It follows that there 
exists co' with ( R — F)(co') = co. For s = 0, we calculate 

(R — F)(dV(v[xY)) = dV(v[xY) — (dv)[xY + jv[xY d log[x] — r]v[xY 
(R ~ F )(rjv[xY) = r)v[xY . 

This shows that also for co^ = (d v)[x] 7 , there exists co' such that (R—F)(co') = co. 
Indeed, we have already considered the remaining classes on the right-hand side. 

The elements co f with ( R — F)(co') = co which we constructed above have 
the property that, if co^ is zero, then co is zero. It follows as in the proof 
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of Theorem 27 that the map 1 — F in question is surjective. This completes the 
proof. □ 
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Cocycle Categories 


J.F. Jardine 


Abstract The cocycle category H(X , Y) is defined for objects X and Y in a model 
category, and it is shown that the set of homotopy category morphisms [X,Y] is 
isomorphic to the set of path components of H(X , Y), provided that the ambient 
model category is right proper, and if weak equivalences are closed under finite 
products. Various applications of this result are displayed, including the homotopy 
classification of torsors, abelian sheaf cohomology groups, group extensions and 
gerbes. The older classification results have simple new proofs involving canoni- 
cally defined cocycles. Cocycle methods are also used to show that the algebraic 
K - theory presheaf of spaces is a simplicial stack associated to a suitably defined 
parabolic groupoid. 

1 Introduction 

Suppose that G is a sheaf of groups on a space X and that U a C X is an open 
covering. Then a cocycle for the covering is traditionally defined to be a family 
of elements g a p e G(U a (T Up) such that g aa = e, and g a pgp Y = gay when all 
elements are restricted to the group G(U a Pi Up D U y ). 

A more compact way of saying this is to assert that such a cocycle is a map of 
simplicial sheaves C(U) -> B G on the space X, where C(U) is the Cech resolution 
associated to the covering family {U a j. The canonical map C(U) -> * is a local 
weak equivalence of simplicial sheaves, and is a fibration in each section since C(U) 
is actually the nerve of a groupoid - the map C(U) -> * is therefore a hypercover, 
which is most properly defined to be a map of simplicial sheaves (or presheaves) 
which is a Kan fibration and a weak equivalence in each stalk. Every cocycle in the 
traditional sense therefore determines a picture of simplicial sheaf morphisms 

* C{U) -> BG. 

where the canonical map C(U ) -> * is a hypercover. 
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More generally, it has been known since the mid 1980s [4, 10] that the locally 
fibrant simplicial sheaves (i.e. simplicial sheaves which are Kan complexes in each 
stalk) have a partial homotopy theory which leads to a calculus of fractions approach 
to formally inverting local weak equivalences, and therefore specifies a construc- 
tion of the homotopy category for simplicial sheaves. Specifically, one defines 
morphisms [X,Y] in the homotopy category by setting 

[X,Y]= lim t r(F,T), (1) 

[tt]:V^X 

where the filtered colimit is indexed over simplicial homotopy classes of hypercov- 
ers 7T : V -> X, and 7t(V,Y) denotes simplicial homotopy classes of maps V -> Y. 
Thus, morphisms in the homotopy category are represented by pictures 

X +- V -> Y, (2) 

where tt is a hypercover. The relation (1) is usually called the Generalized Verdier 
Hypercovering Theorem, and it is the historical starting point for the homotopy 
theory of simplicial sheaves. 

Much has transpired in the intervening years. We now know that there is a 
plethora of Quillen model structures for simplicial sheaves and simplicial presheaves 
on all small Grothendieck sites [15], all of which determine the same homotopy 
category. In the first of these structures [11,21], the monomorphisms are the cofi- 
brations and the weak equivalences are the local weak equivalences (i.e. stalkwise 
weak equivalences in the presence of enough stalks), and then the homotopy cate- 
gories for simplicial sheaves and presheaves (which are equivalent) are constructed 
by methods introduced by Quillen. The morphisms [. X , Y] in the homotopy category 
of simplicial sheaves coincide with those specified by (1) if X and Y are locally 
fibrant. These basic model structures also inherit many of the good properties of 
simplicial sets, including right properness, which means that weak equivalences are 
stable under pullback along fibrations. Weak equivalences of simplicial presheaves 
and sheaves are also closed under finite products. 

One still needs a cocycle or hypercover theory, because it is involved in the proofs 
of many of the standard homotopy classification theorems for sheaf cohomology, 
such as the identification of sheaf cohomology with morphisms [*,K(A, n)] in the 
homotopy category. It turns out, however, that the traditional requirement that the 
map n in (2) should be something like a fibration in formal manipulations based 
on the generalized Verdier hypercover theorem is usually quite awkward in prac- 
tice. This has been especially apparent in all attempts to convert n -types to more 
algebraic objects. 

The basic point of this paper is that there is a better approach to defining 
and manipulating cocycles, which essentially starts with removing the fibration 
condition on the weak equivalence tt in (2). 
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A cocycle from X to Y is defined in this paper to be a pair of maps 



Z^Y 


g 


( 3 ) 


where / is a weak equivalence. A morphism of cocycles is the obvious thing, 
namely a commutative diagram 



The cocycle category is denoted by H(X , F). Then the basic point is this: there is 
an obvious function 


0 : 7t 0 H(X , Y) -> [X, Y] 


taking values in morphisms in the homotopy category, which is defined by sending 
the cocycle (3) to the morphism gf~ l in the homotopy category. Then Theorem 1 
of this paper says that this function 0 is a bijection. 

Cocycle categories and the function 0 are defined in great generality. The fact that 
0 is a bijection (Theorem 1) holds in the rather common setting of a right proper 
closed model structure in which weak equivalences are preserved by finite products. 
The formal definition of cocycle categories and their basic properties appear in the 
first section of this paper. The overall theory is easy to demonstrate. 

The subsequent sections of this paper are taken up with a tour of applications. 
Some of these are well known, and are given here with simple new proofs. This 
general approach to cocycles is also implicated in several recent results in non- 
abelian cohomology theory, which are displayed here. 

Section 3 gives a quick (and hypercover-free) demonstration of the homotopy 
classification theorem for G-torsors for a sheaf of groups G - this is Theorem 2. It is 
also shown that the ideas behind the proof of Theorem 2 admit great generalization: 
examples include the definition and homotopy classification of torsors for a presheaf 
of categories enriched in simplicial sets (Theorem 3), the explicit constructions of 
the stack completion of a sheaf of groupoids in terms of both torsors and cocycles 
given in Section 3.3, and the calculation of the morphism set [*, holini G^f] for a 
diagram X of simplicial presheaves defined on a presheaf of groupoids G which 
appears in Theorem 5. 

Section 4 gives a new demonstration of homotopy classification theorem for 
abelian sheaf cohomology (Corollary 3). Section 5 gives a new description of the 
homotopy classification theorem for group extensions in terms of cocycles taking 
values in 2-groupoids (Theorem 6), and in Section 6 we discuss but do not prove a 
classification theorem for gerbes up to local equivalence as path components of a 


188 


J.F. Jardine 


suitable cocycle category. This last result is Theorem 7 - it is proved in [19]. The 
cocycles appearing in the proofs of Theorems 2, 6 and 7 are canonically defined. 

In Section 7, the methods of this paper are used to show that the algebraic K- 
theory presheaf of spaces K l can be constructed as a simplicial stack for the Zariski 
topology which is associated to a simplicial sheaf of groupoids made up of parabolic 
subgroups of general linear groups. The argument for the proof of the main result 
of the section (Theorem 8) specializes locally to a proof of an old result of Schecht- 
man [26] on the representability of the K - theory space, and the local result implies 
Theorem 8, so that Schechtman’s theorem is essentially equivalent to Theorem 8. 

The real interest in Theorem 8 is in possible generalizations of its proof. It 
should be the case, for example, that there is a simplicial groupoid made up of 
“parabolic” subgroups of the orthogonal and/or symplectic groups that represents 
a Q -construction for hermitian K- theory, in the sense that an associated simplicial 
stack defines Karoubi’s € L l -spaces. 


2 Cocycles 

Suppose that Ad is a right proper closed model category, and suppose further that 
the weak equivalences of Ad are closed under finite products. 

The assertion that Ad is a closed model category means that Ad has all finite 
limits and colimits (CM1), and that the class of morphisms of Ad contain three sub- 
classes, namely weak equivalences, fibrations and cofibrations which satisfy some 
properties. These properties include the two of three condition for weak equiva- 
lences (CM2: if any two of the maps /, g or g • / are weak equivalences, then so is 
the third), the requirement that all three classes of maps are closed under retraction 
(CM3), and the factorization axiom (CM5) which asserts that any map / has fac- 
torizations / = qj = pi where q is a trivial fibration and j is a cofibration, and p is 
a fibration and i is a trivial cofibration. Note, for example, that a trivial fibration is 
a fibration and a weak equivalence - “trivial” things are always weak equivalences. 
Finally, Ad should satisfy the lifting axiom (CM4) which says that in any solid 
arrow diagram 





B >- Y 


where p is a fibration and i is a cofibration, the dotted arrow exists making the 
diagram commute if either i or p is trivial. 

A model category Ad is said to be right proper if weak equivalences are closed 
under pullback along fibrations. 

Not every model category is right proper, but right proper model structures 
are fairly common: examples include topological spaces, simplicial sets, spectra, 
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simplicial presheaves, presheaves of spectra, and certain “good” localizations such 
as the motivic and motivic stable model categories. In all of these examples as well, 
weak equivalences are closed under finite products, meaning that if g : X -> Y is a 
weak equivalence and Z is any other object, then the map gxl :IxZ->fxZ 
is a weak equivalence. 

Weak equivalences are closed under finite products for any / -local model struc- 
ture for simplicial presheaves (such as the motivic model structure), because one 
can show that if Z is / -local and A is an arbitrary simplicial presheaf, then the 
internal function complex Hom(A, X) is an / -local simplicial presheaf. See [7] for 
the relevant definitions. 

Suppose that X and Y are objects of M. Let H(X , Y) be the category whose 
objects are all pairs of maps (/, g) 



Y 


such that / is a weak equivalence. A morphism a : (/, g) — > (/', g') of H(X, Y) 
is a commutative diagram 



One says that H(X, Y) is the category of cocycles from A to Y . 

Example 1. Suppose that V -> * is a sheaf epimorphism (possibly arising from a 
covering) and that G is a sheaf of groups. Traditional cocycles for the underlying 
site with coefficients in G can be interpreted as simplicial sheaf maps 


C(V) -> BG , 


where C(V) is the Cech resolution for the cover, and the canonical map C(V) -> * 
is a local weak equivalence of simplicial sheaves. All cocycles of this type therefore 
represent objects of the cocycle category //(*, BG) in simplicial sheaves. This is a 
motivating example for the present definition of a cocycle. 

More generally, it has been known for some time [10] that morphisms X -> 
Y in the homotopy category of simplicial sheaves can be represented by pairs of 
morphisms 


X <- U 


where n is a hypercover, or locally trivial fibration, provided that X and Y are 
locally fibrant. Such pictures are members of the cocycle category H(X , Y) in 
simplicial sheaves. 
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Write noH(X, Y ) for the class of path components of H(X , Y ), and let [ X , Y] be 
the set of morphisms from X to Y in the homotopy category Ho (Ad) of Ad. Recall 
that the category Ho (Ad) is constructed from the model category Ad by formally 
inverting the weak equivalences. Then one sees that there is a function 

(j) : 7TqH(X, Y) -> [X, Y] 

which is defined by (/ g) i-> g • f~ l . 

Theorem 1. Suppose that Ad is a right proper closed model category for which 
the class of weak equivalences is closed under finite products. Then the function 
: 7ToH(X 7 Y) -> [ X , Y] is a bijectionfor all X and Y. 

Remark 1. Cocycle categories have appeared before in the literature. In particular, 
it is known from the Dwyer-Kan theory of hammock localizations that if Y is a 
fibrant object in a model category Ad then the nerve BH(X , Y) of the category 
H(X , Y) (which is a variant of the “moduli category” for the theory) is a model for 
the function complex of morphisms from X to Y, and the conclusion of Theorem 1 
that there is a bijection 

jr 0 H(X, Y) 2* [X, Y] 

holds in that case. See [1,6], and more recently [5]. The assumptions on the model 
category Ad in the statement of Theorem 1 give a way to avoid the technical issues 
around hammock localizations - the proof which follows below is really quite sim- 
ple. It is also vital for the applications of Theorem 1 which appear below that there 
cannot be a fibrancy condition on the target object Y. 

Suppose that the maps / g : X -> Y are left homotopic. Then there is a 
commutative diagram 


X 



for some choice of cylinder object X ® /, in which s is a weak equivalence and h 
is the homotopy. Then there are morphisms 

(W)->ca)<-(u,s) 

in H(X,Y ), so that (lx,/) and (lx,g) are in the same path component of 
H(X , Y). It follows that the assignment / [(lx, /)] defines a function 


Cocycle Categories 


191 


f : 7 r(Z, F) -> 7T 0 H(X, F) 

where tt(X, F) denotes left homotopy classes of maps from X to Y. 

Theorem 1 is a formal consequence of the following two results: 

Lemma 1. Suppose that a : X — >► X' and /3 : F — >► F' are wea/: equivalences. 
Then the induced function 

(< a , /3)* : 7T 0 H(X, F) -> ttoHCX', F') 

w a bijection. 

Lemma 2. Suppose that X is cofibrant and Y isfibrant. Then the function 

f : Jt 0 H(X, F) -> [X, F] 


is a bijection. 

Proof (Proof of Lemma 1). Identify the object (fg) e H(X',Y f ) with a map 
(f g) : Z -> X' x Y' of A4 such that / is a weak equivalence. 

There is a factorization 


Z >- W 

(Px f 'Py') 

X f x Y’ 

such that j is a trivial cofibration and (px',PY f ) is a fibration. Observe that px> is 
a weak equivalence. 

Form the pullback 



(Px''PyO 
X X F ^X f X F' 

Then (Px, Py) * s a fibration and (o' x /3)* is a weak equivalence. The map p\ is 
also a weak equivalence. 

The assignment (f g) i-> (p\, Py) defines a function 
ttqH(X\ Y f ) -> ttqH(X, Y) 


IF* 

(Px’Py) 


which is inverse to (o', /3)*. 


□ 
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Proof (Proof of Lemma 2). The canonical function n(X, Y) -> [X, Y] is a bijection 
since X is cofibrant and Y is fibrant, and there is a commutative diagram 

7t(X, Y ) — jr 0 H(X, F) 



[VF] 


/ S 

It suffices to show that i/s is surjective, or that any object X Z — >► T is in the 

1 k 

path component of some pair X X — ► T for some map k. Form the diagram 



where j is a trivial cofibration and p is a fibration; the map 9 exists because Y is 
fibrant. The object X is cofibrant, so the trivial fibration p has a section cr, and there 
is a commutative diagram 





Y 


The composite 6 a is the required map k. □ 

We conclude this section with the following strengthening of Lemma 1 , which 
holds in many cases of interest. 

Lemma 3. Suppose that, in addition to the hypotheses of Theorem 1, the model 
structure M. has functorial factorizations. Suppose that a : X — >► X' and f5\Y ~^Y f 
are weak equivalences of A4. Then composition with a x ft induces a weak 
equivalence 

(a, /3)* : BH(X, Y) -> BH(X', Y'). 


Proof In the notation of the proof of Lemma 1 , the assignment 


<J,g)»(Px,P*y) = nf,g) 
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defines a functor \j/ : -> Then there are natural transforma- 

tions 

(/,£) (Px',Py') <- 

Similarly, for members ( h,k ) of the cocycle category //(X, T), there is a natural 
transformation 

(h,k)^\Ka,P)*(h,k). 

It follows that the map 


(a, (*, F) -> BH(X\ Y'). 

is a homotopy equivalence. 


□ 


3 Torsors 

3.1 Torsors for Sheaves of Groups 

Suppose that G is a sheaf of groups on a small Grothendieck site C. 

A G-torsor is usually defined to be a sheaf X with a free G -action such that the 
map X/G — » * is an isomorphism in the sheaf category. 

The G -action on X is free if and only if the canonical simplicial sheaf map 
EG x G X X/G is a local weak equivalence. One sees this by noting that the 
fundamental groups of the Borel construction EG x G X are isotropy subgroups for 
the G -action. Further, EG x G X is the nerve of a groupoid so there are no higher 
homotopy groups. 

It follows that a sheaf X with G -action is a G-torsor if and only if the canonical 
simplicial sheaf map EG x G X -> *isa local weak equivalence. Write G — tors 
for the groupoid of G -torsors and G-equivariant maps. 

Suppose given a cocycle 

* r \ bg 

in the category of simplicial sheaves. Form pullback 

pb(F) Y (1) 

a 

EG — BG 

71 

Then the simplicial sheaf pb(Y) inherits a G-action from the G-action on EG, and 
the induced map EG x G pb(Y) — >► Y is a weak equivalence. The square (1) is 
locally homotopy cartesian, and it follows that the map pb(F) ifopb(T) is a 
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G-equivariant weak equivalence. Here, ifo pb(Y) is the sheaf of path components of 
the simplicial sheaf pb(Y), in this case identified with a constant simplicial sheaf. 

It follows that the maps 

EG x G jf 0 pb(F) EG x G pb(Y) Y ~ * 
are weak equivalences, so that ifo pb(F) is a G-torsor. A functor 

-> G - tors (2) 

is therefore defined by sending the cocycle * Y -> B G to the torsor ifo pb(Y). 
A functor 

G-tors^H(*,£G) (3) 

is defined by sending a G-torsor X to the cocycle * EG x G X -> BG. 

Theorem 2. Suppose that C is a small Grothendieck site , and that G is a sheaf of 
groups on C. Then the functors (2) and (3) induce bijections 

[*, BG] ^ BG) ^ tt 0 (G - tors) = H l (C, G). 

Proof The functors (2) and (3) induce functions tto//(*, BG) — ► tto(G — tors) and 
tto(G — tors) -> BG) which are inverse to each other. To see this, there are 

two statements to verify, only one of which is non- trivial. 

To show that the composite 

tto(G — tors) -> G) -> tto(G — tors) 

is the identity, one uses the fact that the diagram 

X ^ EG x G X (4) 


4* B G 

is section wise homotopy cartesian. □ 

The identification of the non-abelian cohomology invariant H l (C,G) with mor- 
phisms [*, i?G] in the homotopy category of simplicial sheaves of Theorem 2 
is, at this writing, almost twenty years old [12]. Unlike the original proof, the 
demonstration given here contains no references to hypercovers or pro objects. 

Suppose that U * is a sheaf epimorphism, and let C(U) denote the corre- 
sponding Cech resolution. Recall that C(U) is the nerve of a sheaf of groupoids 
whose object sheaf is U and whose morphism sheaf is U xU, with source and tar- 
get given by the two projections U x U — > U . It’s possibly a bit confusing, but I 
also use the notation C(U) to denote this underlying groupoid. 


Cocycle Categories 


195 


I say that a G-torsor F trivializes over U if there is a sheaf map g : U — v Y ; the 
sheaf map a is called a trivialization. ^ 

Since F is a G-torsor, the isomorphism Gxf 4 7x7 defined by (g, y) m- 
(y, gy) determines an isomorphism 

C(F) ^ EG x G F. 

Thus, a trivialization g : U -> Y determines a composite 

o* : C(£/) 4 C(Y) s EGx g Y -* BG, 

which is a member of the cocycle category //(*, BG). This is the classical method 
of associating a cocycle to a torsor F . 

More generally, any two trivializations g,g' : U -> Y determine a canonical 
map 

U X u 4^ Y xY g* G xY. 
and hence a unique element (a'(v), a(w))* e G such that 

(a'(v),a(w))*a(w) = a'(v) 

for all sections m, v of £/. In particular, the element (a(v), g(u ))* is the image of the 
morphism (u, v) under the cocycle a* associated to o'. It also follows that g and a' 
together determine commutative diagrams 




(ct(v),ct(m))* 
* >■ * 


t t 


(o f (v).o(v)) 


so that there is a canonical homotopy C(U) x A 1 -> i?G from the cocycle a* 
to the cocycle a' . This homotopy is a member of the groupoid G c ^ of functors 
C(U) -> G and natural isomorphisms C(G) x 1 -> G between them; the nerve of 
this groupoid is the function complex hom(C(G), BG). 

If 9 : F — >► Y r is a morphism of G-torsors and g : U — F is a trivialization of 
F, then the cocycles a* and (0a)* coincide, since the map 9 is G-equivariant. 

Write G — tors G for the full subcategory of the groupoid of G-torsors, whose 
objects are the torsors F admitting a trivialization U -> Y over U. For each such 
torsor F, make a fixed choice of trivialization ay : U F . Then a morphism of 
torsors 0 : F — F' induces a unique natural isomorphisms 


Gy* = (0Oy) 


0 = 


Gyr*. 
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We have therefore defined a functor 


cojj : G — tors u -> G c ^ u \ 


with oou(Y) = cry*. 

A different choice of family of trivializations {o r Y } determines a functor oo^ 
which is canonically homotopic to oou . 

Lemma 4. The functor cojj : G — tors u — >> G C( ^ is a weak equivalence of 
group oids. 

Proof Let y : C(U ) -> 5G be a cocycle, and write Y y = ifopbC(f/) for the 

torsor associated to y. Then there is a coequalizer diagram of sheaves 

do 7i 

U X U x G G xG^j y 

di 

where do((u , v), h) = (v, y(u , v)/z) and v), h) = (u, h ). Write cr(V) = tt(w, e) 
to define a trivialization cr : U Yf. Then one finds that 

y(u,v)(r(u) = y(u, v)tt(u, e) = jr(u, y(u, v) -1 ) = 7t(v.e ) = cr(v), 

so that the cocycle o'* determined by the trivialization a coincides with the original 
cocycle y. It follows that the morphism cou is surjective on path components. 

We can choose the trivialization for the trivial torsor G to be the global section 
e : * -> G determined by the identity. The associated cocycle e * is the unique 
functor * — >► G. The automorphisms of the trivial torsor G are the maps -k : G — >► G 
defined by right multiplication by global sections k of G, while the homotopies 
A 1 —> BG are again the global sections of G. One then shows that the functor cou 
induces an isomorphism 

G — tors£/(G, G) — > G c ^ u \e*, e *). 

A descent argument shows that the functor oou induces an isomorphism 

G — tors*/ (Y, Y) — > G C( ^(oy*, cry*) 

for all torsors Y which are trivialized over U . □ 

Lemma 4 has been known in one form or another for a long time, but a question 
one could now ask is this: which part of the cocycle category //(*, BG) corresponds 
to the torsors G — tors u which trivialize over U ? 

The answer is essentially obvious. Let //(*, BG)u be the union of the path com- 
ponents of all cocycles C(U) -> BG inside //(*, BG). Then one checks that the 
functors defined in (2) and (3) restrict to functors //(*, BG)u -> G — tors u and 
G — tors u -> //(*, BG)u , respectively, as do the arguments for Theorem 2. We 
therefore have the following: 
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Proposition 1. Suppose that C is a small Grothendieck site and that G is a sheaf 
of groups on C. Suppose that U * is a sheaf epimorphism. Then the functors (2) 
and (3) induce a bijection 


jtoH(*, BG)u = tto(G — tors u). 


3.2 Diagrams and Torsors 

There is a local model structure for simplicial presheaves on a small site C which 
is Quillen equivalent to the local model structure for simplicial sheaves [11] - this 
has been known since the 1980s. Just recently [17], it has been shown that both 
the torsor concept and the homotopy classification result Theorem 2 admit substan- 
tial generalizations, to the context of diagrams of simplicial presheaves defined on 
presheaves of categories enriched in simplicial sets. 

To explain, when I say that A is a presheaf of categories enriched in simplicial 
sets I mean that A consists of a presheaf Ob (A) and a simplicial presheaf Mor (^4), 
together with source and target maps s, t : Mor(A) -> Ob (A), a map e : Ob (A) -> 
Mor(A) which is a section for both s and t, and an associative law of composition 

Mor(A) x ts Mor(A) — ► Mor(A) 

for which the map e is a two-sided identity. Here, the simplicial presheaf 

Mor(A) x ts Mor(A) 


is defined by the pullback 

Mor(A) x t s Mor(A) >- Mor(A) 


Mor(A) >#b(4) 

and describes composable pairs of morphisms in A. To say it a different way, A is a 
category object in simplicial presheaves with simplicially discrete objects. 

An A-diagram X (expressed internally [2, p.325], [24, p. 240]) consists of a 
simplicial presheaf map n : X -> Ob(A), together with an action 

Mor(A) x s x X ^ X (1) 


Mor(A) ^ Ob (A) 

of the morphism object Mor(A) which is associative and respects identities. 
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The proof of Theorem 2 (specifically, the assertion that the diagram (4) is homo- 
topy cartesian) uses Quillen’s Theorem B, which can be interpreted as saying that if 
Y : I -> sSet is an ordinary diagram of simplicial sets defined on a small category 
I such that every morphism i -> j induces a weak equivalence Y t -> Yj , then the 
pullback diagram 

Y >- holim jY 


Ob (/) ^ BI 

is homotopy cartesian. Here, we write Y = |_J/eOb(/) Tj. This result automatically 
holds when the index category I is a groupoid, but for more general index categories 
one has to be more careful. 

Say that Y : I -> sSet is a diagram of equivalences if all induced maps Y\ -> Yj 
are weak equivalences of simplicial sets, and observe that this is equivalent to the 
requirement that the corresponding action 

Mor(/) x,,, Y m > Y 


Mor(/|^ ^ Ob(/) 

is homotopy cartesian. This is the formulation that works in general: given a 
presheaf of categories A enriched in simplicial sets, I say that an A -diagram X 
is a diagram of equivalences if the action diagram (1) is homotopy cartesian for the 
local model structure on simplicial presheaves. 

The Borel construction EG x G Z for a sheaf (or presheaf) Z having an action by 
a sheaf of groups G is the homotopy colimit for the action, thought of as a diagram 
defined on G. In general, say that an ^-diagram X is an A-torsor if: 

1. X is a diagram of equivalences. 

2. The canonical map holim aX * is a local weak equivalence. 

A map X — > Y of A-torsors is just a natural transformation, meaning a simplicial 
presheaf map 


X 


/ 


Y 


Ob (A) 

over Ob (A) which respects actions in the obvious sense. Write A — Tors for the 
corresponding category of A-torsors. This category of torsors is not a groupoid in 
general, but one can show that every map of A-torsors is a local weak equivalence. 
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Theorem 3. Suppose that A is a presheaf of categories enriched on simplicial 
sets on a small Grothendieck site C. Then the homotopy colimit functor induces 
a bijection 

no(A - Tors) ^ 7 r 0 //(*, BA) = [*, BA]. 

This result is proved in [17], by a method which generalizes the proof of Theorem 2. 
This same collection of ideas is also strongly implicated in the homotopy invariance 
results for stack cohomology which appear in [16]. 

The definition of A-torsor and the homotopy classification result Theorem 3 
have analogues in localized model categories of simplicial presheaves, provided that 
those model structures are right proper (so that Theorem 1 applies) - this is proved 
in [17]. The motivic model category of Morel and Voevodsky [MV] is an example 
of a localized model structure for which this result holds. 


3.3 Stack Completion 


The overall technique displayed in Section 3.2 specializes to give an explicit model 
for the stack associated to a sheaf of groupoids G, as in [18]. In general, the stack 
associated to G has global sections with objects given by the “discrete” G-torsors. 
This construction of the stack associated to a groupoid G is a direct generalization of 
the classical observation that the groupoid of H- torsors forms the stack associated 
to a sheaf of groups H . 

More explicitly, a discrete G-torsor is a G-torsor X as above, with the extra 
requirement that X is simplicially constant on a sheaf of vertices. Alternatively, 
since G is a sheaf of groupoids, one could say that A is a G -functor taking values 
in sheaves such that the map hofim q X -> * is a weak equivalence. 

A map X — > Y of discrete G-torsors is a natural transformation, or equivalently 
(compare induced fibre sequences over B G) it is a sheaf isomorphism 


Ob(G) 

fibred over Ob(G) which respects the actions. Write G— Tors^ for the corresponding 
groupoid of discrete G-torsors and their morphisms. 

Note that if H is a sheaf of groups then the category H — Tors^ of discrete 
//-torsors coincides with the classical category H — tors of //-torsors discussed in 
Section 3.1. _ 

Suppose that * ^ F BG is a cocycle, and form the G-diagram pb(F) (of 
simplicial sets) by the pullbacks 
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pb (Y)(U) X ^ Y(U) 

w v 

BG(U)/x >BG(U) 

Then by formal nonsense (and Quillen’s Theorem B) there are weak equivalences 

holim Gifopb(T) ~ holirri G pb(T) Y ~ * 

and so the G-diagram ifopb(T) is a discrete G-torsor. This is the discrete G-torsor 
which is associated to the cocycle Y -> BG. This construction is functorial in 
cocycles. 

Suppose that x is a global section of the object sheaf Ob(G) of G. Then the 
map B(G/x ) -> B(G) is a cocycle of BG , and the associated discrete torsor is 
isomorphic to the G-diagram G( , x) which is defined in sections by a i-> G(a,x ), 
and which sends a morphism a : a -> b to precomposition with a ~ l . Any morphism 
x — > y in global sections of G induces an morphism G( , x) -> G( , y) of discrete 
G-torsors in the obvious way. 

Every discrete G-torsor X on C restricts to a G|£/-torsor X\u on the site C/U . 
It follows that there is a presheaf of groupoids G — Tors^ which is defined by the 
assignment U G | u — Tors^ . The assignment 

X j(x) = G\u( , x) 

for x G Ob(G)(G) defines a morphism 

j : G — >► G — Tors^ 


of presheaves of groupoids. 

The homotopy colimit and pullback functors determine adjoint functors [8, 
VI.4.6] 

pb : //(*, BG) ±> G — Tors : holim . 

The inclusion 

G — Tors^ C G — Tors 

has a left adjoint, defined by X i-> ttqX, where 7toX is the sheaf associated to the 
presheaf ttqX of path components of A. It follows that there are weak equivalences 

B(G - Tors,/) ~ B(G - Tors) ^ BH ( *, BG) (1) 

provided that one bounds the size of the objects in G — Tors and cocycles in 
//(*, BG) suitably. 

There is such a bound, because the discrete G-torsors are bounded above in sec- 
tions by cardinals bigger than the sections of G. In effect, global sections a e X(x) 
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for a discrete G-torsor X are classified by isomorphisms of torsors , x) -> X, 
so that all non-empty sets of sections X(U ) are isomorphic to some G\u( , x)(*) 
after restriction to C/U. 

The corresponding weak equivalences 

B(G\u - Tors,/) ~ B(G\ V - Tors) ~ BH ( *, BG\ V ) 

respect composition with all functors C/V -> C/U induced by morphisms V -> U 
of C, and determine section wise equivalences of simplicial presheaves. 

Write H(*, BG) for the presheaf of categories defined by 

H(*,£G)(G) = H(*,BG\ V ). 

Observe that the composite 

BG(U) B(G\ V - Tors rf ) ~ B(G \ v - tors) ~ BH{*, BG\ V ) 

is induced by the functor k : G(U) -> H(*, BG\u ) which associates to an object 
x G G(U ) the cocycle B(G\u / x) -> BG\u on the site C/U. 

Theorem 4. Suppose that G is a sheaf of groupoids. Then the map k* : BG — >► 
BH(*,BG) of simplicial presheaves which is induced by the functor k : G — >► 
H(*,BG) is a local weak equivalence, and the simplicial presheaf BH(*, BG) 
satisfies descent. 

Recall that a simplicial presheaf X satisfies descent if any local weak equivalence 
j : X — >► Z with Z globally fibrant (aka. a globally fibrant model for X) is a 
sectionwise equivalence in the sense that all simplicial set maps X(U) -> Z(U) are 
weak equivalences. 

Proof (Proof of Theorem 4). One uses Theorem 1 (or just Lemma 2) to show that the 
map k* : BG(U) -> BH(*, BG\u ) induces an isomorphism in path components if 
G is a stack. The morphism j : G G— Tors,/ induces isomorphisms Aut(x, x) -> 
Aut(y (x), j (x)) in automorphism groups for all sections x of Ob(G). It follows that 
the maps /* and are sectionwise equivalences if G is a stack. 

More generally, let j : G — >► // be a fibrant model (or stack completion) for a 
sheaf of groupoids H . Then the induced maps 

£#(*, £G|*y) -> 57T(*, BH \ V ) 

are weak equivalences of simplicial sets by Lemma 3, so that the map 
./* : 5H(*, 5G) -> 5H(*, 57T) 


is a sectionwise weak equivalence. 
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Thus, in the homotopy commutative diagram 

BG — C ^-BH(*,BG) 
j* - 

BH — BH(*,BH) 

k * 

the indicated maps are sectionwise equivalences, while /* is a local weak equiva- 
lence. It follows that k* : BG -> i?H(*, BG) is a local weak equivalence. We also 
see that i?H(*, BG) is sectionwise equivalent to a globally fibrant object, namely 
BH , and it follows that i?H(*, BG) satisfies descent. □ 

Corollary 1. Suppose that G is a sheaf of group oids on a small Grothendieck site 
C. Then the simplicial pre sheaf B{G — Tors^) satisfies descent, and the simplicial 
pre sheaf map 

j : BG —> B(G — Tors^) 

is a local weak equivalence. 

In other words, the discrete G-torsors form a model for the stack completion of 
a sheaf of groupoids G, as does the presheaf of categories H(*, BG). Corollary 1 is 
the main result of [1 8], and appears there with a different proof. Theorem 4 is equiv- 
alent to Corollary 1 , but the reformulation given here in terms of cocycle categories 
is new. 

Finally, observe that the presheaf of categories H(*, BG) and the functor k : 
G -> H(*, BG) are both defined for presheaves of groupoids G, and that k com- 
mutes with morphisms of presheaves of groupoids up to homotopy. Theorem 4 
therefore has a presheaf version: 

Corollary 2. Suppose that G is a pre sheaf of groupoids. Then the map k* : BG 
BH(*,BG) of simplicial presheaves which is induced by the functor k : G -> 
H (*,BG) is a local weak equivalence, and the simplicial presheaf BH(*, BG) 
satisfies descent. 

Example 2. Suppose that F is a presheaf of sets on a Grothendieck site C, and 
identify F with a discrete presheaf of groupoids. It is well known that the associated 
sheaf map rj : F F is a globally fibrant model for F , or equivalently that 
the discrete groupoid on the sheaf F is the stack associated to F. It follows from 
Corollary 2 that there is a sectionwise isomorphism of presheaves 

7To£H(*,F) ^ F (2) 

so that the assignment F \-> 7toBH( *, F) constructs the associated sheaf F. It also 
follows that the simplicial presheaf i?H(*, F) is a sectionwise resolution of F in 
the sense that we have the isomorphism (2), and all presheaves of higher homotopy 
groups of i?H(*, F) are trivial. 
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I would like to thank a referee for pointing out the existence of the isomor- 
phism (2). In isolation, the proof of this isomorphism does not require anything 
like Theorem 4 or Corollary 2; it is a straightforward consequence of Theorem 1. 


3.4 Homotopy Colimits 

Suppose that G is a presheaf of groupoids. 

Write s Pre(C) G for the category of G -diagrams in simplicial presheaves, defined 
for G = A as above. Following [16], this category of G-diagrams has an injec- 
tive model structure for which the weak equivalences (respectively cofibrations) are 
those maps of G-diagrams 




/ 


Y 


Obf G) 

for which the simplicial presheaf map / : X -> Y is a local weak equivalence 
(respectively cofibration). 

Write s Pre(C ) /BG for the category of simplicial presheaf maps X -> BG, with 
morphisms 


X 


9 


Y 


BG 

In a standard way, this category inherits a model structure from simplicial 
presheaves, for which a map as above is a weak equivalence (respectively cofibra- 
tion, fibration) if and only if the simplicial presheaf map g : X -> Y is a local weak 
equivalence (respectively cofibration, global fibration) of simplicial presheaves. 

The homotopy colimit construction defines a functor 

holim q : sPre(C) G -> s¥xz(C)/ BG. 

Since G is a presheaf of groupoids, this functor has a left adjoint 

pb : sPre(C)/ BG -> sPre(C) G , 

which is defined at X -> BG in sections for U e C by pulling back the map 
X(U ) — > BG(U ) over the canonical maps BG(U)/x -> BG(U). The functor pb 
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preserves cofibrations and weak equivalences (this by Quillen’s Theorem B), but 
more is true: the functors pb and holim q define a Quillen equivalence 

pb : sVxt{C)/ BG ±> sPre(C) G : holim q 

relating the model structures for these categories. This result is Lemma 18 of [16]. 

Suppose now that X is a fixed G -diagram in simplicial presheaves, and write 
G — Tors/X for the category with objects consisting of G -diagram morphisms 
A -> X with A a G-torsor. The morphisms of G — Tors/X are commutative 
diagrams 



B 


of morphisms of G -diagrams. One can show that the map 9 must be a weak equiva- 
lence of G -diagrams in all such pictures. The homotopy colimit construction defines 
a functor 

holim q : G — Tors/X -> //(*, holim qX) 
by sending the G -diagram morphism A -> X to the cocycle 

* holim q A holim aX. 

On the other hand, given a cocycle * Y -> holim qX the adjoint pb(T) -> X is 
an object of G — Tors/ X, so the adjunction defines a functor 

pb : H(*, holim G X) -> G- Tors/X. 

These functors are adjoint and therefore define inverse functions in path compo- 
nents, so we have the following: 

Theorem 5. Suppose that G is a pre sheaf of group oids and that X is a G -diagram 
in simplicial presheaves. Then there are natural bijections 

tto(G — Tors/X) = 7Tq//(*, holim qX) = [*, holim qX]. 

The identification of holim qX) with morphisms [*, holim qX] in the 

homotopy category of simplicial presheaves in the statement of Theorem 5 is a 
consequence of Theorem 1 . 
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Theorem 5 is a generalization of Theorem 16 of [14], which deals with the case 
where G is a sheaf of groups and X is a sheaf (i.e. constant simplicial sheaf) with 
G -action. 


4 Abelian Sheaf Cohomology 

Suppose that A is a sheaf of abelian groups, and let A -> J be an injective resolution 
of A, thought of as a Z-graded chain complex and concentrated in negative degrees. 
Identify A with a chain complex concentrated in degree 0, and consider the shifted 
chain map A[— n] -> J[—n\. In particular, A[— n] is the chain complex consisting of 
A concentrated in degree n. Recall that K(A, n) = TA[—n\ defines the Eilenberg- 
Mac Lane sheaf associated to A, where T : Ch+ ->► sAb is the functor appearing in 
the Dold-Kan correspondence. Let K(J,n ) = TT(J[—n]) where T(J[—n]) is the 
good truncation of /[— n] in non-negative degrees. In particular, T(J[—n]) o is the 
kernel of the boundary map J- n -> J- n - 1 - 

Write ZX for the free simplicial abelian group on a simplicial set X, and 
write NA for the normalized chain complex of a simplicial abelian group A. Let 
7i c h (C, D ) denote the chain classes of maps between presheaves of Z-graded chain 
complexes C and D . 

Lemma 5. Every local weak equivalence of simplicial presheaves f : X -> Y 
induces an isomorphism 

7Z ch {N1LY , J[-n \ ) 4- n ch (NZX, J[-n ]) 
in chain homotopy classes for all n > 0. 

Proof Starting with the third quadrant bicomplex hom(ZX ;7 , J q ) one constructs a 
spectral sequence 

E p 2 q = Ext q (H p (X), A ) =» n ch (NZX, J[-p - q]) 

(see [10]). The map / induces a homology sheaf isomorphism N TLX — >► NZY , and 
then a comparison of spectral sequences gives the desired result. □ 

Recall [3] that the category of C op -diagrams in simplicial sets has a projective 
model structure for which the fibrations (respectively weak equivalences) are the 
maps / : X — >► Y which are defined sectionwise (aka. pointwise) in the sense 
that each map / : X(U) -> Y(U ), U e Ob(C) is a fibration (respectively weak 
equivalence) of simplicial sets. 

If two chain maps /, g : N TLX -> /[— n\ are chain homotopic, then the corre- 
sponding maps /*,g* : X -> K(J,n ) are right homotopic in the projective model 
structure for C op -diagrams. Choose a sectionwise trivial fibration tt : W -> X such 
that IT is projective cofibrant. Then /*tt is left homotopic to g*n for some choice 
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of cylinder object W (g) / for W, again in the projective structure. This means that 
there is a diagram 



w x 


where the maps s,i 0 J 1 are all part of the cylinder object structure for IT (8) /, and 
are sectionwise weak equivalences. We therefore have relations 

(!>/*) ~ (7T,/*7r) ~ (ns,h) ~ (n,g*n) ~ (l,g*) 

in 7ToH(X, K(J, n)), where H(X, K(J,n)) is a cocycle category for the local model 
structure on simplicial presheaves. It follows that there is a well defined abelian 
group homomorphism 


(p : jt ch (NZX , J[-n]) -> tt 0 H(X, K(J,n)). 

This map is natural in simplicial presheaves X. 

Lemma 6. The map 

(p : Ti ch {N7LX , J[-n]) -> 7r 0 ^(X, K(J,n)). 


is an isomorphism. 

Proof. Suppose that X J- Z K(J , n) is an object of //(X, AT(/, n)). The map 
/ is a local weak equivalence, so by Lemma 5 there is a unique chain homotopy 
class [v] : NZX -> /[— n\ such that [v* /] = [g]. This chain homotopy class 
[v] is independent of the choice of representative for the component of (/, g ). We 
therefore have a well defined function 

f : 7t 0 H(X y K(J,n )) -> Jt ch (NZX , / [-«]). 

The composites \p • (p and (p • \p are identity morphisms. □ 

Corollary 3. Suppose that A is a sheaf of abelian groups on C , let A J be 

an injective resolution of A in the category of abelian sheaves: 

1. Let X be a simplicial presheaf on C. Then there is a natural isomorphism 


7t ch {NZX,J[-n\) ^ [X,K{A,n)\. 
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2. There is a natural isomorphism 

H n (C, A) ^ [*,K(A,n)\. 

relating sheaf cohomology to morphisms in the homotopy category of simplicial 
presheaves (or sheaves). 

Proof This result is a consequence of Theorem 1 and Lemma 6. Observe that the 
map K(A,n ) -> K(J,n) is a local weak equivalence. 

The second statement is a consequence of the first, and arises from the case where 
X is the terminal simplicial presheaf *. □ 


5 Group Extensions and 2-Groupoids 


In this section we shall see that group extensions can be classified by path compo- 
nents of cocycles in 2-groupoids, by a very simple argument. 

This is subject to knowing a few things about 2-groupoids and their homotopy 
theory. Recall that a 2-groupoid H is a groupoid enriched in groupoids. Equiva- 
lently, H is a groupoid enriched in simplicial sets such that all simplicial sets of 
morphisms H(x,y ) are nerves of groupoids. The object H is, in particular, a sim- 
plicial groupoid, and therefore has a bisimplicial nerve BH with associated diagonal 
simplicial set dBH. 

One says that a map G -> H of 2-groupoids is a weak equivalence if it induces 
a weak equivalence of simplicial sets dBG -> dBH . There is a natural weak 
equivalence of simplicial sets 

dBH ~ WH 

relating dBH to the space of universal cocycles WH [8, V.7], [20], so that 
G -> H is a weak equivalence of 2-groupoids if and only if the induced map 
WG -> WH is a weak equivalence of simplicial sets. One can also show that 
a map G -> H is a weak equivalence if and only if it induces an isomor- 
phism ttoGo = KoHo of path components, and a weak equivalence of groupoids 
G(x,y) -> H(f(x),f(y)) for all objects x,y of G. Here, Go is the groupoid of 
0-cells and 1 -cells of G, or equivalently the groupoid in simplicial degree 0 for the 
corresponding groupoid enriched in simplicial sets. 

The weak equivalences of 2-groupoids are part of a general picture: there is a 
model structure on groupoids enriched in simplicial sets, due to Dwyer and Kan (see 
[8, V.7. 6, V.7. 8]), for which a map / : G -> H is a weak equivalence (respectively 
fibration) if and only if the induced map /* : WG -> WH is a weak equiv- 
alence (respectively fibration) of simplicial sets. This model structure is Quillen 
equivalent to the standard model structure for simplicial sets [8, V.7. 1 1]. The model 
structure for groupoids enriched in simplicial sets restricts to a model structure for 
2-groupoids, having the same definitions of fibration and weak equivalence [23], 
and it is easy to see that both model structures are right proper. 
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Here are some simple examples of 2-groupoids: 

1. If K is a group, then there is a 2-groupoid Aut(AT) with a single 0-cell, with 
1 -cells given by the automorphisms of K , and with 2-cells given by homotopies 
(aka. conjugacies) of automorphisms of K. 

2. Suppose that p : G -> G' is a surjective group homomorphism. Then there is 
a 2-groupoid p with a single 0-cell, 1 -cells given by the morphisms of G, and 
there is a 2-cell g ^ h if and only if p(g ) = p(h). 

Suppose that K is the kernel of p : G -> G' . Then there are canonical morphisms 
of 2-groupoids 

G' p —> Aut (K), (1) 

The map tt is p on 1 -cells, and takes a 2-cell g -> h to the identity on p(g) = p(h), 
whereas the map F takes a 1-cell g to conjugation by g, and takes the 2-cell g -> h 
to conjugation by hg~ l e K. The map tt : p — > G' is a weak equivalence of 
2-groupoids, since the groupoid of 1 -cells and 2-cells of p is the “Cech groupoid” 
associated to the underlying surjective function G -> G' . In general, if / : X -> Y 
is a surjective function, then the associated Cech groupoid has objects given by the 
elements of X , and a unique morphism x — >► y if and only if f(x) = f ( y ). 

We have therefore produced a cocycle (1) in 2-groupoids from a short exact 
sequence 

e ^ K 4g4g'^c 

Write Ext(G', K) for the usual groupoid of all such exact sequences. The cocycle 
construction is natural, and defines a functor 

cj) : Ext(G', K) -> H(G', Aut(TT)) 

taking values in the cocycle category H(G' y Aut(K)) in pointed 2-groupoids. All 
objects in the cocycle (1) have unique 0-cells, so the maps making up the cocycle 
are pointed in an obvious way. 

Theorem 6. The functor f induces isomorphisms 

7ToExt(G',K) ^ n 0 H(G',Aut(K)) ^ [BG\ dBAut(K)]*, 

where [ , ]* denotes morphisms in the pointed homotopy category. 

Proof If the diagram 

G' A Aut(AT) 

is a pointed cocycle, then the base point x e Ao determines a 2-groupoid equiv- 
alence A(x,x) -> G'. The cocycle F can therefore be canonically replaced by 
its restriction to A(x,x) at the base point x, and the 2-groupoid A(x,x) can be 


Cocycle Categories 


209 


identified with a 2-groupoid p* arising from a surjective group homomorphism 
p : L -> G' with 2-cells consisting of pairs (g, h ) such that p(g) = p(h). 

Suppose given a cocycle 


G’ p* Aut(TC) 

where tt : p* -> G' is determined a surjective group homomorphism p : L -> G' 
as above. There is a group Ep{p) which is the set of equivalence classes of 
pairs (k,x), x e L,k e K such that (k,x) ~ (k',x') if and only if /?(%) = 
p(x') and k' = F(x,x')k. Recall that F(x,x') is a homotopy of the automor- 
phisms F(x), F(x') of K , and is therefore defined by conjugation by an element 
F(x,x') e K. The product is defined by 

Kk,x)]-[(l,y)] = [(kF(xm 9 xyy 

and there is a short exact sequence 

e -> K -> E F (p) -> G' -> e 

where/: i-> [(k,e)\ and [(k,x)] i-> p(x). 

We have, with these constructions, described a functor 

f : H(G', Aut(W)) -> Ext(G', K). 

One shows that the associated function on path components is the inverse of the 
function 

0* : 7roExt(G', K) -> 7ToH(G' , Aut(K)). 

The homotopy category of groupoids enriched in simplicial sets is equivalent to 
the homotopy category of simplicial sets, and this equivalence is induced by the 
universal cocycles functor W . It follows that there is a bijection 

[G',Aut(W)]* ^ [BG', dBAut(K)]*, 

where the morphisms on the left are in the pointed homotopy category of groupoids 
enriched in simplicial sets. The set [G', Aut(W)]* can be also identified with mor- 
phisms in the pointed homotopy category of 2-groupoids. One sees this by observing 
that for every cocycle 

G f B -> Aut (K) 

in groupoids enriched in simplicial sets, the object B is weakly equivalent to its 
fundamental groupoid, and so the cocycle can be canonically replaced by a cocycle 
in 2-groupoids. □ 
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6 Classification of Gerbes 


A gerbe is a stack G which is locally path connected in the sense that the sheaf of 
path components ifo(G) is isomorphic to the terminal sheaf. Stacks are really just 
homotopy types of presheaves (or sheaves) of groupoids [9, 14, 22], so one may as 
well say that a gerbe is a locally connected presheaf of groupoids. 

A morphism of gerbes is a morphism G H of presheaves of groupoids which 
is a weak equivalence in the sense that the induced map BG -> BH is a local 
weak equivalence of classifying simplicial sheaves. Write gerbe for the category of 
gerbes. 

Write Grp for the “presheaf” of 2-groupoids whose objects are sheaves of 
groups, 1 -cells are isomorphisms of sheaves of groups, and whose 2-cells are the 
homotopies of isomorphisms of sheaves of groups. The object Grp is not really a 
presheaf of 2-groupoids because it’s too big in the sense that it does not take values 
in small 2-groupoids. 

Write //(*, Grp) for the category of cocycles 

* A -> Grp 

where A is a presheaf of 2-groupoids. One can sensibly discuss such a category, 
even though the object Grp is too big to be a presheaf. The category //(*, Grp) is 
not small, and its path components do not form a set. Similarly, the path components 
of the category of gerbes do not form a set. It is, nevertheless, convenient to display 
the relationship between these objects in the following statement: 

Theorem 7. There is a bijection 

7r 0 //(*,Grp) = tto (gerbe). 

The proof of Theorem 7 is a bit technical, and appears in [19] . It is relatively easy 
to say, however, how to get a cocycle from a gerbe G. Write G for the 2-groupoid 
whose 0-cells and 1 -cells are the objects and morphisms of G, respectively, and say 
that there is a unique 2-cell a -> ft between any two arrows a, /3:x -> y. Then the 
canonical map G * is an equivalence. There is a map F(G) : G -> Grp which 
associates to x e G(U ) the sheaf G(x,x) of automorphisms of x on C/U, asso- 
ciates to a : x -> y the isomorphism G(x, x) -> G(y, y) defined by conjugation 
by a , and associates to a 2-cell a /3 the homotopy defined by conjugation by 
/3o' _1 . This cocycle construction effectively defines the function 

tto ( gerbe) -> Grp). 

A generalized Grothendieck construction is used to define its inverse - the construc- 
tion of a group from a cocycle in the proof of Theorem 6 is a special case. 
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One can go further: the gerbes with band L e H l (C, Out) are classified by 
cocycles in the homotopy fibre over L of a morphism of fibrant presheaves of 2- 
groupoids approximating the map 


Grp -> Out. 

Here, Out is the groupoid of outer automorphisms, or automorphisms modulo the 
homotopy relation. One can also use the same techniques to classify gerbes locally 
equivalent to a fixed gerbe G. These results are also proved in [19]. 

Remark 2. Suppose that E is a sheaf. An F-ge rbe is a morphism of presheaves of 
groupoids G — ► E such that the induced map ifoG -> E is an isomorphism of 
sheaves. Write gerbe/ E for the category of E -gerbes. An E -gerbe is canonically a 
gerbe in the category of presheaves on the site C/E fibred over E [16]. It follows 
that Theorem 7 specializes to a homotopy classification statement 

7To(gerbe/F) = ttqH(E, Grp) 


for E -gerbes. 


7 The Parabolic Groupoid 

Write T for the category of finite subsets of a countable set co , and let Mon(7 r )« be 
the set of all strings of subset inclusions 

F : fiCfiC-C F n . 

Say that such a string is a formal flag of length n , and write Mon(7 r )« for the set of 
all such objects. 

The set Mon(F) n is the set of n-simplices of a simplicial set Mon(JF). To see 
this, write Fo = 0 for each formal flag, and let 9 : m -> n be an ordinal number 
morphism. Then the formal flag 9*(F ) (of length m) is the sequence of inclusions 

0*F : Fq( i) - Fq( p) C Fq( 2) - Eq( o) C ••• C Fe( m ) - Fq ( 0 ). 

Suppose that T is an S'-scheme, and write Mod(F) for the category of Ot~ 
modules on the F-scheme category Sch|^. Then the various categories of Ot~ 
modules Mod(F) assemble to form a presheaf of categories Mod on Sch |$. 

Every finite set F determines a free Os -module Os(F ), and every function 
F F' induces a morphism Os(F ) -> Os(F f ). It follows that there is a functor 
Os : T -> Mod(S') taking values in Os -modules, and a corresponding morphism 
of presheaves of categories Os : r*JF -> Mod. 

A morphism a : F -> F' of formal flags is a collection of Os -module 
homomorphisms : Os(Fk) -> Os(F /), 1 < k < n such that the diagram 
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O s (Fi) O s (F 2 ) O s (F„) 


ai 

v 


O s (F 0 


a 2 

Os(F{) 


Mn 

Os(F’) 


commutes. The formal flags of length n and their homomorphisms form an additive 
category, which will be denoted by ¥\ n (S). Write Par w (5') for the groupoid of the 
formal flags of length n and their isomorphisms. 

Every formal flag morphism a : F — ► F' uniquely induces a formal flag mor- 
phism 8* (a) : 8* F 8* F' for all ordinal number maps 8 : m -> n. It follows 
that the categories Fl zz ( S ) form a simplicial category F1(S). Similarly, the groupoids 
Par zz (S) form a simplicial groupoid Par (S'). 

The simplicial category FI (S) is the global sections object of a presheaf of sim- 
plicial categories defined on Sch\s, which is denoted by FI. Similarly, the simplicial 
groupoid Par (S') is the global sections object of a simplicial presheaf of groupoids 
Par on the category of S-schemes. I say that Par is the parabolic groupoid. 

Write Ar(n) for the category of arrows i < j in the ordinal number n. Let M 
be an exact category, and recall that Waldhausen’s category S n M is defined to have 
objects consisting of all functors P : Ar(n) -> M, such that: 

1. P(i, i) = 0 for all i. 

2. All sequences 

0 -> P(i,j) P(i,k) -> P(j\k) -> 0 
are exact for i < j < k. 

The morphisms of S n M are the natural transformations between diagrams in M. 
The categories S n (M ) form a simplicial category S.M , and the simplicial set of 
objects s.M = Ob(S.M) is Waldhausen’s ^.-construction. Recall that there are 
natural weak equivalences: 

1. s.M — BQ(M). 

2. s.M — B Iso S.M , where Iso S.M is the simplicial groupoid of isomorphisms 
in S.M. 

The assignment of the string of admissible monomorphisms 

P( 0, 1) P{ 0,2) -> > P(0 9 n) 

to the object P e S n M determines an equivalence of categories 

m : S n M — > Mon n (M), 

where Mon zz (M) denotes the category of strings of admissible monomorphisms of 
length n. 

Let V(S) denote the full subcategory of the category of Os -modules which con- 
sists of Os -modules which are locally free of finite rank. This is the category of “big 
site” vector bundles, defined on the category Sch \ s. 
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Suppose that F : F\ c • • • C F n is a formal flag of length n. Then F determines 
an object P(F ) e S n V(S ) with 


P(F)(i,j) = O s (Fj-Fi). 


If (/, j) < (A:, Z) is an arrow morphism, then the induced map 

0 Os 0 Os 

Fj-Fi Fj-F k 

is defined on summands corresponding to X e Fj- Fi to be 0 if x e F \ and is the 
inclusion 


in x : Os -* 0 Os 

Ft-Fk 


ifx <£ F k . 

The assignments F i-^ P(F ) define a morphism of simplicial categories 
P : Fl(iS) -> S.V(S) c S.(Mod(S)). 

This morphism P restricts to a simplicial groupoid morphism 

P :Par(S) -^lsoS.V(S), 

and this latter morphism is global sections of a morphism 

P : Par -> Iso S.V, 

of presheaves of simplicial groupoids on Sch\s. 

There is a functor L : //(*, 2?Par w ) -> Iso S n V(S) which is defined by taking 
colimits. 

In effect, every cocycle Y -> B Par w can be identified with a functor / : 
H -> Par w of presheaves of groupoids with BH — * (here, // is the fundamental 
groupoid ttY of Y). The functor / determines a composite functor 

/* : H 4 Par,, 4 Iso5„P(5) c Iso (Mod(5)) 

and hence determines functors 

/*(/, j):H ^ Mod(5), 0 <i <j <n, 
with natural transformations between them determined by the morphisms 


0 uj)<(k,l ) 
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of the arrow category Ar(n). The abelian sheaf colimits 

j) = Hm /*(/,/) 

H 

define an object of S n (Mod(S))) which is locally isomorphic to P(F ) for some for- 
mal flag of length n. To see this, note that if H has a global section x e Ob 
then /*(x) is the object P(F X ) for some formal flag F x : F\ c • • • C F n , and the 
local weak equivalence x : * -> H determines sheaf isomorphisms 

P(F x )(i, j) Hm /*(/,;') 

H 

which are natural with respect to morphisms of Ar(n). More generally, H has 
sections locally, so that the diagram L(f) is locally isomorphic to some P(F). 

The case n = 1 of the colimit construction L defines a functor 

L : H(*,U n > 0 BGl n ) ^IsoV(S), 

which can be viewed as a disjoint union of functors 

L : //(*, BGl n ) -+Iso V n (S) 9 

where V n (S) denotes the category of vector bundles of rank n. 

The category GL n — tors on S for the Zariski topology is the category of Gl n - 
torsors, and the classical method of defining the well-known isomorphism 

7io(Gl n — tors) — >► 7tolsoV n (S) (1) 

starts by taking a representing cocycle C(U ) — >► BGl n for a torsor X on some 
trivializing open cover U of S, viewed as a functor ttC(U) Gl n , and then 
patching copies of O n v together in the Os -module category along the cocycle. The 
patched-together module is locally free of rank n, and is the colimit of the composite 
functor 

nC(U) -> Gl n = Aut (O n s ) C ModC^). 

The choice of representing cocycle C(U ) -> BGl n does not matter up to iso- 
morphism, and so one may as well make the canonical choice, which is the map 
EGl n x G i n X -> BGl n which is associated to a Gl n -torsor X , and is the output of 
the equivalence given in (1) in the case of the group Gl n . Thus, if we can show 
that the composite functor 

Gl n — tors //(*, BGl n ) -> Iso V n (S) 


( 2 ) 
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is a weak equivalence of groupoids, we end up verifying that the function displayed 
in (1) is indeed an isomorphism. This is not hard: it suffices to show that the functor 
L\j/ induces an epimorphism in path components (one uses the observation that 
every vector bundle is the colimit of a trivializing cocycle to see this) and induces 
an isomorphism 

Aut(G/ zz ) Aut(C^), 

where Gl n is identified with the trivial GZ n -torsor. All G/ zz -torsors are locally trivial, 
so a patching argument then implies that the composite functor is fully faithful. 

The argument of the last paragraph is the classical argument for the existence of 
the bijection (1), and this same argument can be used for all of the standard parabolic 
groups. There is a similar composite functor 

Aut(F) - tors 4 H(*,B Aut(F)) 4 IsoMon,, V{S, F ) 

for each formal flag F of length n , where Mon zz V(S, F) is the category of strings 
of locally split monomorphisms of vector bundles which are locally isomorphic to 
Os(F ), and one can use the same techniques as for the general linear group Gl n 
to show that this composite is a weak equivalence of groupoids. This weak equiv- 
alence induces a bijection in path components, which is the classical identification 
of isomorphism classes of Aut(7 7 )-torsors with isomorphism classes of flags locally 
isomorphic to Os(F). 

One can summarize as follows: 

Theorem 8. 7. The functor L induces a weak equivalence 
BH(*,BVvr n ) ~ BlsoS n V{S). 


for all schemes S. 

2. The morphism P : Par zz -> Iso S n V of presheaves of groupoids is sectionwise 
weakly equivalent to the Zariski stack completion Par zz -> 54 Par, z . 

Proof To prove statement 1), we show that the composite functor 

//(*, £Par„) 4 Iso S„V{S) 4 Iso Mon, ,(5) 

is a weak equivalence of categories for all schemes S . Despite the abuse of notation, 
write L = mL for this composite. The composite is defined by colimit in each 
index. 

Suppose that 

Pi^> Pi^ -^ P n 

is a string of locally split monomorphisms of vector bundles. For a Zariski open 
covering U C S, this string of split monomorphisms is isomorphic to a string 


Ou(Fi) ->■ > O v (F n ) 
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arising from a formal flag F : F\ C ••• C F n . It follows that P is locally 
isomorphic to L(F) for some formal flag F , and so the induced map 

7Zo//(*, PPar, z ) -> tto Iso S n V(S) 


is surjective. 

Suppose that m : mi < m 2 < • * • < m n is a string of non-negative integers, and 
choose a fixed formal flag F TIL such that | F z | = m/ for each such m. Then there is a 
sectionwise weak equivalence 


J Aut (F,n) -> Par,, (3) 


of presheaves of groupoids, and an induced weak equivalence 
J Aut(iv) — tors -> Par zz — Tors^ 

m 


The functor L restricts to a functor 

L : H(*, B Aut(F)) -> IsoMon zz V(S, F) 

and the existence of the decomposition (3) implies that it suffices to show that this 
restricted functor is fully faithful for all F . 

But we know from the “classical” argument given above that the composite 

Aut (F) — tors //(*, B Aut (F)) Iso Mon, z V(S,F) 

is a weak equivalence of groupoids, where \j/ is the equivalence of (1). □ 

The ordinary category of vector bundles Vb(S) is defined on the small Zariski 
site Zar\s for the scheme S. Restriction to the small site defines a morphism of 
simplicial groupoids 

Iso S.V(S) -+ Iso S. Vb(S), (4) 

and each groupoid morphism 

IsoS n V(S)^lsoS n Vb(S). 

is a weak equivalence. To see this, note that there is an analogue of Theorem 8, with 
the same proof, which asserts that Iso S n Vb is the stack completion of the restriction 
of the groupoid Par„ to the small Zariski site Zar\s , and then observe that restric- 
tion from the big site to the small site respects stack completion up to equivalence. It 
follows that the maps (4) are weak equivalences of simplicial groupoids, and so the 
standard K- theory space is weakly equivalent to the analogue defined with vector 
bundles on the big site. 


Cocycle Categories 


217 


Corollary 4. The bisimplicial presheaves 

n i-> 2?H(*, Par w ) and n i- B StPar zz 

are sectionwise weakly equivalent, and are both models for the algebraic K -theory 
presheaf K l on the big Zariski site (Sch \s)zar- 

Choose an open cover U of the scheme S , and write £/—>►* for the correspond- 
ing sheaf epimorphism for the Zariski topology on S. Let F be a fixed formal flag, 
let Aut (F) be the corresponding parabolic group, and choose a homotopy inverse 
oofj 1 : Aut(7 7 ) c ^^ -> Aut (F) — tors jj of the weak equivalence of groupoids oou 
arising from Lemma 4. Let Iso Mon zz V(S, F)u be the groupoid of isomorphisms of 
strings of locally split monomorphisms locally isomorphic to F and which trivialize 
over the cover U . Then the weak equivalence 

L : H(*, B Aut(F)) -> IsoMon zz V(S, F) 

of the proof of Theorem 8 specializes to a weak equivalence 

Ljj ! //(*, B Aut(F))u — > Iso Mon zz F(S, F^u ? 

by the same argument. 

In the language of this paper, Schechtman shows in [26, Theorem 1 .9] that the 
composite 

Aut(F) C(C/) 2 % Aut(F) - tors ;y 4 H(*, B Aut (F)) v -4 Iso Mon,, V(S, F) v 

(5) 

is an equivalence of groupoids. Thus, the techniques displayed here give Schecht- 
man ’s result. On the other hand, every torsor is trivialized along some open cover, 
so that the assertion that all maps Ljj are weak equivalences implies Theorem 8. 

The weak equivalence given by Schechtman’s Theorem 1.9 is more general 
than that displayed in (5) - the full statement of his result is for the multiple S.- 
construction. Theorem 8 also has a multiple S. -version, but its statement is too 
fussy to reproduce here; in any case, its proof does not involve any new ideas. 
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A Survey of Elliptic Cohomology 


J. Lurie 


Abstract This paper is an expository account of the relationship between elliptic 
cohomology and the emerging subject of derived algebraic geometry. We begin in 
Sect. 1 with an overview of the classical theory of elliptic cohomology. In Sect. 2 we 
review the theory of E 0 o-ring spectra and introduce the language of derived alge- 
braic geometry. We apply this theory in Sect. 3, where we introduce the notion of an 
oriented group scheme and describe connection between oriented group schemes 
and equivariant cohomology theories. In Sect. 4 we sketch a proof of our main 
result, which relates the classical theory of elliptic cohomology to the classifica- 
tion of oriented elliptic curves. In Sect. 5 we discuss various applications of these 
ideas, many of which rely upon a special feature of elliptic cohomology which we 
call 2 -equivariance. 

The theory that we are going to describe lies at the intersection of homotopy 
theory and algebraic geometry. We have tried to make our exposition accessible 
to those who are not specialists in algebraic topology; however, we do assume the 
reader is familiar with the language of algebraic geometry, particularly with the the- 
ory of elliptic curves. In order to keep our account readable, we will gloss over many 
details, particularly where the use of higher category theory is required. A more 
comprehensive account of the material described here, with complete definitions 
and proofs, will be given in [1]. 


1 Elliptic Cohomology 
1.1 Cohomology Theories 

To any topological space X one can associate the singular cohomology groups 
A n (X) = H n (X ; Z). These invariants have a number of good properties, which 
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are neatly summarized by the following axioms (which, in a slightly modified form, 
are due to Eilenberg and Steenrod: see [2]): 

1 . For each n e Z, A n is a contravariant functor from the category of pairs of topo- 
logical spaces (Y c A) to abelian groups (We recover the absolute cohomology 
groups A n (X) by taking Y = 0). 

2. If / : A ' -> A is a weak homotopy equivalence (in other words, if it induces 
a bijection Tto(X') -> tto(A) and an isomorphism 7t n (X f , x) -> tt, z (A, /x) for 
every n > 0 and every base point x e X'), then the induced map A n (X) 
A n (X') is an isomorphism. 

3. To every triple Zcf c X, there is an associated long exact sequence 

sn 

... -* A" (A, T) -> A" (A, Z) -> A" (A, Z) -> A' Z+1 (A, Y)^ ... 

Here the connecting morphism 8 n is a natural transformation of functors. 

4. Let (T c I) be a pair of topological spaces, and [/ cl an open subset whose 
closure is contained in the interior of Y . Then the induced map 

A" (A, Y) -> A" (A — U,Y — U) 


is an isomorphism. 

5. If X is a disjoint union of a collection of spaces {X a }, then for every integer n 
the induced map A n (X) ]~[ A n (X a ) is an isomorphism. 

6. If X is a point, then 


A n (X) 


0 ifn^O 
Z if n = 0. 


Any collection of functors (and connecting maps 8 n ) satisfying the above axioms 
is necessarily isomorphic to the integral cohomology functors ( X c T) i-^- 
H n (X, Y;Z). More generally, we can give a similar characterization of cohomol- 
ogy with coefficients in any abelian group M : one simply replaces Z by M in the 
statement of the dimension axiom (6). 

A cohomology theory is a collection of functors A n (and connecting maps 8 n ) 
that satisfy the first five of the above axioms. Every abelian group M gives rise to a 
cohomology theory, by setting A n (A, Y) = H n (A, Y ; M). But there are many other 
interesting examples; the study of these examples is the subject of stable homotopy 
theory. 

If A is a cohomology theory, we will write A n ( A) for A n ( A, 0), and A( A) for 
A 0 (A). Generally speaking, we will be interested in multiplicative cohomology the- 
ories: that is, cohomology theories for which each of the groups A* (A) is equipped 
with the structure of a graded commutative ring (graded commutativity means that 
uv = (— 1 ) nm vu for u G A” (A), v e A m ( A); we will not take the trouble to spell 
out the complete definition). 
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Arguably the most interesting example of a cohomology theory, apart from 
ordinary cohomology, is complex A-theory. If A is a reasonably nice space (for 
example, a finite cell complex), then K(X) coincides with the Grothendieck group 
of stable isomorphism classes of complex vector bundles on X . Complex A-theory 
is a multiplicative cohomology theory, with multiplication determined by tensor 
products of complex vector bundles. 

We observe that the dimension axiom fails dramatically for complex A-theory. 
Instead of being concentrated in degree 0, the graded ring A*(*) ~ Z[/3, /3 _1 ] is a 
ring of Laurent polynomials in a single indeterminate /3 e A _2 (*). Here /3 is called 
the Bott element , because multiplication by /3 induces isomorphisms 

K n (X) -> K n ~ 2 (X) 

for every space X and every integer n : this is the content of the famous Bott 
periodicity theorem (see [3]). 

The following definition abstracts some of the pleasant properties of complex 
A-theory. 

Definition 1.1. Let A be a multiplicative cohomology theory. We will say that A is 
even if A 1 (*) = 0 whenever i is odd. We will say that A is periodic if there exists 
an element /3 e A _2 (*) such that /3 is invertible in A*(*) (so that /3 has an inverse 

/r 1 g a 2 (*)). 

Complex A-theory is the prototypical example of an even periodic cohomology 
theory, but there are many other examples. Ordinary cohomology H*(X; R) with 
coefficients in a commutative ring R is obviously even, but not periodic: in fact, we 
have //”(*; R) = 0 for ft ^ 0. However, we can correct this problem by enforcing 
periodicity: namely, define 


A"(X ) = p[ H n+2k (X-R). 

keZ 

Then A is an even periodic cohomology theory: we refer to this theory as periodic 
cohomology with coefficients in R. We will meet more exotic examples of even 
periodic cohomology theories in Sect. 1.3. 


1.2 Formal Groups from Cohomology Theories 


Let A be a cohomology theory, and X a topological space. The Atiyah-Hirzebruch 
spectral sequence allows one to compute the A -cohomology groups of the space 
X in terms of the A -cohomology groups of a point and the ordinary cohomology 
groups of the space X. More specifically, there is a spectral sequence with 


E P q = H p (X\A q (*)) => A p+q (X). 
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In general, the Atiyah-Hirzebruch spectral sequence can be quite complicated. 
However, if A is an even periodic cohomology theory, and A is a space whose 
ordinary cohomology is concentrated in even degrees, then the situation simplifies 
drastically: the Atiyah-Hirzebruch spectral sequence degenerates at E 2 , since there 
are no possible differentials for dimensional reasons. The most important example 
is the case in which A is the infinite dimensional complex projective space CP°°; in 
this case one can compute that 

A(CP°°) 

is (noncanonically) isomorphic to a formal power series ring A (*)[[/]] in one 
variable over the commutative ring A(*). 

There is an analogous computation for the ordinary cohomology ring of CP°° : 
we have 


H*( CP°°;Z) = Z [t], 

where t e H 2 ( CP°°, Z) is the first Chern class of the universal line bundle 0(1) 
on CP°° . We have used the 2-periodicity of the cohomology theory A to shift the 
generator from degree 2 to degree 0. 

Remark 1.1. The reader might object that the analogy is imperfect, since the ordi- 
nary cohomology ring H*( CP°°, Z) is a polynomial ring, rather than a power 
series ring. However, this is dependent on our procedure for extracting an ordi- 
nary ring from a positively graded ring {R n } n > o- The usual convention is to define 
R = however, one could instead consider the product Yl n >o ^ ■ The lat- 

ter is more natural in the present context, because it can also be interpreted as the 
(degree 0) periodic cohomology of the space CP°° , which is a power series ring 
rather than a polynomial ring. 

By analogy with the case of ordinary cohomology, we may view the parameter t 
in the isomorphism A (CP°°) ~ A(*) [[t]] as the first Chern class of the universal line 
bundle 0(1). In fact, once we fix a choice of the parameter t, we can use t to define 
the first Chern class of any complex line bundle C on any space X. The space CP°° 
is a classifying space for complex line bundles: that is, for any complex line bundle 
C on a (paracompact) space A, there is a classifying map f : A -> CP°° and an 
isomorphism C ~ 0(1). The map $ is unique up to homotopy, so we may define 

Cl (C) = 4>*t eA( A). 

This gives rise to a reasonably well-behaved theory of the first Chern class in 
A -cohomology. (By elaborating on this construction, one can construct a theory 
of higher Chern classes as well, but we will not need this). 

In ordinary cohomology, there is a simple formula that describes the first Chern 
class of a tensor product of two line bundles: 

c l (£®£ f ) = c l (£) + c l (£ f ). 

There is no reason to expect this formula to hold in general, and in fact it does not. 
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Example 1.1. In complex AT-theory, there is an even simpler theory of Chern classes 
for line bundles. Namely, if C is a complex line bundle on a space X, then we may 
regard C itself as representing an element of K(X)\ we will denote this element by 
[C]. We now define C\ (CJ) = [C\ — 1 . (The reason for the subtraction is that we wish 
to normalize, so that the trivial line bundle has first Chern class equal to zero). Now 
a simple computation shows that 

ci(C ® C') = dC C) + dC £') + d (C)ci(£). 

Returning to the general case, what we can assert is that there is always some 
formula which expresses C\(C (8) C f ) in terms of C\(C) and C\(C f ). To see this, it 
suffices to consider the universal example: that is, let X be the classifying space 
CP°° x CP°° for pairs of complex line bundles. Like CP°°, this is a space with only 
even-dimensional cohomology, so a relatively simple computation shows that 

A(CP°° x CP°°) ~ ^4(*)[[L, L]]- 

Here we can take t\ = n*t and t 2 = L where 7t\ and tt 2 are the projections 
from the product CP°° x CP°° onto the first and second factor, respectively. Phrased 
another way, the power series generators t\ and t 2 are the first Chern classes of the 
universal line bundles n* 0(1) and tt* 0(1) on CP°° x CP°°. We now observe that 

dOrf0(l) ® tt*0( 1)) = f(t u t 2 ) e A(*)[[t u t 2 ]] 

for some (uniquely determined) power series /. Roughly speaking, we can assert 
that, by universality, we have C\(C<S>C') = f(c\ (C) , C\ (CJ)) for any pair of complex 
line bundles (£, CJ) on any space X. 

Remark 1.2. The above assertion is somewhat vague, since it is not clear how to 
evaluate a formal power series on a pair of elements in the commutative ring A(X). 
However, if X admits a finite cell decomposition, then for any line bundle C on X, 
the element c\(C) e A(X) is nilpotent (more specifically, c\(C) n = 0 as soon as C 
is generated by n sections). For such spaces X , it does make sense to evaluate the 
formal series / (d (£), c\ (£')), and one obtains c\ (C (8) CJ). 

The power series f(u,v) is not arbitrary; it necessarily satisfies certain identities 
which reflect the properties of complex line bundles under multiplication. 

(LI) Because the first Chern class of the trivial bundle is zero, we have the 
identities 


f(t,0) = f(0,t)=t. 


(L2) Because the tensor product operation on complex line bundles is commutative 
up to isomorphism, we obtain the identity f(u, v) = f(v,u). 
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(L3) Because the tensor product operation on complex line bundles is associative 
up to isomorphism, 


f(u,f(y,w )) = f(f(u,v),w). 

A power series f(u,v) with the properties enumerated above is called a commu- 
tative, 1 - dimensional formal group law over the commutative ring A(*). Such a for- 
mal group law determines a group structure on the formal scheme Spf A (*)[[£]] = 
Spf A(CP°°). 

Remark 1.3. The formal group law / is not canonically associated to the cohomol- 
ogy theory A : it depends on the choice of a power series generator t for the ring 
A(CP°°) ~ A (*)[[£]]. However, the underlying formal group is independent of the 
choice of t: namely, it is given by the formal spectrum Spf A(CP°°). The group 
structure 


Spf A(CP°°) x Spf A(CP°°) -> Spf A(CP°°) 

is induced by a map s : CP°° x CP°° -> CP°° which classifies the operation of ten- 
sor product on complex line bundles. In more concrete terms, we can identify CP°° 
with the space of lines in the field of rational functions C(x) (viewed as an infinite 
dimensional complex vector space); the map s is now induced by the multiplication 
map C(x) (g) C(x) -> C(x). 

Remark 1.4. Not every 1 -dimensional formal group G over a commutative ring R 
arises from a formal group law: this requires the existence of a coordinate on the 
group G, which in general exists only Zariski locally on Spec R. Consequently, it 
is convenient to introduce a slightly more general notion of periodicity. We will say 
that a multiplicative cohomology theory A is weakly periodic if the natural map 

A 2 (*) ® x( *) A n (*) -+ A n+2 (*) 

is an isomorphism for all n e Z. Note that this implies in particular that A 2 (*) (gU(*) 
A _2 (*) ~ A(*), so that A 2 (*) is a projective module of rank 1 over A(*). We note 
that A is periodic if and only if it is weakly periodic and A 2 (*) is a free module 
over A(*). 

Example 1.2. The formal power series f(u,v) = u + v determines a formal group 
over an arbitrary commutative ring R , which we call the formal additive group and 
denote by G a . As we have seen, this is the formal group which governs the behavior 
of Chern classes in (periodic) ordinary cohomology (with coefficients in R). 

Example 1.3. The formal power series f(u,v ) = u + v + uv determines a formal 
group over an arbitrary commutative ring R , which we call the formal multiplica- 
tive group and denote by G m . In the case where R = Z, this is the formal group 
which governs the behavior of Chern classes in complex K-theory. The role of the 
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multiplicative group is easy to understand in this case: modulo a normalization, we 
have essentially defined the first Chern class of a line bundle C to be the class [C] 
represented by C in K-theory. Tensor product of line bundles then correspond to 
products in K-theory. 

It is natural to ask whether there are any restrictions on the power series f(u,v ), 
other than the identities (LI), (L2), and (L3). To address this question, it is conve- 
nient to introduce a cohomology theory MP, called periodic complex cobordism. 
This cohomology theory is in some sense a universal home for the first Chern 
class of complex line bundles; in particular, there is a canonical isomorphism 
MP(CP°°) ~ MP(*) [[£]]. Quillen proved that the associated formal group law over 
MP(*) was also universal. In other words, the coefficient ring MP(*) is the Lazard 
ring which classifies formal group laws, so that for any commutative ring R there is 
a bijection between the set Hom(MP(*), R) of commutative ring homomorphisms 
from MP(*) into R, and the set of power series f(u,v) with coefficients in R that 
satisfy the three identities asserted above. We refer the reader to [4] for a proof of 
Quillen’s theorem and further discussion. 

The construction that associates the formal group G = Spf A(CP°°) to an even 
periodic cohomology theory A has turned out to be a very powerful tool in sta- 
ble homotopy theory. The reason is that the formal group G retains a remarkable 
amount of information about A. In many cases, it is possible to recover A from the 
formal group G. Indeed, suppose that R is any commutative ring and G a formal 
group over R determined by a formal group law f(u,v) e R[[u, v]]. According to 
Quillen’s theorem, this data is classified by a (uniquely determined) ring homomor- 
phism MP(*) -> R. There is a natural candidate for a cohomology theory Aq which 
gives rise to the formal group G. Namely, for every finite cell complex X, set 


A n G (X) = MP n (X) ®mp ( *) R- 


Remark 1.5. To give a definition which does not involve finiteness restrictions on 
X, one should work with homology rather than cohomology; we will not concern 
ourselves with this technical point. 

In general, the above formula for A G does not give a cohomology theory. The 
problem is that long exact sequences in MP-cohomology might not remain exact 
after tensoring with R. If R is flat over MP(*), then this problem disappears. How- 
ever, a much weaker condition on ( R , G) will ensure the same conclusion. In order 
to formulate it, it is convenient to employ the language of algebraic stacks. 

Let A4 fgl denote the moduli stack of formal group laws, so that for any com- 
mutative ring R the set Hom(Spec R, M?gl) may be identified with the set of all 
power series f(u, v) e R[[u, v]] satisfying (LI), (L2), and (L3). Then M?gl is an 
affine scheme: in fact, by Quillen’s theorem we have Mygl = Spec MP(*). Let G 
denote the group scheme of all automorphisms of the formal affine line Spf Z[[x]]; 
in other words, Hom(Spec R, G) is the set of all power series 


g(x) = a x x + a 2 x 2 + . . . 
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with coefficients in R , such that a\ is invertible; such power series form a group 
under composition. The group G acts on A^fgl- on the level of /G valued points, 
this action is given by the formula 

fHu,v) = g- l f(g(u),g(v)). 

Let Myg denote the stack-theoretic quotient of AIfgl by G: this is the moduli stack 
of formal groups. There is a natural map 

A4fgl A^fg 

which “forgets the coordinate”; it is a principal bundle with structure group G. 

Remark 1.6. One can think of Myg as a kind of infinite-dimensional Artin stack. 

Now, for any space A , the MP-cohomology groups MP”(A) are modules over 
the commutative ring MP(*). By Quillen’s theorem, these modules can be identi- 
fied with quasi-coherent sheaves on AIfgl- However, one can say more. If A is a 
cohomology theory, a stable cohomology operation (of degree k) is a collection of 
natural transformations 


A"(X, Y ) -* A n+k (X,Y) 

which are suitably compatible with the connecting homomorphism. For example, if 
A is a multiplicative cohomology theory, then every element of u e A k (*) gives 
rise to a stable cohomology operation, given by multiplication by u. However, in 
the case where A = MP, there are many other stable cohomology operations. For 
any space X , the cobordism group MP(A) is a module over the ring of all stable 
cohomology operations on MP. An elaboration of Quillen’s theorem can be used 
to give an algebro-geometric interpretation of this additional structure: when X is 
finite cell complex, the quasi-coherent sheaves MP n ( X ) on M fgl are endowed with 
an action of the group G (covering the action of G on Ad fgl)- In other words, we 
may interpret the complex cobordism groups MP' Z (A) as quasi-coherent sheaves 
MP n (A) on the moduli stack AIfg- 

Remark 1.7. The finiteness restrictions on X in the preceding discussion can be 
dropped if we are willing to work with the MP-homology groups of A, rather than 
the MP-cohomology groups. 

Now suppose that G is a (commutative, 1 -dimensional) formal group over a 
commutative ring R. Then G is classified by a map 

Spec R — > AIfg 


and we may define 


A n { A) = 0*MP"(A) 


A Survey of Elliptic Cohomology 


227 


for every finite cell complex X ; this is a quasi-coherent sheaf on Spec R which 
we may identify with an R-module. Again, this does not necessarily define a coho- 
mology theory: however, it does give a cohomology theory whenever the map 0 is 
flat. If (j) is flat, then we say that the formal group G is Landweber- exact. Using 
the structure theory of formal groups, Landweber has given a criterion for a formal 
group G to be Landweber-exact (see [5]). We will not review Landweber’ s theorem 
here. However, we remark that Landweber’ s criterion is purely algebraic, easy to 
check, and is quite often satisfied. 

Remark 1.8. In the case where G is the formal group given by a formal group law 
/ ( u , v) e R[[u , v]], the preceding definition of A n {X) coincides with the definition 
given earlier. In general, the formal group law / exists only (Zariski) locally on 
Spec R ; namely, it exists whenever the Lie algebra g of G is free as an R-module. 
The present definition of A has the advantage that it does not depend on a choice of 
coordinate on the formal group G, and makes sense even when the Lie algebra 0 is 
not free. Note that if g is not free, then A cannot be a periodic cohomology theory in 
the sense of Definition 1.1: instead, we have A 2k (*) ~ g®(-U, so that A is weakly 
periodic in the sense of Remark 1.4. 

Example 1.4. Let R = Z, and let G m be the formal multiplicative group (deter- 
mined by the formal group law f(u,v ) = u + v + uv). In this case, Landweber’s 
criterion is satisfied, so that 

A n (X) = MP n (X) ®mp ( *) Z 


defines a cohomology theory (for finite cell complexes X). Moreover, this coho- 
mology theory is uniquely determined by the fact that it is even, periodic, and 
is associated to the formal multiplicative group G m over A(*) ~ Z. We saw in 
Example 1.3 that complex AT-theory has all of these properties. We deduce that A is 
complex AT-theory: in other words, we can discover AT-theory in a purely algebraic 
fashion, by thinking about the formal multiplicative group over the integers. 

Example 1.5. Let G a be the formal additive group over a commutative ring R , 
defined by the formal group law f(u,v) = u + v. Then G a is Landweber-exact 
if and only if R is an algebra over the field Q of rational numbers. In this case, the 
associated cohomology theory is just periodic cohomology with coefficients in R. 

Remark 1.9. Over the field Q of rational numbers, the formal additive group is iso- 
morphic to the formal multiplicative group (in fact, all commutative, 1 -dimensional 
formal groups over Q are isomorphic to one another). This reflects the fact that 
rationally, complex K-theory reduces to periodic cohomology with rational coeffi- 
cients. More precisely, for every finite cell complex X , the Chern character gives an 
isomorphism 


ch :K(X ) Q -* n n 2k ( X ’ Q) 

k 
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The Chern character should be thought of as a cohomological reflection of the 
isomorphism exp : G a -> G m . 


1.3 Elliptic Cohomology 

In the last section, we reviewed the relationship between cohomology theories and 
formal groups. In particular, we saw that the most basic examples of formal groups 
(namely, the formal additive group G a and the formal multiplicative group G m ) 
were closely related to the most basic examples of cohomology theories (namely, 
ordinary cohomology and complex K- theory). It is natural to try to expand on these 
examples, by seeking out other cohomology theories that are related to interesting 
formal groups. 

A key feature of the formal groups G a and G m is that they arise as the formal 
completions of the algebraic groups G a and G m . (The homotopy-theoretic signif- 
icance of this observation will become clear later, when we discuss equivariant 
cohomology theories). Since we are interested only in commutative, 1 -dimensional 
formal groups, it is natural to consider algebraic groups which are also commutative 
and 1 -dimensional. However, examples are in short supply: over an algebraically 
closed field, every 1 -dimensional algebraic group is isomorphic to either the addi- 
tive group Gtf, the multiplicative group G m , or an elliptic curve. The cohomology 
theories associated to the first two examples are classical, but the third case is more 
exotic: this is the subject of elliptic cohomology , to which this paper is devoted. 

Definition 1.2. An elliptic cohomology theory consists of the following data: 

1. A commutative ring R. 

2. An elliptic curve E , defined over R. 

3. A multiplicative cohomology theory A which is even and weakly periodic (see 
Remark 1.4). 

4. Isomorphisms A(*) ~ R and E ~ Spf A(CP°°) (of formal groups over R ~ 
A(*)). Here E denotes the formal completion of the elliptic curve E along its 
identity section. 

Remark 1.10. In the situation of Definition 1.2, we will often abuse terminology 
and simply refer to A as an elliptic cohomology theory. In other words, we think 
of an elliptic cohomology theory as a cohomology theory A, together with some 
additional data relating A to an elliptic curve. 

Remark 1.11. Let E be an elliptic curve over a commutative ring R. The formal 
completion E of E is a commutative, 1 -dimensional formal group over R. If E is 
Landweber-exact, then the data of (3) and (4) is uniquely determined. Consequently, 
in the Landweber-exact case, an elliptic cohomology theory is essentially the same 
thing as an elliptic curve. 
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Remark 1.12. Our notion of elliptic cohomology theory is essentially the same as 
the notion of an elliptic spectrum as defined in defined in [6] . 


In view of Remark 1.11, there is a plentiful supply of elliptic cohomology the- 
ories: roughly speaking, there is an elliptic cohomology theory for every elliptic 
curve. Of course, we have a similar situation for other algebraic groups. The mul- 
tiplicative group G m can be defined over any commutative ring R. The formal 
completion of G m is Land weber-exact if and only if R is a torsion-free Z-module; 
in this case, we have an associated cohomology theory which is given by 

A n (X) = K n (X ) ® z R 

for every finite cell complex X . In other words, there are many cohomology theories 
associated to the multiplicative group, but they are all just variants of one universal 
example: complex AT-theory, associated to the “universal” multiplicative group over 
the ring of integers Z. 

The analogous situation for elliptic cohomology is more complicated, because 
there is no universal example of an elliptic curve over a commutative ring. In other 
words, the moduli stack M u of elliptic curves, defined by the equation 

Hom(Spec R, M\,\) = {Elliptic curves E -> Spec R}, 

is not an affine scheme. In fact, Adij is not even a scheme: the right hand side of 
the above equation really needs to be viewed as a groupoid, since elliptic curves can 
have nontrivial automorphisms. However, A4 u is a Deligne-Mumford stack; that 
is, there is a sufficient supply of etale morphisms 0 : Spec R -* M ij. For every 
such morphism 0 there is associated an elliptic curve E# . It turns out that, if 4> is 
etale (or more generally, if 0 is flat), then the formal group E^ is Landweber-exact. 
Consequently, in this case we may associate to 0 an elliptic cohomology theory A $ . 

The correspondence 


O : [<fi : Spec R -> M\,\] i-> A $ 

determines a presheaf on Adu, taking values in the category of cohomology the- 
ories (More precisely, it is a presheaf of cohomology theories on the category of 
affine schemes with an etale map to Adu). This presheaf may, in some sense, be 
regarded as the “universal elliptic cohomology theory.” To extract an actual coho- 
mology theory from A, it is tempting to try to extract some sort of global sections 
T (ATi.i , O). Unfortunately, the notion of a cohomology theory is not well-suited to 
this sort of construction: one cannot generally make sense of the global sections of 
a presheaf that takes values in the category of cohomology theories. 

To remedy this difficulty, it is necessary to represent our cohomology theories. 
According to Brown’s representability theorem (see [7]), any cohomology theory A 
has a representing space Z, so that there is a functorial identification 
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A{X) ~ [X, Z] 

of the A -cohomology of every cell complex X with the set [X, Z] of homotopy 
classes of maps from X into Z. More generally, for each n e Z there is a space 
Z(n) and an identification 


A n (X) ~ [X, Z(n)}. 

The connecting map in the A -cohomology long exact sequence endows the sequence 
of spaces {Z(n)} with additional structure: namely, a sequence of homotopy 
equivalences 

8(n) : Z(n) -> £2Z(n + 1). 

A sequence of (pointed) spaces Z(n), together with homotopy equivalences 8(n) as 
above, is called a spectrum. Every spectrum determines a cohomology theory, and 
every cohomology theory arises in this way. However, the spectrum representing 
a cohomology theory A is not canonically determined by A : for example, the 0th 
space Z(0) can only be recovered up to homotopy equivalence. 

Consider the diagram 


{ Spectra } 


{(j) : Spec R -> M.\.\\ >- {Cohomology Theories}. 

If we could supply the dotted arrow, then we could lift the presheaf O to a presheaf 
of spectra on the moduli stack of elliptic curves. This would address the problem: 
there is a good theory of sheaves of spectra, which would allow us to form a spec- 
trum of global sections. However, supplying the dotted arrow is no simple matter. 
It is an example of a lifting problem which, in principle, can be attacked using 
the methods of obstruction theory. However, the obstruction- theoretic calculations 
involved turn out to be very difficult, so that a direct approach is not feasible. 

The fundamental insight, due to Hopkins and Miller, is that the requisite calcu- 
lations are much more tractable if we try to prove a stronger result. By definition, 
an elliptic cohomology theory is required to have a multiplicative structure. If A 
is a multiplicative cohomology theory represented by a spectrum {Z(n)}, then by 
Yoneda’s lemma, the multiplication map 

A k (X ) x A l (X) A k+l (X ) 

is represented by a map mkj : Z(k) x Z(Z) -> Z(k + / ), which is well-defined up to 
homotopy. Moreover, the identities that are satisfied by the multiplication operation 
may be rephrased in terms of certain diagrams involving the maps rrikj, which are 
required to commute up to homotopy. In particular, the space Z(0) has the struc- 
ture of a commutative ring, when regarded as an object in the homotopy category of 
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topological spaces. For sophisticated purposes, requiring the ring axioms to hold up 
to homotopy is not nearly good enough. However, one does not wish to require too 
much. We could ask that the ring axioms for Z(0) hold not just up to homotopy, 
but on the nose, so that Z(0) is a topological commutative ring. Any topologi- 
cal commutative ring represents a multiplicative cohomology theory. However, it 
turns out that the cohomology theories which arise in this way are not very interest- 
ing: they are all just variants of ordinary cohomology. In particular, the classifying 
space Z x BU for complex AT-theory is not homotopy equivalent to a topological 
commutative ring. 

There is a notion that is intermediate between “commutative ring up to homo- 
topy” and “topological commutative ring,” which is suitable for describing the 
kind of multiplicative structure that exists on complex K - theory and in many other 
examples. Roughly speaking, one requires the representing space Z(0) to have the 
structure of a commutative ring in the homotopy category of topological spaces, but 
also remembers the homotopies which make the relevant diagrams commute, which 
are required to satisfy further identities (also up to homotopies which are part of the 
structure and required to satisfy yet higher identites, and so on). A spectrum {Z(n)} 
together with all of this data is called an E^-ring spectrum , or simply an E^-ring. 
We will not give a definition here, though we will give a brief outline of the theory 
in Sect. 2.1. For definitions and further details we refer the reader to the literature 
(for example [8] or [9]). 

Returning to the subject of elliptic cohomology, we can now consider the diagram 


{Eoo - Rings } 


{(f) : Spec R -> Adu} {Multiplicative Cohomology Theories}. 

Once again, our objective is to produce the dotted arrow in the diagram: as 
for spectra, there is a suitable sheaf theory for -rings. At first glance, this 
appears to be a much more difficult problem than the one considered earlier. Let 
(f) : Spec R -> ATu be an etalemap, and let A $ be the associated elliptic coho- 
mology theory. The Brown representability theorem guarantees that A $ can be 
represented by a spectrum. However, the multiplicative structure on A $ does not 
guarantee us an E ^- structure on the representing spectrum. Thus, the problem of 
lifting O to a sheaf of £" 00 -rings is nontrivial, even when we restrict O to a single 
object. 

However, it turns out that problem of lifting O to a presheaf of -rings is much 
more amenable to obstruction-theoretic attack. This is because E ^ -rings are very 
rigid objects. Although it is much harder to write down an £ 00 -ring than a spectrum, 
it is also much harder to write down a map between E ^ -rings than a map between 
spectra. The practical effect of this, in our situation, is that it is much harder to write 
down the wrong maps between E ^ -rings and much easier to find the right ones. 
Using this idea, Goerss, Hopkins, and Miller were able to prove the following result 
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Theorem 1.1. There exists a commutative diagram 



{(j) : Spec R Mix) >- {Multiplicative Cohomology Theories}. 

Moreover, the functor O^Der is determined uniquely up to homotopy equivalence. 

We are now in a position to extract a “universal” elliptic cohomology theory, 
by taking the global sections of the presheaf . In the language of homotopy 
theory, this amounts to taking the homotopy limit of the functor O m Der. We will 
denote this homotopy limit by tmf[A -1 ]. This is an E 0 o-ring: in other words, a 
cohomology theory with a very sophisticated multiplicative structure. In particular, 
we can view tmf[A _1 ] as a multiplicative cohomology theory. However, it is not an 
elliptic cohomology theory: in fact, it is neither even nor periodic (at least not of 
period 2). This is a reflection of the fact that the moduli stack Mix is not affine. 
In other words, tmf [A -1 ] is not an elliptic cohomology theory because it does not 
correspond to any particular elliptic curve: rather, it corresponds to all elliptic curves 
at once. 

For our purposes, it is the (pre)sheaf O m Der itself which is the principal object 
of interest, not the E 0 o-ring tmf[A _1 ] of global sections. Passage to global sections 
loses a great deal of interesting information, since the moduli stack Mix is not 
affine. In the next section, we will “rediscover” Der from a rather different point 
of view: namely, by thinking about equivariant cohomology theories. 

Remark 1.13. The reason that we have written tmf[A _1 ], rather than tmf, is that 
we considered above the moduli stack Mix °f (smooth) elliptic curves. The coho- 
mology theory tmf is associated to a similar picture, where we replace Mix by 
its Deligne-Mumford compactification Mix- We will discuss elliptic cohomology 
over M u in Sect. 4.3. 

The notation tmf is an acronym for topological modular forms. It is so-named 
because there exists a ring homomorphism from tmf* (*) to the ring of integral mod- 
ular forms. This homomorphism is an isomorphism after inverting the primes 2 and 
3 (These primes are troublesome because of the existence of elliptic curves with 
automorphisms of orders 2 and 3). 


2 Derived Algebraic Geometry 

Many of the cohomology theories which appear “in nature” can be extended to 
equivariant cohomology theories. For example, if X is a reasonably nice (com- 
pact) space with an action of a compact Lie group G, one defines the G -equivariant 
K - theory of X to be the Grothendieck group Kq{X) of G -equivariant vector 
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bundles on X. We would like to consider the following general question: given 
a cohomology theory A, where should we look for G-equivariant versions of 
A-cohomology? 

For any reasonable theory of equivariant cohomology, we expect that if X is a 
principal G -bundle over a space Y, then there is a natural isomorphism Aq(X) ~ 
A(Y). This gives a definition of Aq(X) whenever the action of G on X is suf- 
ficiently “free.” However, one can always replace X by a homotopy equivalent 
space with a free G-action. Namely, let p : EG -> BG be a principal G-bundle 
whose total space E G is contractible. Such a principal bundle always exists, and is 
uniquely determined up to homotopy equivalence. Now any space X on which G 
acts can be replaced by the homotopy equivalent space EG x X, which is a princi- 
pal G-bundle. One can now define A^ or (X) = A{{X x EG)/G)\ this is called the 
Borel-equivariant cohomology theory associated to A. 

There are some respects in which Borel-equivariant cohomology is not a sat- 
isfying answer to our question. For one thing, we note that Aq 0T (X) is entirely 
determined by the original cohomology theory A : in other words, it is nothing but a 
new notation for ordinary A -cohomology. More importantly, there are many cases 
in which it is not the answer that we want to get. For example, if A is complex 
AT-theory, then the Borel-equivariant theory does not coincide with theory obtained 
by considering equivariant vector bundles. Instead, we have a natural map 

K g (X) -*• K g (X x EG) ~ K((X X EG)/G) ~ K% or (X) 

where the first map is given by pullback along the projection X x EG -> X . This 
map is generally not an isomorphism. When X is a point, we obtain the map 

(p : Rep(G) -> K(BG) 

from the representation ring of G to the AT-theory of BG, which carries each repre- 
sentation of G to the associated bundle on the classifying space. This map is never 
an isomorphism unless G is trivial. However, it is not far from being an isomor- 
phism: by the Atiyah-Segal completion theorem ( [10]), 0 identifies K(BG ) with 
the completion of Rep(G) with respect to a certain ideal (the ideal consisting of 
virtual representations of dimension zero). 

Let us consider the situation in more detail for the circle group G = S 1 . Every 
representation of G is a direct sum of irreducible representations. Since G is abelian, 
every irreducible representation is 1 -dimensional, given by a character G -> C*. 
Furthermore, every character of G is simply an integral power of the “defining” 
character 


X :G ~{ze C : |z| = 1} C*. 

The representation ring of G is therefore isomorphic with the ring of Laurent poly- 
nomials Z[/, x~ 1 ]- We observe that this ring of Laurent polynomials may also be 
identified with the ring of functions on the multiplicative group G m . The classifying 
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space of the circle group may be identified with CP°°; as we saw in Sect. 1.2, the 
K- theory of this space is a power series ring Z [[t]\, which may be identified with 
the ring of functions on the formal multiplicative group G m . In this case, the map 

*g(*) -> K(BG) 

is easily identified: it is given by restriction of functions from the entire multiplica- 
tive group to the formal multiplicative group. In other words, it is given by taking 
germs of functions near the identity. Concretely, this homomorphism is described 
by the formula x (t + 1). 


We saw in Sect. 1 that if A is an even periodic cohomology theory, then A deter- 
mines a formal group G = Spf ^4(CP°°). The lesson to learn from the example 
of K- theory is that the problem of finding equivariant versions of the cohomology 
theory A may be related to the problem of realizing G as the formal completion of 
an algebraic group G. In the case of K- theory, we can recover G as the spectrum 
of the equivariant K-g roup In the case of elliptic cohomology, we do not 

expect G to be affine, and therefore we cannot expect to recover it from its ring 
of functions (though it is often possible to reconstruct G through a more elaborate 
procedure: we will discuss this problem in Sect. 5.5). Instead, we should view the 
correspondence as running in the other direction: given an algebraic group G hav- 
ing Spf ^4(CP°°) as its formal completion, it is natural to define A s i (*) to be global 
sections of the structure sheaf of G. Passing from functions to their formal germs 
then gives a suitable “completion” map 

A sl (*) ^ A(CP°°) 

from equivariant A -cohomology to Borel-equivarient A -cohomology. 


Of course, the above prescription does not solve the problem of defining equiv- 
ariant versions of the cohomology theory A, even for the group G = S 1 . Merely 
knowing the equivariant cohomology groups Aq(*) of a point does not tell us how 
to define the equivariant cohomology groups Aq(X) of a more general G-space X. 
This difficulty arises even when G is trivial: a cohomology theory A is not deter- 
mined by its coefficient groups A n (*). To really exploit the ideas sketched above, 
we need to be able to extract from the algebraic group G not just cohomology rings , 
but cohomology theories. To accomplish this, we need G to be an algebraic group in 
a somewhat nonstandard setting: the sheaf of regular functions on G will be a sheaf 
not of ordinary commutative rings, but of £" 00 -rings. Our goal in Sect. 2 is to intro- 
duce the ideas which are needed to make sense of these kinds of algebraic groups. 
We will use this theory to construct equivariant cohomology theories in Sect. 3, and 
relate it to the theory of elliptic cohomology in Sect. 4. 
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2.1 Eoo-Rings 


In Sect. 1.3, we briefly mentioned the notion of an E^-ring spectrum, which 
reappear throughout this paper. However, the ideas involved are somewhat nonele- 
mentary, and to give a precise definition would take us too far afield. This section 
is intended as a nontechnical introduction to the subject of E^-hng theory; we will 
not give any definitions or prove any theorems, but will highlight some of the main 
features of the theory and explain how it can be used in practice. 

Roughly speaking, an E^-ring space is a topological space A equipped with 
the structure of a commutative ring. As we explained in Sect. 1.3, there are several 
unsatisfactory ways of making this precise. Consider the diagram 


Ax A 



where a denotes the addition map on A, and s the automorphism of Ax A which 
permutes the factors. The commutativity of this diagram expresses the commutativ- 
ity of the addition operation on A. However, this is a very strong condition which 
is often not satisfied in practice. What is much more common is that the diagram 
commutes up to homotopy. That means that there is a continuous map 

h t : A x A x [0, 1] -> A 

with ho = a and h\ = a o s. For sophisticated applications, merely knowing the 
existence of h is usually not enough: one should really take h to be part of the 
ring structure on A. Moreover, h should not be arbitrary, but should itself satisfy 
certain identities (at least up to homotopy, which must again be specified). In other 
words, we do not want A merely to have the structure of a commutative ring up to 
homotopy, but up to coherent homotopy. Of course, deciding exactly what we mean 
by this is a highly nontrivial matter: exactly what homotopies should we take as part 
of the data, and what identities should they satisfy? There are several (equivalent) 
ways of answering these questions; we refer the reader to [8] for one possibility. 

Let A be an E^-ring space; then, in particular, we can view A as a space and 
consider its homotopy groups Jt n A (here we use a canonical base point of A which is 
given by the “identity” with respect to addition). Since A is an abelian group in the 
homotopy category of topological spaces, each n n A is endowed with the structure 
of an abelian group; this agrees with the usual group structure on jt n A for n > 1. 
In addition, the multiplication operation on A endows i r*A = 0 W > O 7T n A with the 
structure of a graded ring. The ring tt* A is commutative in the graded sense: that is, 
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if x e 7t n A and y e n m B , then xy = (— 1 ) nm yx e n n + m A. In particular, ttoA is a 
commutative ring, and each n n A has the structure of a module over no A. 

Any commutative ring can be regarded as an E^-ring space; we simply regard 
it as a topological commutative ring, given the discrete topology. For any Eoq -ring 
space A, there is a canonical map A -> no A which collapses each path component 
of A to a point. 

A map of £" 00 -ring spaces A -> B is an equivalence if it gives rise to isomor- 
phisms n n A -> n n B. We note that if A is an E^-hng space with n n A = 0 for 
n > 1, then the projection A -> no A is an equivalence; in this case we say that 
A is essentially discrete and we may abuse terminology by identifying A with the 
ordinary commutative ring no A. We can regard the higher homotopy groups n n A as 
a measure of the difference between A and the ordinary commutative ring no A. 

Remark 2.1. Recall that an ordinary commutative ring R is said to be reduced if 
it contains no nonzero nilpotent elements. If R is not reduced, then the nilpotent 
elements of R form an ideal /; then there is a projection R — > R/I , and R/I is a 
reduced ring. The relationship between E 0 o-ring spaces and ordinary commutative 
rings should be regarded as analogous to the relationship between ordinary commu- 
tative rings and reduced commutative rings. If A is an E^-ring space, one should 
regard no A as the “underlying ordinary commutative ring” which is obtained from 
A by killing the higher homotopy groups, just as the reduced ring R/I is obtained 
by killing the nilpotent elements of R. 

Any E 0 o-ring space A determines a cohomology theory: for a (well-behaved) 
topological space X , one can define A(X) to be the set of homotopy classes of 
maps from X into A. More generally, one can consider the space A x of all maps 
from X into A, and endow it with the structure of an E^-ring space, computing all 
of the ring operations pointwise. One can then define A~ n (X) to be the homotopy 
group n n A x for n > 0. This definition has a natural extension to the case n < 0, 
and gives rise to a (multiplicative) cohomology theory which we will also denote by 
A. Of course, the functor 


X i-> A{X) 

determines A as a topological space, up to weak homotopy equivalence. The 
£oo-ring structure on A can be regarded as determining a commutative ring structure 
on the functor X \- A (X), together with certain higher coherence conditions. 

We therefore have two distinct (but related) points of view on what an E 0 o-ring 
space A is. On the one hand, we may view A as a “commutative ring in homotopy 
theory”; from this point of view, the theory of Eqq -rings is a kind of generalized 
commutative algebra. On the other hand, we may view an E^-ring space A as a 
cohomology theory equipped with a good multiplicative structure, giving rise not 
only to multiplication maps on A -cohomology but also secondary operations such 
as Massey products and their higher analogues. Both of these points of view will be 
important for the applications we discuss in this paper. 
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The cohomology theory associated to an E 0 o-ring space A is connective : that is, it 
has the property that A n (*) = 0 for ft > 0. Many cohomology theories which arise 
naturally do not have this property. For example, a nontrivial cohomology theory 
cannot be both connective and periodic (in the sense of Definition 1.1). Conse- 
quently, it is necessary to introduce a slightly more general notion than an E^-ring 
space: that of an E^-ring spectrum , or simply an E^-ring. Roughly speaking, an 
E 0 o-ring is a cohomology theory A with all of the same good multiplicative 
properties that the cohomology theories associated to E 0 o-ring spaces have, but 
without the requirement that A be connective. If A is an E 0 o-ring, then one can 
associate to it a graded ring 0 w€ z 7T w A (by taking that A-cohomology groups of a 
point) which may be nonzero in both positive and negative degrees. Every E^-ring 
space may be regarded as an E 0 o-ring; conversely, an E^-ring A with n n A = 0 for 
n < 0 is equivalent to an E^-ring space. Finally, if A is an arbitrary E 0 o-ring, then 
it has a connective cover r>oA, which satisfies 


7t k (r> 0 A) 


TtkA if k > 0 
0 if k < 0. 


Remark 2.2. It is important to understand that the world of £" 00 -rings is essentially 
higher-categorical in nature. In practice, this means that given two £oo -rings A and 
B , one really has a space Hom(A, B) of maps from A to B, rather than simply a set. 

If A is an E 0 o-ring, then there is a good theory of modules over A, which are 
called A-module spectra. Every A -module spectrum M can be viewed as a spec- 
trum, and therefore determines a cohomology theory X m- M*(X). In particular, 
one can define homotopy groups 7t n M = M~ n (*), and these form a graded module 
71 *M over the graded ring tt* A. 

We will generally refer to A-module spectra simply as A-modules. However, 
there is a special case in which this could potentially lead to confusion. If A is an 
ordinary commutative ring, then we may regard A as an Is ^ -ring. In this case, we 
can identify A-module spectra with objects of the derived category of A-modules: 
that is, chain complexes of A-modules, defined up to quasi-isomorphism. 

The following definition will play an important role throughout this paper: 

Definition 2.1. Let A be an E 0 o-ring and let M be an A-module. We will say that 
M is flat if the following conditions are satisfied: 

1. The module ttqM is flat over ttoA, in the sense of classical commutative algebra. 

2. For each n, the induced map 


7t n A ® noA jzqM -> 7 r n M 


is an isomorphism. 

We will say that a map A -> B of Eoq -rings is flat if B is flat when regarded as 
an A-module. 
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2.2 Derived Schemes 


In the last section, we reviewed the theory of £" 00 -rings, and saw that it was a natural 
generalization of classical commutative algebra. In this section, we will explain how 
to incorporate these ideas into the foundations of algebraic geometry. 

We begin by recalling the definition of a scheme. A scheme is a pair ( X , Ox), 
where A is a topological space and Ox is a sheaf of rings on X, which is locally 
(on X ) isomorphic to (Spec A, O s pec a) for some commutative ring A. We seek a 
modification of this definition in which we allow Eqq -rings to fill the role of ordinary 
commutative rings. The main challenge is to decide what we mean by Spec A, when 
A is an E a o-ring. We will adopt the following rather simple-minded definition. 

Definition 2.2. Let A be an Eoo-ring. Then the topological space Spec A, the 
Zariski- spectrum of A, is defined to be the spectrum of the ordinary commutative 
ring no A: in other words, the set of prime ideals in no A. We endow Spec A with the 
usual Zariski-topology, with a basis of open sets given by the loci Uf = {p\f £ p}, 
/ e jtqA. 

To complete the definition of the Zariski- spectrum of an E 00 -ring A, we need to 
define the structure sheaf Ospec a • By general nonsense, it suffices to define Os pec a 
on each of the basic open subsets Uf c Spec A. If A were an ordinary commutative 
ring, we would define (9s pec a(U /) = A[f~ 1 ]. This definition makes sense also in 
the Eoq -context. Namely, given an ifoo-ring A and an element / e no A, there exists 
a map of Eqq -rings A -> A[f~ l ], which is characterized by either of the following 
equivalent assertions: 

1. The map 7t*A -> tt*(A[/ - 1 ]) identifies tt*(A[/ - 1 ]) with (tt*A)[/ -1 ]. 

2. For any E 0 o-ring B , the induced map 

Horn (A[f~ l ], B ) -> Hom(A, B) 

is a homotopy equivalence of the left hand side onto the subspace of the right 
hand side consisting of all maps A -> B which carry / to an invertible element 
in ttoB (this is a union of path components of Hom(A, B)). 

In virtue of the second characterization, the map A — > A[f~ l ] is well-defined up 
to canonical equivalence; moreover, it is sufficiently functorial to allow a definition 
of the structure sheaf Ospec a • 

We are now prepared to offer our main definition. 

Definition 2.3. A derived scheme is a topological space X equipped with a sheaf 
of Eoq -rings Ox, which is locally equivalent to (Spec A , Ospec a) where A is an 
£oo-ring. 


Remark 2.3. As we mentioned earlier, the world of Eqq -rings is higher-categorical 
in nature. Consequently, one needs to be careful what one means by a sheaf of 
Eqq -rings. There are several approaches to making this idea precise. One is to use 
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Quillen’s theory of model categories. Namely, one can let C be a suitable model- 
category for £" 00 -rings (for example, commutative monoids in symmetric spectra: 
see [9]). Now we can consider the category of C -valued pre sheaves on a topologi- 
cal space A. This category of presheaves is itself endowed with a model structure, 
which simultaneously reflects the original model structure on C and the topology of 
X. Namely, we define a map T -> Q of presheaves to be a cofibration if it induces 
a cofibration 1F(U) -> G(U) in C for every open subset U c X, and a weak equiv- 
alence if it induces a weak equivalence on stalks 5F X -> Q x for every point x e X. 
One can then define a sheaf of E 0 o -rings on X to be a fibrant and cofibrant object 
of this model category. 

Remark 2.4. As with Eqq -rings themselves, derived schemes are higher-categorical 
objects by nature. That means that given derived schemes ( X , Ox) and (F, Oy), we 
can naturally associate a space of morphisms from ( X , Ox) to (F, Oy). Namely, we 
define 

Horn ((X,O x ),(Y,O y ))= ]J Homo (0 Y ,f*0 x ). 

f :X—*Y 

Here Homo (Oy , f*Ox) is the subspace of Horn (Oy , f*Ox) consisting of local 
maps of sheaves of E 0 o -rings: that is, maps which induce local homomorphisms 
KoOyj( x ) tto Ox,x of commutative rings for each x e X. This is a union of path 
components of Horn (Oy, f*Ox ), which may be defined following the description 
in Remark 2.3. 

Example 2.1. Let A be an Eqq ring. Then (Spec A, O s pec a) is a derived scheme. 
Derived schemes which arise via this construction we will call affine. 

Remark 2.5. Let ( X,Ox ) be an ordinary scheme. Since every ordinary commu- 
tative ring can be regarded as an E^-ring, we may regard Ox as a presheaf of 
Eoq -rings on X. This presheaf is generally not a sheaf: this is because of the exis- 
tence of nontrivial cohomology groups of the structure sheaf Ox over the open 
subsets of X. Let O r x denote the sheafification of Ox, in the setting of sheaves 
of Eoq -rings. Then (A, O f x ) is a derived scheme. We will abuse terminology by 
ignoring the distinction between Ox and O f x (either one can be recovered from 
the other, via the functors of sheafification and n 0 . We also note that the map 
Ox(U) O x (U) is an equivalence whenever U c X is affine). Thus, every 
ordinary scheme can be regarded as a derived scheme. 

Conversely, let ( X , Ox) be a derived scheme. Then the functor 

U ^ Jt 0 (O x (U)) 

is a presheaf of commutative rings on X. We let ttqOx denote the sheafification of 
this presheaf. (A vanishing theorem of Grothendieck ensures that (ttqOx)(U) ~ 
tto (Px(U)) whenever U is affine). The pair (A, ttqOx) is a scheme. We call it the 
underlying ordinary scheme of (A, Ox), and will occasionally denote it by (A, Ox)- 

Remark 2.6. If we were to employ only E^-ring spaces, rather than arbitrary E 0 c - 
rings, in our definition of derived schemes, then the functor 
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(X, O x )^(X,7t 0 O x ) 

would be a right adjoint to the inclusion functor from schemes to derived schemes. 
In other words, we would be able to regard ( X , 7ToO x ) as the maximal ordinary 
subscheme of the derived scheme {X, O x ). There is an analogous construction 
in ordinary algebraic geometry: every scheme possesses a maximal reduced sub- 
scheme. 

Without connectivity assumptions, no such interpretation is possible: there is no 
map which directly relates (X, O x ) and (X, 7toO x ). 

Much of the formalism of ordinary algebraic geometry can be carried over to 
derived algebraic geometry, without essential change. For example, if (X, O x ) is 
a derived scheme, then one can consider quasi- coherent sheaves on X : these are 
functors T which assign to every open subset U c X a O x (£/)- module spectrum 
JF(f/), which satisfy JF(F) ~ JF(f/) ®o x (U) O x (V) whenever V c U are affine, 
and which satisfy an appropriate descent condition. 

There is also a good theory of flatness in derived algebraic geometry. 

Definition 2.4. Let p : ( X , O x ) -> (F, Oy) be a map of derived schemes. We will 
say that p is flat if, for every pair of open affine subsets U c X, V c F such that 
p(U) c F, the induced map of £" 00 -rings 

Oy(V)-+O x (U) 
is flat (in the sense of Definition 2.1). 

Remark 2.7. As in ordinary algebraic geometry, one can give various equivalent 
formulations of Definition 2.4: for example, testing flatness only on particular affine 
covers of X and Y, or on stalks of the structure sheaves. 

We note that if p : (A, O x ) -> (F, Oy) is a flat map of derived schemes, then the 
underlying map of ordinary schemes (A, 7toO x ) -» (F, TtoOy) is flat in the sense 
of ordinary algebraic geometry. Conversely, if (F, Oy) is an ordinary scheme, then 
p is flat if and only if ( X , O x ) is an ordinary scheme and p is flat when viewed as a 
map of ordinary schemes. In other words, the fibers of a flat morphism are classical 
schemes. 

In many of the applications that we consider, we will need to deal with algebro- 
geometric objects of a more general nature than schemes. For example, the moduli 
stack ATi.i of elliptic curves cannot be represented by a scheme. However, ATi.i is 
an algebraic stack, in the sense of Deligne-Mumford. Algebraic stacks are usually 
defined to be a certain class of functors from commutative rings to groupoids; how- 
ever, for Deligne-Mumford stacks one can also take a more geometric approach to 
the definition: 

Definition 2.5. A Deligne-Mumford stack is a topos X with a sheaf O x of com- 
mutative rings, such that the pair (A, O x ) is locally (on X) isomorphic with 
(Spec A, OspecA), where A is a commutative ring. Here Spec A denotes the etale 
topos of A, and Os pec A its canonical sheaf of rings. 
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As with schemes, it is possible to offer a derived version of Definition 2.5, and 
thereby obtain a notion of derived Deligne-Mumford stack. All of the above discus- 
sion carries over to this more general context, without essential change. The reason 
for introducing this definition is that we have already encountered a very interesting 
example: 

Example 2.2. Let Ad u = (Ad, Om\ i) denote the (ordinary) moduli stack of ellip- 
tic curves; here we let the symbol M denote the etaletopos of the moduli stack. 
Let 0 M v e r denote the sheaf of £" 00 -rings on M constructed in Theorem 1.1. (To 
be more precise, Theorem 1.1 constructs a presheaf of Eoq -rings on a particu- 
lar site for the topos Ad, which extends in a canonical way to the sheaf O). 
Then the pair Al Der = (Ad, O) is a derived Deligne-Mumford stack. We have 
TToO^Der ~ 0 m u , so that the underlying ordinary Deligne-Mumford stack of 
Ad Der is the classical moduli stack Ad 1,1 of elliptic curves. 

We can view Example 2.2 as offering a geometric interpretation of Theorem 
1.1: namely, Theorem 1.1 asserts the existence of a certain “derived” version of 
the moduli stack of elliptic curves. This turns out to be a very useful perspective, 
because the derived stack Ad Der itself admits a moduli-theoretic interpretation. This 
observation leads both to a new construction of the sheaf and to a theory 

of equivariant elliptic cohomology. It also permits the study of elliptic cohomology 
using tools from derived algebraic geometry, which has many other applications. 


3 Derived Group Schemes and Orientations 

In Sect. 2, we argued that for a (multiplicative) cohomology theory A, there is a 
relationship between equivariant versions of A and group schemes over the commu- 
tative ring A(*). To exploit this relationship, it is even better to have a group scheme 
G defined over A itself. The language of derived algebraic geometry enables us to 
make sense of this idea. Namely, suppose that A is an E^-ring; then Definition 2.3 
allows us to speak of derived A-schemes\ that is, maps G -> Spec A in the setting 
of derived schemes. But how can we make sense of a group structure on G? The 
question is somewhat subtle, since derived schemes are most naturally viewed as 
higher-categorical objects. 

Let us first consider the case of ordinary schemes. Let p : G -> X be a map of 
schemes. What does it mean to say that G is a (commutative) group scheme over 
X ? One possibility is to require that G be a commutative group object in the cate- 
gory of schemes over X : in other words, to require the existence of a multiplication 
map G Xj G ^ G satisfying various identities, which can be depicted as commu- 
tative diagrams. There is an alternative way of phrasing this, using Grothendieck’s 
“functor of points” philosophy. Namely, given an X-scheme q : S -> X, we can 
define 


G(S) = {r e Hom(S, G)|/? o r = q). 
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In other words, via the Yoneda embedding we may identify G with a functor from 
Y-schemes to sets. To endow G with the structure of a commutative group object 
(over Y) is to give a lifting of this functor to the category of abelian groups. Going 
still further, we can identify G with this lifting. From this point of view, a commu- 
tative group scheme over X is a functor from Y-schemes to abelian groups, such 
that the underlying functor from Y-schemes to sets happens to be representable by 
a scheme. 

We can apply the same philosophy to derived algebraic geometry. However, there 
is one important difference: if Y is a derived scheme, then derived schemes over 
Y should not be viewed as an ordinary category. Rather, they behave in a higher- 
categorical fashion, so that for a pair of derived Y-schemes S and S', the collection 
Homx(S, S') of commutative diagrams 

S >• S' 


Y 

forms a space, rather than a set. However, this poses no major difficulties and we 
can make the following definition. 

Definition 3.1. Let Y be a derived scheme. A commutative X -group is a (topologi- 
cal) functor G from derived Y-schemes to topological abelian groups, such that the 
composite functor 

{Y-schemes} -> {topological abelian groups} -> { topological spaces } 

is representable (up to weak homotopy equivalence) by a derived Y-scheme that is 
flat over Y. If Y = Spec R , we will also say that G is a commutative R- group. 

We will often abuse terminology and not distinguish between a commutative 
Y-group G over Y and the derived Y-scheme that represents its underlying space- 
valued functor. 

Remark 3.1. Let Y be an ordinary scheme. Then we may regard Y as a derived 
scheme, and a commutative Y-group in the sense of Definition 3.1 is the same 
thing as a commutative group scheme that is flat over Y, in the sense of ordinary 
algebraic geometry. More generally, any commutative Y -group gives rise to a flat 
commutative group scheme over Y, the underlying ordinary scheme of Y. 

If we were to remove the flatness hypothesis from Definition 3.1, neither of the 
above statements would be true. The problem is that the formation of fiber products 
G xj G is not compatible with passage between schemes and derived schemes, 
unless we assume that G -> Y is flat. 

Let us now return to the study of equivariant cohomology. Suppose that we are 
given a cohomology theory which is represented by an E^-hng A, and that we 
are looking for a definition of “S ^equi variant A -cohomology.” An S ^equivariant 
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cohomology theory determines an ordinary cohomology theory, simply by restrict- 
ing attention to spaces on which S l acts trivially. In the best of all possible worlds, 
this cohomology theory might itself be representable by an E 0 o-ring A s 1 . In the 
case of complex AT-theory, this E^-hng can be described as the ring of functions 
on a commutative AT-group G m (we will analyze this example in detail in Sect. 3.1). 
In the general case, we will take the commutative A -group G as our starting point, 
and try to recover a theory of equivariant A -cohomology from it. 

Of course, the commutative A -group G is not arbitrary, because any reason- 
able theory of equivariant A -cohomology can be compared with Borel-equivariant 
A -cohomology. In particular, there should be an “completion” map 

A s i -* ^ cp °°. 

In the example of AT-theory, this map can be interpreted as a restriction map, from 
regular functions defined on all of G m to formal functions defined only near the 
identity section of G m . Morally speaking, this is induced by a map 

Spf ^ cp0 ° -* G 

where the left hand side is a formal commutative A -group. In the case where A 
is even and periodic, it is possible to make sense of the formal spectrum of A CF 
using a formal version of derived algebraic geometry. Fortunately, this turns out to 
be unnecessary: it is possible to formulate the relevant structure in simpler terms. In 
order to do this, we first note that CP°° has the structure of a (topological) abelian 
group. Namely, we may view CP°° as the space of 1 -dimensional complex sub- 
spaces in the ring of rational functions C(x); multiplication on C(x) determines a 
group structure on CP°°. 

Definition 3.2. Let X be a derived scheme, and let G be a commutative X-group. 
A preorientation of G is a map of topological abelian groups 

CP°° -> G(X). 

A preoriented X -group is a commutative X -group G together with a preorientation 
of G. 

Suppose that X is the spectrum of an E^-ring A and let G be a commutative X- 
group, with A s \ the E 0 o-ring of global functions on G. Given an X-valued point 
of G, restriction of functions induces a map A s i -> A. If G is equipped with a 
preorientation, then we get a collection of maps A s i -> A indexed by CP°°, which 
we may identify with a map A s i — > A CF ; this is the “completion” map we are 
looking for. The requirement that CP°° -> G(X) be a map of topological abelian 
groups corresponds to the condition that the map 

Spf A cf °° -> G 

should be compatible with the group structures. 
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It is possible to formulate the notion of a preorientation in even simpler terms. We 
regard CP°° as the set of nonzero elements in the field of rational functions C(x), 
modulo scaling. Let CP n denote the subspace corresponding to nonzero polynomi- 
als of degree < n. Then CP° is the identity element of CP°°. By the fundamental 
theorem of algebra, every nonzero element of C(x) factors as a product of (powers 
of) linear factors, which are unique up to scaling. Consequently, CP°° is generated, 
as an abelian group, by the subspace CP 1 . Moreover, it is almost freely generated: 
the only relation is that the point CP° c CP 1 be the identity element. It follows that 
giving a preorientation CP°° -> G(X) of a derived commutative group scheme over 
X is equivalent to giving a map from the 2 - sphere CP 1 into G(X), which carries the 
base point to the identity element of G(X). Thus, up to homotopy, preorientations 
of G are classified by elements of the homotopy group 7t 2G(X). 

Of course, given any commutative ^ 4 -group G, one can always find a preorien- 
tation of G: namely, the zero map. In order to rule out this degenerate example, 
we need to impose a further condition. Let us return to the example of complex 
K- theory, and let G m = Spec^i the multiplicative group over K. In this case, 
K cf is precisely the E 0 o-ring of formal functions on G m near the identity section. 
In other words, our preorientation of G m gives rise to a map 

s : Spf K cp °° G m 

which is as nontrivial as possible: it realizes the left hand side as the formal comple- 
tion G m of G m . We wish to axiomatize this condition, without making reference 
to formal derived geometry. To do so, we note that in the example above, both 
Spf£ CP and G m are 1 -dimensional formal groups. Consequently, to test whether 
or not s is an isomorphism of formal groups, it suffices to check that the derivative 
of s is invertible. In order to discover the object that plays the role of this derivative, 
we need to introduce a few more definitions. 

Let A be an E 0 o-ring and G a preoriented A -group. Let Go denote the underlying 
ordinary scheme of G. Let ^g 0 /tt 0 a denote the sheaf of differentials of Go over ttoA, 
and let co denote the pullback of this sheaf along the identity section 

Spec 7 To ^4 -> Go- 

We will identify co with the tto A -module of global sections of co. In the case where 
Go is smooth , we can identify co with the dual of the (abelian) Lie algebra of Go- 

Let o' : S 2 -> G(^ 4 ) be the preorientation of G. Let Spec B = U c G be 
an affine open subscheme of G containing the identity section; then we may iden- 
tify o' with a map S 2 — ► U(A). Since U is affine, we may identify this with a 
map of £"00 -rings B -> A s ~ . This in turn induces a map of ordinary tto A -algebras 
ttqB -> A(S 2 ) — tto ^4 0 7T2A. The first component is a ring homomorphism 
ttqB -> Tto A corresponding to the identity section of Go, while the second is a 
tto A -algebra derivation of ttoB into 7t2 A. This derivation is classified by a map 
P : co -> 7T2A of tto A -modules. 
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Definition 3.3. Let A be an E^-ring and G a commutative A -group equipped with 
a preorientation a : S 2 -> G(A). We will say that a is an orientation if the following 
conditions are satisfied: 

1. The underlying map of ordinary schemes Go -> SpeciroA is smooth of relative 
dimension 1. 

2. The map /3 : co -a 7t 2 A induces isomorphisms 


n n A 0^o a co -> Jt n+2 A 


for every integer n e Z. 

An oriented A-group is a commutative A-group equipped with an orientation. 
More generally, if A is a derived scheme, an oriented X- group is a preoriented 
A-group whose restriction to every open affine Spec A c A is an oriented A-group. 

Remark 3.2. Let A be an E 0 o-ring and G an oriented A-group. Then condition (2) 
of Definition 3.3 forces A to be weakly periodic. Conversely, if A is weakly periodic, 
then condition (2) is equivalent to the assertion that /3 is an isomorphism. 


3.1 Orientations of the Multiplicative Group 


Let A be an is ^ -ring. In the last section, we introduced the notion of a (presenta- 
tion on a commutative A-group. In this section, we specialize to the case where G 
is the multiplicative group G m . 

As in ordinary algebraic geometry, we can make sense of the multiplicative group 
G m over any Eoq ring A. In order to do so, we begin with a few general remarks 
about group algebras. Let R be a commutative ring, and M an abelian group. Then 
the group ring R[M] can be characterized by the following universal property: to 
give a commutative ring homomorphism R[M] — > S , one must give a commutative 
ring homomorphism R -> S, together with a homomorphism from M to the multi- 
plicative group of S. We note that R[M] is not merely an /^-algebra, but an R - Hopf 
algebra. More precisely, Spec R[M] is a commutative group scheme over R , the 
group structure coming from the fact that the collection of homomorphisms from 
M to S x forms a group under pointwise multiplication, for every /^-algebra S. 

The above discussion generalizes without essential change to derived algebraic 
geometry. Given an is oo -ring A and a topological abelian group M, we can form a 
group algebra A [M]. In the special case where M is the group Z of integers, we may 
informally write A[Z] as A[t, t~ l ] and we define the multiplicative group G m to be 
Spec A[Z]. We note that 7T*(A[Z]) = (tt*A)[L t~ 1 ]. In particular, the multiplicative 
group G m is flat over Spec A, so we may regard it as a commutative A-group. 
The underlying ordinary scheme of G m is just the usual multiplicative group over 
SpecjToA; in particular, it is smooth of relative dimension 1. 

Let us consider the problem of constructing a preorientation of the multiplica- 
tive group G m . By definition, this is given by a homomorphism of topological 
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abelian groups, from CP°° into G m (A). This also can be rewritten in terms of group 
algebras: it is the same thing as a map of ^4-algebras from A[CP°°] into A. 

Let S denote the sphere spectrum : this is the initial object in the world of 
£" 00 -rings. To give an A-algebra map from A[M] into B is equivalent to giving 
a map of Eoq -rings from S[M] into B. In particular, to give a preorientation of the 
multiplicative group G m over A is equivalent to giving a map of -rings from 
S[CP°°] into A. In other words, the E 0 o-ring S[CP°°] classifies preorientations 
of G m . 

Remark 3.3. The group algebra S[CP°°] is more typically denoted by £°°CP+ , 
and is called the (unreduced) suspension spectrum of the space CP°° . 

Let us now suppose that we have a preorientation a of G m over an E^-ring A, 
classified by a map S[CP°°] -> A. The underlying ordinary scheme of G m is the 
ordinary multiplicative group Spec(jro^4)[L t~ l ], and the sheaf of differentials on 
this scheme has a canonical generator y- . The restriction 00 of this sheaf along the 
identity section is again canonically trivial, and the map 

co -* 7T2A 

induced by the preorientation a can be identified with an element fl a e 
Examining Definition 3.3, we see that a is an orientation if and only if fl a is 
invertible. 

We note that /3 a is functorial: if we are given an E^-map / : A -> B, then we 
get an induced preorientation / V of the multiplicative group over B , and P/* a is 
the image of j3 a under the induced map 


712 A — 7 T 2 B. 


In particular, j3 a itself is the image of a universal element ft e t^S^CP 00 ] under the 
map S[CP°°] -> A. 

The identification of /3 e t^S^CP 00 ] is a matter of simple calculation. The group 
algebra S[CP°°] can be identified with an E 0 o-ring space , and this space admits a 
canonical (multiplicative) map from CP°°. The class /3 can be identified with the 
composite map 


S 2 ~ CP 1 c CP°° -> S [CP 00 ]. 

(At least up to translation: this composite map carries the base point of S 2 to the 
multiplicative identity of S[CP°°], rather than the additive identity). 

To classify orientations on G m , we need to “invert” the element ft in S [CP 00 ]. 
In order words, we want to construct a map of E ^ -rings / : S[CP°°] -> 
S[CP°°][/3 -1 ] such that, for every Eoo-ring A, composition with / induces a homo- 
topy equivalence of Map(S[CP°°][P~ l ], A) with the subspace of Map(S[CP°°], A) 
consisting of maps which carry to an invertible element in tt* A. This is a bit more 
subtle. It is easy to show that an E^-hng with the desired universal property exists. 
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With some additional work, one can show that it has the expected structure: that is, 
the natural map 

MCP 00 ])^ 1 ] -* MSICP^H/r 1 ]) 

is an isomorphism. The structure of this Eqq -ring is the subject of the following 
theorem of Snaith. 

Theorem 3.1. The E^-ring S[CP°°][/3 _1 ] is equivalent to ( periodic ) complex 
K -theory. 

Remark 3.4. The original formulation of Theorem 3.1 does not make use of the 
theory of £" 00 -rings. However, it is easy to construct an Eoo map S[CP°°][/3 -1 ] -> 
K (in our language, this map classifies the orientation of G m over E-theory), and 
the real content of Snaith’s theorem is that this map is an equivalence. 

Remark 3.5. In Example 1.4, we saw that Landweber’s theorem could be used to 
produce complex E-theory, as a cohomology theory , starting with purely alge- 
braic data. We can view Theorem 3.1 as a much more sophisticated version of the 
same idea: we now recover complex E-theory as an E^-ring, as the solution to a 
moduli problem. We will see later that the moduli- theoretic interpretation of The- 
orem 3.1 leads to purely algebraic constructions of equivariant complex E-theory 
as well. 

Remark 3.6. The topological CP°° is a classifying space for complex line bundles; 
it is therefore natural to imagine that the points of CP°° are complex lines. Fol- 
lowing this line of thought, we can imagine a similar description of the E 0 o-ring 
space S [CP 00 ]: points of S[CP°°] are given by formal sums of complex lines. Of 
course, this space is very different from the classifying space Z x BU for com- 
plex E-theory, whose points are given by (virtual) vector spaces. The content of 
Theorem 3.1 is that this difference disappears when the Bott element is inverted. A 
very puzzling feature of Theorem 3.1 is the apparent absence of any direct connec- 
tion of the theory of vector bundles with the problem of orienting the multiplicative 
group. 

Remark 3.7. According to Theorem 3.1, the Eoo-ring K classifies orientations of 
the multiplicative group G m . However, one could consider a more general problem 
of orienting a commutative A -group q : G -> Spec A which happened to look like 
the multiplicative group G m , in the sense that the underlying ordinary group scheme 
Go is a 1 -dimensional torus over SpeciroA. It turns out that this problem is not really 
more general: as in ordinary algebraic geometry, tori are rigid , so that G is isomor- 
phic to the usual multiplicative group G m after passing to a double cover of Spec A. 
In other words, we can understand all of the relevant structure by thinking about 
the usual multiplicative group G m together with its automorphism group, which is 
cyclic of order 2. The automorphism group also acts on the classifying E^-ring E, 
and this action corresponds to the operation of complex conjugation (on complex 
vector bundles). 
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In other words, by thinking not only about the multiplicative group but all 
multiplicative groups, we can recover not only complex K - theory but also real 
K- theory. 


3.2 Orientations of the Additive Group 

In Sect. 3.1 we studied the problem of orienting the multiplicative group G m . In this 
section, we wish to discuss the analogous problem for the additive group G a . Our 
first task is to define what we mean by the additive group G a . 

One choice would be to define G a so as to represent the functor which carries an 
£" 00 -ring A to its underlying “additive group.” However, we immediately encounter 
two problems. First, the addition on A is generally not commutative enough: we 
can regard A has having an “underlying space” which is an infinite loop space, but 
this underlying space is generally not homotopy equivalent to a topological abelian 
group. We can construct a derived group scheme which represents this functor: let 
us denote it by A 1 . But the group structure on A 1 is not sufficiently commutative to 
carry out the constructions we will need in Sect. 3.3. 

A second problem is that the derived scheme A 1 is generally not flat over A. The 
A-scheme A 1 may be written as Spec A{X}, where A{X} denotes the free Lqq- 
algebra generated over A by one indeterminate X. However, the homotopy groups 
of A{ X} are perhaps not what one would naively expect: one has 

7i k A{X} = ($)A- k (BZ n ). 

n> 0 

Here denotes the symmetric group on n letters. This calculation coincides with 
the naive expectation (jtkA)[X] if and only if, for every n > 0, the classifying space 
BTi n is acyclic with respect to A-cohomology. 


Remark 3.8. We would encounter the same difficulties if we used the “naive” pro- 
cedure above to define the multiplicative group. Namely, there is a derived scheme 
GLi, which associates to every £ 00 -ring A the underlying “multiplicative group” 
of A. This derived scheme GLi is defined over the sphere spectrum S. However, it 
is not a commutative S -group in the sense of Definition 3.1, because it is neither flat 
over S nor can it be made to take values in topological abelian groups. In particular, 
it does not coincide with the commutative S -group G m defined in Sect. 3.1. Instead, 
there is a natural map 


G w — > GLi 

which is an equivalence over the rational numbers Q. In general, one may regard 
G m as universal among commutative S -groups admitting a homomorphism to GLi. 
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Since defining the additive group G a over a general E 0 o-ring A seems to be 
troublesome, we will choose a less ambitious starting point. We can certainly make 
sense of the ordinary additive group G a = SpecZ[X] over the ring of integers Z. 
This is a commutative group scheme over the ordinary scheme SpecZ. Since it is 
flat over Z, we may also regard it as a commutative Z-group in the sense of Defi- 
nition 3.1. (We note that the ordinary commutative ring Z[X], when regarded as an 
£" 00 -algebra over Z, is not freely generated by X : this is the difference between G a 
and the derived scheme A 1 considered above). 

Let us now suppose we are given a map of E 0 o -rings Z -> R, and consider 
the problem of finding a preorientation of G a over R : in other words, the problem 
of finding a homomorphism of topological abelian groups CP°° -> G a (R). As 
in the case of the multiplicative group G m , this is equivalent to giving a map of 
E 0 o -rings A -> R, for a certain Z-algebra A. A calculation similar to the one given 
in Sect. 3.1 allows us to identify A with the group algebra Z[CP°°]; this is an E 0 c - 
ring with homotopy groups given by 

7 r*Z[CP°°] = //* (CP°° ; Z) , 

where multiplication is given by the Pontryagin product. As a ring, 7 r*Z[CP°°] is a 
free divided power series algebra over Z, on a single generator ft e Jt 2 Z[CP°°]. 

A preorientation a : Z[CP°°] -> R of the additive group over R is an orientation 
if and only if a (/3) e 7 ^/? is invertible. Consequently, the universal E 0 o-ring over 
which we have an orientation of G a is the localization 

Z[CP°°][p- 1 ] - Q[CP°°][^ _1 ] ~ K <g> Q. 

This is the £ 00 -ring which represents periodic rational cohomology. 

Remark 3.9. Let us say that A is a rational E 0 o-ring if there is a map of £oo -rings 
from the field Q to A (such a map is automatically unique, up to a contractible space 
of choices). Equivalently, A is rational if the ring ttoA is a vector space over Q. 

If A is rational, then the difficulties in defining the additive group over A dissolve: 
classifying spaces BG for finite groups are acyclic with respect to A-cohomology, 
so the free £oo-algebra A{X } has the expected homotopy groups and is flat over A; 
moreover, the underlying “space” of any A-algebra is (naturally) homotopy equiva- 
lent to a topological abelian group. Consequently, we get an equivalence A 1 ~ G a 
over A, so A 1 has the structure of a commutative A -group. 

The point of the above discussion is that one can make sense of the additive 
group Gtf in a bit more generality. For our purposes, this turns out to be irrelevant: 
although Gtf can be defined over Z, it can only be oriented over Q. 

Remark 3.10. Like the multiplicative group G m , the additive group G a has nontriv- 
ial automorphisms. Provided that we work over Q, these are parametrized by the 
multiplicative group G m . Consequently, G w acts also on the E 0 o-ring Q[/3,/3 _1 ] 
which classifies orientations of G a . Passing to invariants with respect to this action, 
we recover ordinary (nonperiodic) cohomology with coefficients in Q. 
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3.3 The Geometry of Preorientations 

Throughout this section, we fix an E^-hng A and a commutative ^4-group G. Sup- 
posing that there exists a good equivariant version of A -cohomology, we would 
expect that for any compact Lie group G and any G -space X, the equivariant coho- 
mology Aq(X) is a module over Ag(*). If G = S 1 , then A&(*) can be identified 
with the ring of functions on G; it is therefore natural to expect Aq(X) to be 
obtained as the global sections of a quasi-coherent sheaf on G. More generally, 
for every compact Lie group G one can construct a derived scheme Mg and obtain 
A&(*) as the Eoo-algebra of functions on Mg, and Aq(X) as the global sections 
of a certain quasi-coherent sheaf on Mg. In this section, we address the first step: 
constructing the derived scheme Mt in the case where T is a compact abelian Lie 
group. 

Let X*(T) denote the character group Horn then X*(T) is a finitely 
generated abelian group (isomorphic to 7J l if T is connected). We can recover T 
from its character group via the isomorphism T ~ Hom(X*(r), S l ) (a special 
case of the Pontryagin duality theorem). 

We let Mt denote the derived ^-scheme which classifies maps of abelian groups 
from X*(T) into G. In other words, for every commutative ^4-algebra B , the space 
of B -valued points Mt(B) is homotopy equivalent to a space of homomorphisms 
from X*(T) into G (B) (if T is not connected, the abelian group X*(T) is not a free 
abelian group and one must be careful to use the derived mapping space between 
the topological abelian groups). 

Example 3.1. If T = S l , then Mt = G. More generally, if T is an n -dimensional 
torus, then Mt is the n - fold fiber power of G over Spec A. In particular, M { e } = 
Spec A. 

Example 3.2. Let T be a cyclic group Z/nZ of order n. Then Mt is equivalent to 
the kernel G[n] of the multiplication-by-n-map 

gAg. 

Remark 3.11. If G is affine, then each Mt is also affine: in this case, we can dis- 
pense with derived schemes entirely and work at the level of Eqq -rings. However, 
we will be primary interested in the case of elliptic cohomology, where G is not 
affine and the geometric language is indispensable. 

The geometric object Mt is meant to encode the T -equivariant A -cohomology 
of a point. Let */T denote the orbifold quotient of a point by the group T . Then 
the T -equivariant A -cohomology of a point ought to be identified with the orbifold 
A -cohomology of */ T: that is, it ought to depend only on */ T, and not on T itself. 
In other words, it ought to be independent of the chosen basepoint of */ T . 

We may rephrase the situation as follows. Given a commutative A -group G, we 
have constructed a functor 


T i— Mt 
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from compact abelian Lie groups to derived A-schemes. We wish to factor this 
through the classifying space functor. In other words, we want a functor M, defined 
on the (topological) category of spaces of the form BT (T a compact abelian Lie 
group), such that 

M(BT) ~ My. 

The above formula determines the behavior of M on objects. To finish the job, we 
note that the space of maps from BT to BT' is homotopy equivalent to a product 
BT' x Hom(T, T')\ the first factor is given by the image of the basepoint of BT 
in BT ', and the second factor is a model for the space of base-point-preserving 
maps from BT to BT' . The functor M is already defined on the second factor. To 
complete the definition of M, we need to produce a map 

BT' — > Hom(My , My/). 

Moreover, this should be suitably functorial in T and T' . Functoriality in T implies 
that we need only define this map in the universal case T = {e}; that is, we need to 
produce a map 

Hom(X*(T / ), CP°°) ~ BT' -> My/ (A) = Hom(X*(T'), G(A)). 

This map is required to be functorial in the character group X*(T'); it is therefore 
determined by its behavior in the universal case where X*(T') = Z. Consequently, 
we have sketched the proof of the following: 

Proposition 3.1. Let A be an E^-ring, let G a commutative A-group and let Mj be 
defined as above. Let C be the ( topological ) category of spaces having the homotopy 
type of B T, where T is a compact abelian Lie group. 

The following data are equivalent: 

1. Covariant (topological) functors M from C to derived A-schemes, together with 
functorial identifications M(BT) ~ My. 

2. Preorientations a : CP°° -> G(A) of G. 

Remark 3.12. It is possible to sharpen Proposition 3.1 further. The functor T i-> 
Mt is one way of encoding the commutative group structure on G. Consequently, 
specifying a preoriented A-group is equivalent to specifying a functor M from C to 
A-schemes, such that M preserves certain Cartesian diagrams. This point of view 
is relevant when it comes to studying elliptic cohomology over the compactified 
moduli stack of elliptic curves, where there is a similar functor M which does not 
commute with products. 


3.4 Equivariant A-Cohomology for Abelian Groups 

Let A be an E^-ring and G a preoriented A-group. In the last section, we con- 
structed a derived A-scheme My, for every compact abelian Lie group T . Moreover, 
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we showed that Mt really depends only on the classifying space BT , and not on a 
choice of basepoint on BT. 

Let T be a compact abelian Lie group, and X a space on which T acts. We 
wish to define the T -equivariant cohomology group At (X). In the case where X 
is a point, we have already described the appropriate definition: we should take the 
global sections of the structure sheaf of the space Mj. More generally, we will 
obtain At(X) as the global sections of a certain sheaf Ft(X) on Mj. 

We will say that a T -space X is finite if it admits a filtration 

0 = X 0 c Xi c . . . c = X 

where X/+i = X/ \J T / T() xs k (T/f) x D k+l ) is obtained from X/ by attaching a 
T -equivariant cell (T / T 0 x D k+l ). 

Theorem 3.2. There exists a collection of functors {Ft}, defined for every compact 
abelian Lie group T and essentially uniquely prescribed by the following properties: 

1. For every compact abelian Lie group T, the functor Ft is a contravariant 
functor from finite T -spaces to quasi- coherent sheaves on Mt, which car- 
ries T -equivariant homotopy equivalences to equivalences of quasi- coherent 
sheaves. 

2. For fixed T, the functor Ft carries finite homotopy colimits of T -spaces to 
homotopy limits of quasi- coherent sheaves. 

(3) If X is a point, then Ft = Om t - 

(4) Let T c T f , let X be a finite T -space, and X' = (X x T f )/T the induced finite 
T' -space. Let f : Mt> -> Mt be the induced morphism of derived schemes. 
Then F v (X') = f*F T (X). 

Here is a sketch of the proof: suppose we wish to define Ft(X ), where X is a 
finite T -space. Using (2), we can reduce to the case where X is an individual cell: 
in fact, to the case where X is a T -orbit T / To, where To c T is a closed subgroup. 
By condition (4), we have Ft{T / To) = f^F^i *), where / : Mt 0 -> Mt is the 
induced map. Finally, Ft 0 (*) is determined by condition (3). 

Remark 3.13. We could extend the functor Ft formally to all T -spaces, but we have 
refrained from doing so because inverse limit constructions behave poorly in the 
setting of quasi-coherent sheaves on Mt . For general T -spaces, it is T -equivariant 
homology which has better formal properties at the level of sheaves on Mt . 

Remark 3.14. Suppose that X is a T-space on which T acts transitively. Then X 
is abstractly isomorphic to T / To, but the isomorphism is not canonical unless we 
specify a base point on X. Consequently, the identification Ft{X) ~ f*OM To is 
not quite canonical either; however, the ambiguity that results from the failure to 
specify a base point on X is precisely accounted for by the fact that Mt is depends 
only on the classifying space BT. In other words, a preorientation of G is precisely 
the datum needed to make the above prescription work. 
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Remark 3.15. To flesh out our sketch of the proof of Theorem 3.2, we would need 
to sharpen requirements (1) through (4) somewhat. For example, the isomorphisms 

f*W 0 - Ft'(x') 

should be suitably compatible with the formations of chains of subgroups T c T f c 
T". We will not spell out the precise axiomatics of the situation here. 


We are now prepared to define equi variant A -cohomology. Namely, for any com- 
pact abelian Lie group T and any finite T -space X, let A r(X) = F (Mt,1Ft{X)) 
be the global sections of the sheaf 1Ft(X). Then Aj(X) is a cohomology theory 
defined on finite T -spaces. We may, if we wish, go further to extract cohomology 
groups via the formula 

A n T {X) = 7t- n A T (X). 

The reader who is familiar with equivariant homotopy theory might, at this point, 
raise an objection. We have defined a cohomology theory on the category of T- 
spaces, which assigns to each finite T -space X the abelian group A® T (X). By general 
nonsense, this functor is represented by a G-space Z( 0). Moreover, the functors 
A n T (X) are represented by spaces Z(n ), which are deloopings of Z(0). In other 
words, Z(0) is a T-equivariant infinite loop space. However, in equivariant stable 
homotopy theory one demands more: namely, one wishes to be able to deloop not 
only with respect to ordinary spheres, but also spheres with a nontrivial (linear) 
action of T. To extract the necessary deloopings, we need to introduce a few more 
definitions. 

By construction, the sheaves 1Ft(X) are not merely sheaves of modules on Mr, 
but actually sheaves of £" 00 -algebras. By functoriality, there are natural maps 

Tt(X) -> T t (X x7)f- T t {Y) 

and therefore a map Tj (X) (8) IFriJ) — > 5Ft(X x Y). 

Let T be a compact abelian Lie group, and let Xo c X be finite T -spaces. We 
define Tt(X, Xo) to be the fiber of the map 

T t {X)^T t {X 0 ). 

The multiplication maps defined above extend to give maps Tj ( X , Xo) ®1Ft(Y) -> 
T t {X xf,I 0 x Y). 


Proposition 3.2. Suppose that A is an Eoq ring and let G be an oriented A- group. 
Let T be a compact abelian Lie group , let V be a finite dimensional unitary rep- 
resentation of T , and let SV c BV be the unit sphere and the unit ball in V, 
respectively. Then: 
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1. The quasi- coherent sheaf Cy = Ty(B V, SL) is a line bundle on Mj. 

2. For every finite T -space X, the natural map 

Cv^TriX) -+F T (X x BV,X x SV) 


is an equivalence. 

To give the flavor of the proof of Proposition 3.2, let us consider the case where 
T is the circle group, and V its defining 1 -dimensional representation. The sheaf 
Cy is defined to be the fiber of the map 

Tt(BV) -> Tt(SV). 

The T -space B V is equivariantly contractible, and the T -space S V is T -equivari- 
antly homotopy equivalent to T itself. Consequently, the sheaf on the left hand side 
is the structure sheaf Oq, and the sheaf on the right hand side is the structure sheaf 
of the identity section of G. Thus, Ty{BV , , SV) can be viewed as the ideal sheaf 
for the identity section of G. Assertion (1) of Proposition 3.2 asserts that Cy is 
invertible: this follows from the assumption that G is oriented, which implies that 
the underlying ordinary scheme Go is smooth of relative dimension 1 over SpeciroA. 

Now let us suppose that G is an oriented derived commutative group scheme over 
an E 0 o-ring A. For every finite dimensional complex representation V of a compact 
abelian Lie group T, we let Cy = Ty{BV , SV) be the line bundle on My whose 
existence is asserted by Proposition 3.2. There are natural maps 

Cy (g) Cy' — > Cy^v' 

which are equivalences in view of assertion (2) of Proposition 3.2. Consequently, 
the definition Cy extends to the case where V is a virtual representation of T. 

For every finite T -space X and every virtual representation V of T, we define 

A V T {X) = ® Cy x ). 

Each functor X i-> A ( X ) is represented by a E-space Z ( V ) . If V is an actual 
representation of T, then Z(V) is, up to T-equivariant homotopy equivalence, a 
delooping of Z(0) with respect to the 1 -point compactification of V. Consequently, 
when G is oriented , then the above construction yields an actual T-equivariant 
cohomology theory, defined in degrees indexed by the virtual representations of T. 

3.5 The Nonabelian Case 

Let A be an E 0 o-ring, and G an oriented A-group. In Sect. 3.4, we constructed an 
equivariant cohomology theory Aq for every compact abelian Lie group G. We now 
wish to treat the case where G is nonabelian. We will do so by formally extrapolating 
from the abelian case. Namely, we claim the following: 
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Proposition 3.3. There exists a family of functors X m- Aq{X), defined for all 
compact Lie groups G, and essentially characterized by the following properties: 

1. For every compact Lie group G, Aq is a contravariant functor from G -spaces to 
spectra, which preserves equivalences. 

2. For every inclusion H c G of compact Lie groups, there are natural equiva- 
lences 

A h (X)~A g ((XxG)/H). 

3. The functor Aq carries homotopy colimits of G -spaces to homotopy limits of 
spectra. 

4. In the case where G is abelian and X is a finite G -space, the functor Aq coincides 
with the functor defined in Sect. 3.4. 

5. Let E ab G be a G -space with the following property: for any closed subgroup 
H c G, the set ( E ab G) H of H -fixed points ofY is empty if H is nonabelian, 
and weakly contractible if H is abelian. Then, for any G -space X, the natural 
map 

A G (X) -+ A g (X x E ab G ) 

is an equivalence. 

We sketch the proof. By (5), we can reduce to defining Aq(X) in the case 
where the action of G on X has only abelian stabilizer groups. Replacing X by a 
G-cell complex if necessary, we can assume that X is composed of cells modelled 
on G/H , where H c G is abelian. Using property (3), we can reduce to the case 
where X = G/H . Property (2) then forces Aq(X) = Ah(*), which is determined 
by property (4). 

We remark that conditions (1) through (3) are obvious and natural demands to 
place on any good theory of equivariant cohomology. Condition (4) is an equally 
natural demand, given that we want to build on the definition that we have already 
given in the abelian case. Condition (5), on the other hand, is more mysterious. We 
could define a different version of equivariant A -cohomology if we were to replace 
(4) and (5) by the following conditions: 

(4') In the case where G is trivial , the functor Aq(X) coincides with the function 
spectrum A x . 

(5') For any G-space X , the natural map 

A G {X) ^ A G {X X EG) 


is an equivalence. 

Properties (1) through (5') characterize Borel-equivariant cohomology. Condi- 
tion (5) is considerably weaker than condition (5'), but it is still a rather severe 
assumption. It asserts that the equivariant cohomology theory associated to a non- 
abelian group G is formally determined by equivariant cohomology theories associ- 
ated to abelian subgroups of G. In other words, Aq(X) should be given by a Borel 
construction relative to abelian subgroups of G. Why should we expect a good 
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equivariant version of A -cohomology to satisfy (5), when the analogous condition 
(5') is unreasonable? We offer several arguments: 

• In the case where A is complex K- theory, and we take G to be the multiplica- 
tive group G m with its natural orientation, the equivariant cohomology theories 
described by Proposition 3.3 coincide with ordinary equivariant K- theory, even 
for nonabelian groups. In other words, assumption (5) above is satisfied in the 
case of complex AT-theory. 

• In the case where G is abelian and X is a finite G -space, the constructions 
of Sect. 3.4 give much more than the G -equivariant cohomology theory Aq. 
Namely, we had also a geometric object Mq , and an interpretation of Aq(X) 
as the global sections of a certain sheaf Tq on Mq. There is similar geome- 
try associated to the case where G is nonabelian, at least provided that G is 
connected. 

• Suppose that one can construct a derived scheme Mq and a functor Tq as in 
Sect. 3.3 and Sect. 3.4, where G is a nonabelian compact Lie group. Suppose 
further that Proposition 3.2 remains valid in this case. Then it is possible to 
prove that assumption (5) holds, using the method of complex-oriented descent 
(as explained, for example, in [11]). 

• When G is an oriented elliptic curve and G is a connected compact Lie group, 
the theory of G-equivariant ^4-cohomology described by Proposition 3.3 is 
closely related to interesting geometry, such as the theory of regular Gq -bundles 
on elliptic curves and nonabelian theta functions. 


4 Oriented Elliptic Curves 

In Sect. 3, we described the theory of oriented A-groups G, where A is an E^-ring. 
In this section, we consider the most interesting case: where G is an elliptic curve. 

Definition 4.1. Let A be an E 0 o-ring. An elliptic curve over A is a commutative 
A -group E -> Spec A, having the property that the underlying map E -> SpeciroA 
is an elliptic curve (in the sense of classical algebraic geometry). 

Remark 4.1. If A is an ordinary commutative ring, regarded as an E^-ring, then 
Definition 4.1 is equivalent to the usual definition of an elliptic curve over A. 

Remark 4.2. In ordinary algebraic geometry, one need not take the group structure 
on an elliptic curve E -> Spec A as part of the data. The group structure on E 
is uniquely determined, as soon as one specifies a base point Spec A -> E. In 
derived algebraic geometry, this is generally not true: the group structure on E is 
not determined by the underlying derived scheme, even after a base point has been 
specified. 

We now come to the main result of this survey: 
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Theorem 4.1. Let M Der = (M, (9 Der ) denote the derived Deligne-Mumford stack 
of Example 2.2. For every E^-ring A, let E(A) denote the classifying space for 
the ( topological ) category of oriented elliptic curves over A. Then there is a natural 
homotopy equivalence 


Hom(Spec /l,,V| Der ) ~ E(A). 

In other words, _M Dei may be viewed as a moduli stack for oriented elliptic 
curves in derived algebraic geometry, just as its underlying ordinary stack classifies 
elliptic curves in classical algebraic geometry. 

Remark 4.3. We have phrased Theorem 4.1 in reference to the work of Goerss- 
Hopkins-Miller, which establishes the existence and uniqueness of the structure 
sheaf 0 Der . However, our proof of Theorem 4.1 does not require that we know 
existence of 0 Der in advance. Instead, we could begin by considering the functor 

A i-> E(A) 

and prove that it is representable by a derived Deligne-Mumford stack (X, Ox)- 
The hard part is to show that is equivalent to the etale topos of the ordinary moduli 
stack of elliptic curves, and that Ox is a sheaf of £" 00 -rings which satisfies the 
conclusions of Theorem 1.1. Consequently, our method yields a new proof of the 
existence of (9 Der . 

The rest of this section is devoted to sketching the proof of Theorem 4.1. 


4.1 Construction of the Moduli Stack 


Let A be an E^-ring. As in Theorem 4.1, we let E(A) denote the classifying space 
of the (topological) category of oriented elliptic curves over Spec A. The first step 
is to prove that the functor 

A i-> E(A) 

is representable by a derived Deligne-Mumford stack. As a first approximation, we 
let E'{A) denote the classifying space of the (topological) category of preoriented 
elliptic curves over Spec A. Let M\x = (M, Om u ) denote the classical moduli 
stack of elliptic curves. We observe that every elliptic curve over an ordinary com- 
mutative ring R admits a unique preorientation (namely, zero). Consequently, the 
restriction of E f to ordinary commutative rings is represented by Mix- We now 
apply the following general representability result: 

Proposition 4.1. Let T he a functor from connective E^-rings to spaces. Suppose 
that T satisfies the following conditions: 

1. There exists a Deligne-Mumford stack (X, O) which represents the restriction of 
T to ordinary commutative rings. In other words , for any commutative ring R, 


258 


J. Lurie 


the space J~(R) is homotopy equivalent to the classifying space of the groupoid 

Hom(Spec R, (X, O)). 

2. The functor T satisfies etale descent. 

3. The functor T has a well-behaved deformation theory. 

Then there exists arrived Deligne-Mumford stack ( X , O) which represents the 
functor J 1 . Moreover, 0(U) is a connective E^-ring whenever U is affine. 

Proof (Proof sketch). In virtue of condition (2), the assertion is local on X. We may 
therefore reduce to the case where (X, O ) isjsomorphic to Spec R , where R is a 
commutative ring. The idea is to obtain (X,0) = Spec/?, where R is a connective 
£"00 -ring with jtoR = R. One builds R as the inverse limit of a convergent tower 
of approximations, which are constructed using condition (3). For details, and a 
discussion of the meaning of (3), we refer the reader to [12]. 

We wish to apply Proposition 4.1 to the functor A i-> E'(A). Condition (1) is 
clear: on ordinary commutative rings, E f is represented by the classical moduli stack 
Mix - The remaining conditions are also not difficult to verify, using general tools 
provided by derived algebraic geometry. We conclude that there exists a derived 
Deligne-Mumford stack (M, O') which represents the functor A i-> E'(A ), at least 
when the E a o-ring A is connective. However, using the fact that elliptic curves are 
flat over A, one can show that E'(A) is equivalent to E'(r>oA), where r>oA is 
the connective cover of A. It follows that ( M , O') represents the functor E' for all 
E 0 o -rings A. Moreover, M is the etale topos of the ordinary moduli stack Mix of 
elliptic curves, ttqO' ~ 0m u , and tt/CT is a quasi-coherent sheaf on Mix f° r 
i > 0. With a bit more effort, one can show that each tt/ O' is a coherent sheaf on 
Mix- 

Let to denote the line bundle on Mix which associates to each elliptic curve 
E -> Spec R the R -module of invariant differentials on E. The preorientation of 
the universal elliptic curve over (M, O') gives rise to a map ft : 00 — ► 7t20' of 
coherent sheaves on M. We can now define a new sheaf of Eoq -rings O on M by 
“inverting” ft . This sheaf has the property that 


7i n O ~ lim{7r„+ 2 «r O' ®o Mlx a> k } 

k 

in the category of quasi-coherent sheaves on Mix- 

Remark 4.4. Let U M be affine, and suppose that the restriction of co to U is 
free. Then O f (U) = A is a connective E^-ving, and we may identify ft with an 
element of By definition, 0(U) is the ^4-algebra A[/3~ l ] obtained by invert- 
ing (3. We note that O is not a connective sheaf of Eoq -rings; rather it is (locally) 
2-periodic, by construction. 

To complete the proof of Theorem 4.1, it will suffice to prove the following: 

1. For n = 2k, the natural map co k -> 7 x n O is an isomorphism of quasi-coherent 
sheaves on Mix- 
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2. For n = 2k + 1, the quasi-coherent sheaf ir n O is trivial. 

Indeed, suppose that (1) and (2) are satisfied. We first observe that (Ad, O) is a 
derived Deligne-Mumford stack. The assertion is local on Ad, so we may restrict 
ourselves to an etale U -> Ad such that ( U , 0m u \U) is affine and co\U is trivial. 
In this case, ( U , 0m u |t/) ~ Spec R, where R is a commutative ring; A = O r (U) 
is a connective £" 00 -ring with ttoA ~ R, and we may identify the map /3 with an 
element in it^A. Then 0(U) = A[/3~ 1 ]. Condition (1) asserts that R ~ ttoA[/3 _1 ], 
so that ( U , 0\U) is equivalent to Spec A[/3~ 1 ]. 

By construction, the derived Deligne-Mumford stack (Ad , O ) represents the 
functor A i-> E(A). To complete the proof, it suffices to show that O coincides 
with the sheaf 0 Der of Eoq -rings constructed by Goerss, Hopkins and Miller. For 
this, it suffices to show that over each affine U = Spec £ of Ad, the E^-ring 0(U) 
gives rise to the elliptic cohomology theory associated to the universal (classical) 
elliptic curve £jj over U. In other words, we need to produce an isomorphism of the 
formal spectrum of 0(t/)(CP°°) with the formal completion of the underlying ordi- 
nary elliptic curve of £jj . By construction, we have such an isomorphism not only 
at the level of classical formal groups, but at the level of derived formal groups. 

It remains to prove that (1) and (2) are satisfied. To simplify the discussion, we 
will consider only condition ( 2 ) : the first condition can be handled by a similar but 
slightly more complicated argument. 

Let n be an odd integer. We wish to show that colimit 7t n O of the directed system 

{^n+2kO *^ 0^1 1 tsO } 

is zero. Since n n O is generated by the images of 7t n +2kO' ®o Ml , co~ k , it suffices to 
show that each of these images is zero. Replacing n by n -\-2k if necessary, it suffices 
to show that / : n n O' -> n n O is the zero map. Let T be the image of /. Then T 
is a quotient of the coherent sheaf 7t n O', and therefore coherent. If T 7 ^ 0, then T 
has support at some closed point k : SpecF^ Adij. Consequently, to prove that 
condition ( 2 ) holds, it suffices to prove that ( 2 ) holds in a formal neighborhood of 
the point k. In other words, we need not consider the entire moduli stack Adu of 
elliptic curves: it is sufficient to consider (a formal neighborhood of) a single elliptic 
curve defined over a finite field . 

Remark 4. 5. The above argument reduces the proof of Theorem 4. 1 in characteristic 
zero to a statement in characteristic p. This reduction is not necessary: in character- 
istic zero, it is fairly easy to verify (1) and (2) directly. We sketch how this is done. 
Let A be an Eoq -algebra over the field Q of rational numbers. The theory of elliptic 
curves over A then reduces to the classical theory of elliptic curves, in the sense that 
they are classified by maps Spec A Adij. 

It follows that, rationally, O' is an algebra over jtqO' ^ Moreover, it is 

easy to work out the structure of this algebra: namely, tt* O' is the symmetric algebra 
on a) over Omi i- Consequently, we observe that the direct system {co~ k , 

n n + 2 kO'} is actually constant for n + 2k > 0 , isomorphic to co m if n = 2m is even 
and 0 otherwise. 
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If we do not work rationally, the directed system {co k ®o Ml , ^n+ 2 kO'} is not 
constant. The sheaves n n O' are complicated and we do not know how to compute 
them individually; only in the limit do we obtain a clean statement. 


4.2 The Proof of Theorem 4.1: The Local Case 

In Sect. 4.1, we reduced the proof of Theorem 4.1 to a local calculation, which 
makes reference only to a formal neighborhood of a closed point k : SpecF^ -> 
A4u of the moduli stack of elliptic curves. In this section, we will explain how 
to perform this calculation, by adapting the theory of p -divisible groups to the set- 
ting of derived algebraic geometry. Let p be a prime number, fixed throughout this 
section. 

Definition 4.2. Let A be an E 0 o-ring. Let G be a functor from commutative 
A -algebras to topological abelian groups. We will say that G is a p -divisible group 
of height h over A if the following conditions hold: 

1. The functor B i-> G (B) is a sheaf (in the oo -categorical sense) with respect to 
the flat topology on A -algebras. 

2. For each n , the multiplication map p n : G -> G is surjective (in the flat topology) 
with kernel G [p n ]. 

3. The colimit of the system {G [p n ]} is equivalent to G (as sheaves of topological 
abelian groups with respect to the flat topology). 

4. For each n > 0, the functor G [p n ] is a commutative ^4-group, that is finite and 
flat over A of rank p nh . 

Remark 4.6. If A is an ordinary commutative ring, then Definition 4.2 recovers the 
usual notion of a p -divisible group over A. Since a p -divisible group G is deter- 
mined by the flat derived ^-schemes G [p n ], the theory of ^-divisible groups over 
an arbitrary E^-nng A is equivalent to the theory of p -divisible groups over the 
connective cover r>oA. 

Example 4.1. Let E be an elliptic curve over an E^-ring A. Let E[p n ] denote the 
fiber of the map p n : E -> E, and let G be the direct limit of the system {E[p n ]} n > o. 
Then G is a ^-divisible group over A of height 2, which we will denote by E[p°°]. 

Our approach to the proof of Theorem 4.1 rests on a derived analogue of the 
Serre-Tate theorem, which asserts that the deformation theory of an elliptic curve is 
equivalent to the deformation theory of its p -divisible group, provided that we work 
p- adically 

Theorem 4.2. Let A be an E^-ring. Suppose that TtoA is a complete, local, 
Noetherian ring whose residue field k has characteristic p, and that each of the 
homotopy groups n n A is a finitely generated module over ttoA. Then there is a 
Cartesian diagram (of co-categories) 
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{Elliptic curves E -a Spec A} >- {p-divisible groups E[p°°]over A} 


{Elliptic curves Eo -> Spec k } >- {p-divisible groups Eo[p°°]over k}. 

According to Theorem 4.2, giving an elliptic curve over A is equivalent to giv- 
ing an elliptic curve Eo over the residue field k of tto A, together with a lifting of 
the ^-divisible group Eo[p°°] to a ^-divisible group over A. In other words, the 
deformation theory of elliptic curves is the same as the deformation theory of their 
p -divisible groups (in characteristic p). 

Let A be an E^-ring satisfying the hypotheses of Theorem 4.2. It is possible to 
analyze the theory of p -divisible groups over A along the same lines as one analyzes 
the theory of ^-divisible groups over Tto A. Namely, every ^-divisible group G over 
A has a unique filtration 

Ginf G Get. 

Here Gmf is a “purely infinitesimal” p -divisible group obtained from the p -power 
torsion points of a (uniquely determined) commutative formal A-group, and G et 
is an etale ^-divisible group associated to a p - adic local system on Spec A = 
SpecTToA. As with commutative A-groups, we can speak of preorientations and 
orientations on a p -divisible group G. A preorientation of G is equivalent to a pre- 
orientation of its infinitesimal part Gmf. An orientation of G is an identification of 
Gmf with the p -power torsion on Spf A CP °° ; in particular, an orientation of G can 
exist only if G is 1 -dimensional. 

Now suppose that k is a perfect field of characteristic p , and that we are given 
a point k : Spec k -> AAu corresponding to an elliptic curve Eo over k. Let 0' K 
denote the formal completion of the sheaf O' at the point k. Then O r K is a con- 
nective £" 00 -ring such that ttoO' k is the formal completion of the sheaf of functions 
on the classical moduli stack ALi.i at the point k. There is a preoriented elliptic 
curve E -> SpecC^ , which we may regard as the universal deformation of Eo (as 
a preoriented elliptic curve). Let E denote the underlying ordinary scheme of £; 
the Tto & K -module 00 of invariant differentials on £ is a free TtoO' K -module of rank 
1. Fixing a generator of 00 , the preorientation of £ gives an element /3 e 7t20' K . Let 
O k = 0' K [P~ 1 ]. As we saw in Sect. 4.1, Theorem 4.1 amounts to proving that O k is 
even and TtoO K ~ TtoO' K . 

In view of Theorem 4.2, we may reinterpret the formal spectrum SpfC^ in the 
language of p -divisible groups. Namely, let Go denote the p -divisible group of the 
elliptic curve £0 -> Spec k. Since k is an ordinary commutative ring, Go has a 
unique preorientation. The formal spectrum SpfC^ is the parameter space for the 
universal deformation of £0 as a preoriented elliptic curve. By Theorem 4.2, this 
is also the parameter space for the universal deformation of Go as a preoriented 
p -divisible group. More informally, we might also say that the £oo-ring O k classi- 
fies oriented p -divisible groups which are deformations of Go. 

There are now two cases to consider, according to whether or not the elliptic 
curve £0 -> Spec k is supersingular. If £0 is supersingular, then its p -divisible 
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group Go is entirely infinitesimal. It follows that any oriented deformation E of 
Eo over an E 0 o-ring R is uniquely determined: E is determined by its p -divisible 
group E[p°°] ~ (Spf R cf )[p°°]. In concrete terms, this translates into a certain 
mapping property of the deformation ring O k . One can show that this mapping 
property characterizes the Lubin-Tate spectrum E 2 associated to the formal group 
Eo, which is known to have all of the desired properties. (We refer the reader to [13] 
for a proof of the Hopkins-Miller theorem on Lubin-Tate spectra, which is very 
close to establishing the universal property that we need here). 

If the elliptic curve Eo -> Spec k is not supersingular, then we need to work a 
bit harder. In this case, any ^-divisible group G deforming Go = Eo[p°°] admits a 
filtration 

Ginf G G et 

where both Gmf and G et have height 1 . Consequently, to understand the deformation 
theory of Go we must understand three things: the deformation theory of (Go)inf, the 
deformation theory of (Go) e ?, and the deformation theory of the space of extensions 

Ext (G et , Ginf). 

The deformation theory of the etale p -divisible group (Go) e ? is easy. An etale 
p -divisible group over A is given by a p- adic local system over Spec A, which 
is the same thing as a p- adic local system on SpeciroA. If A is a complete, local 
Noetherian ring with residue field k , these may be identified with p- adic local sys- 
tems on Spec k: in other words, finite free Z p -modules with a continuous action of 
the absolute Galois group of k. In particular, this description is independent of A : 
(Go )et has a unique deformation to every formal thickening of k , even in derived 
algebraic geometry. To simplify the discussion which follows, we will suppose that 
k is algebraically closed. Then we may identify (Go) e ? with the constant (derived) 
group scheme Q p /Z p . 

It is possible to analyze the infinitesimal part (Go)inf in the same way, using the 
fact that it is the dual of an etale p -divisible group and therefore also has a trivial 
deformation theory. However, this is not necessary: remember that we are really 
interested in deformations of Go which are oriented. As we saw in the supersingular 
case, the orientation of G determines the infinitesimal part Gmf, and the £" 00 -ring 
which controls the universal deformation of Gmf as an oriented p -divisible group 
is a Lubin-Tate spectrum E\ (in this case, an unramified extension of the p- adic 
completion of complex ^-theory). 

Finally, we need to study the deformation theory Ext( Q p /Z p ,Gm)- As in clas- 
sical algebraic geometry, one shows that in a suitable setting one has isomorphisms 

Ginf - Hom(Z /7 ,Ginf) ~ Ext (Q p /Z p , G inf ) • 

Consequently, to obtain the universal deformation E 0 o-ring of Go as an oriented 
p -divisible group, one should take the E 0 o-ring of functions on the universal 
deformation of (Go) inf as an oriented p -divisible group. Since this deformation is 
oriented, we may identify this E^-ring with E^ F .A simple computation now 
shows that O k ~ has the desired properties. 
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Remark 4. 7. The arguments employed above are quite general, and can be applied 
to ^-divisible groups which do not necessarily arise from elliptic curves. For 
example, one can produce “derived versions” of certain Shimura varieties, at least 
/>-adically, using the same methods. For more details, we refer the reader to [14]. 


4.3 Elliptic Cohomology near oo 

Classically, an elliptic curve E -> Spec C is determined, up to noncanonical iso- 
morphism, by its j -invariant j(E ) e C. Consequently, the moduli space of elliptic 
curves is isomorphic to C, which is not compact. One can compactify the moduli 
space by allowing elliptic curves to develop a nodal singularity. 

We wish to extend the theory of elliptic cohomology to this compactification. 
To carry out this extension, it suffices to work locally in a formal neighborhood of 
y=oo. Complex analytically, we can construct a family of elliptic curves over the 
punctured disk {q e C : 0 < \q\ < 1}, which assigns to a complex parameter q 
the elliptic curve E q = C*/q z . This family has a natural extension over the disk 
{q e C : \q \ < 1}, where E q specializes to a nodal rational curve at q = 0. Provided 
that one is willing to work in a formal neighborhood of q = 0, one can even give an 
algebraic construction of the elliptic curve E q . This algebraic construction gives a 
generalized elliptic curve T , the Tate curve , which is defined over Z[[g]]. The fiber 
of T over q = 0 is isomorphic to a nodal rational curve, and its general fiber “is” 
G m /q z , in a suitable sense. 

We will sketch a construction of the Tate curve which makes sense in derived 
algebraic geometry. For this, we will assume that the reader is familiar with the lan- 
guage of toric varieties (for a very readable account of the theory of toric varieties, 
we refer the reader to [15]). 

Fix an E^-ring R. Let A be a lattice (that is, a free Z-module of finite rank) 
and let F = {(r a }aeA be a rational polyhedral fan in Z. For each a e A, let 
erf c A v denote the dual cone to or a , regarded as a commutative monoid. Then 
the monoid algebra F[o^] is an E^-ving, and we may define U a = Spec F[o^]. 
The correspondence a U a is functorial: it carries inclusions of cones to open 
immersions of affine derived schemes. We may therefore construct a derived scheme 
Xp = fimlt/alae^ by gluing these affine charts together, using the pattern provided 
by the fan F . We call Xp the toric variety over R defined by F . When R is an ordi- 
nary commutative ring, this is a well-known classical construction; it makes perfect 
sense in derived algebraic geometry as well. 

Let Fo = {{0},Z>o} be the fan in Z giving rise to the toric variety Xp 0 = 
Spec F[Z>o]. We will write the E 0 o-ring F[Z>o] as R[q\ , though we should note that 
it is not the free E 0 o-ring on one generator over R (the generator q satisfies relations 
that force it to strictly commute with itself). For each n e Z, let a n denote the cone 

{(< a , b) e Z x Z\na < b < (n + 1 )a). 


264 


J. Lurie 


and let F denote the fan in Z x Z consisting of the cones cr n , together with all their 
faces. Projection onto the first factor gives a map F -> Fo of fans, and therefore a 
map of toric varieties / : Xp -> Spec R[q]. The fiber of / over any point q ^ Ocan 
be identified with the multiplicative group G m , while the fiber of / over the point 
q = 0 is an infinite chain of rational curves, each intersecting the next in a node. 

Consider the automorphism r :ZxZ^ZxZ defined by r(a,b) = (a, b + a). 
It is clear that r(or n ) = a n + 1, so that r preserves the fan F and therefore defines an 
automorphism of Xp, which we shall also denote by r. The action of r is not free: 
for g 0 7^ 0, r acts on the fiber f~ l {qo} — G m by multiplication by go- However, 
the action of r is free when it is restricted to the fiber f~ l (0). 

Let Xp denote the formal completion of Xp along the fiber f~ l { 0}, and let 
£[[g]] denote the formal completion of R[q] along the closed subset defined by the 
equation q = 0. The group r z acts freely on Xp, and thus we may define a formal 
derived scheme T by taking the quotient of X p by the action of r z . We note that 
the fiber of T over q = 0 can be identified with a nodal rational curve; in particular, 
it is proper over Spec R. Using a generalization of the Grothendieck existence the- 
orem to derived algebraic geometry, one can show that T is the formal completion 
of a (uniquely determined) derived scheme T -> Spec £[[g]]. We call T the Tate 
curve ; its restriction to the punctured formal disk Spec R((q)) = Spec £[[</]] [g _1 ] 
is an elliptic curve over R((q )), which we may think of as the quotient of the 
multiplicative group G m by the subgroup g z . 

Of course, we are primarily interested in oriented elliptic curves. The Tate curve 
is essentially given as a quotient of the multiplicative group G m . In particular, its for- 
mal completion is equivalent to the formal completion of the multiplicative group. 
Consequently, giving an orientation of the Tate curve is equivalent to giving an 
orientation of the multiplicative group G m . By Theorem 3.1, this is equivalent to 
working over the £" 00 -ring K (the complex £ -theory spectrum). In other words, the 
Tate curve T over K((q)) is an oriented elliptic curve, which is therefore classified 
by a map 

Spec K((q)) -► M Der . 

Of course, there are additional symmetries which we should take into account. The 
involution (a, b) i-> (< a , —b) preserves the fan F and intertwines with the action of 
r, and therefore induces an involution on T (the inverse map with respect to the 
group structure). This involution preserves the orientation on T, provided that we 
allow it to act also on the ground ring K. We therefore actually obtain a map Spec 
£((g))/{=bl} -> Ad Der , where the group {±1} operates on K by complex conjuga- 
tion. 

One can define a new derived Deligne-Mumford stack by forming a pushout 
square 

Spec K((q))/{±1} > M Del 


Spec AT[fe]]/{±l> 


Xi Der . 
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Here A4 Der is a compactification of the derived moduli stack M Der . The underly- 
ing ordinary Deligne-Mumford stack of A4 Der is the classical Deligne-Mumford 
compactification of M\,\. 

Remark 4. 8. Much of the theory of elliptic cohomology carries over to the compact- 
ified moduli stack Af Der . However, there are often subtleties at oo. For example, we 
can glue the universal oriented elliptic curve £ over with the Tate curve T, to 
obtain a universal oriented generalized elliptic curve £ over M Der . However, £ is 
not a derived group scheme over A4 Der : it has a group structure only on the smooth 
locus of the map £ M Der . 

Consequently, the construction of geometric objects that we described in Sect. 3.3 
needs to be modified. Since £ is not a derived group scheme, we cannot define the 
geometric object Mg associated to a compact abelian Lie group G to be the derived 
scheme Hom(G v , £). It is possible to make the necessary modifications, giving an 
explicit construction of Mq near oo using the theory of toric varieties. However, the 
construction is somewhat complicated and we will not describe it here. 


5 Applications 

5.1 2-Equivariant Elliptic Cohomology 


Let A be an is ^ -ring and let E -> Spec A be an oriented elliptic curve. In 
Sect. 3.3 we used this data to construct a derived A-scheme Mg, for every compact 
abelian Lie group G, which is the natural “home” for the G-equivariant version of 
A-cohomology described in Sect. 3.4. It is possible to construct a derived scheme 
Mq with similar properties even when G is nonabelian. If G is connected and T 
is a maximal torus of G, the derived scheme Mq looks roughly like a quotient of 
Mt by the action of the Weyl group of G. In particular, when G is connected, Mq 
is a derived scheme whose underlying classical scheme can be identified with the 
moduli space for regular G a \ g - bundles on E\ here G a \ g is the reductive algebraic 
group associated to G (see [16] for a discussion of regular G a i g - bundles on elliptic 
curves over the complex numbers). 

Remark 5.1. It is possible to describe Msu{n) and Mjj( n ) more explicitly, in the 
language of derived algebraic geometry. However, we do not know of any moduli- 
theoretic interpretation of the derived scheme Mg in general. This seems to be 
a difficult question, primarily because the underlying classical object is a moduli 
space rather than a moduli stack. 

One way of thinking about equivariant elliptic cohomology is that it is a cor- 
respondence which associates derived schemes to certain topological spaces. In 
particular, to the classifying space BG it assigns the derived scheme Mg. It is pos- 
sible to extend this process to a more general class of topological spaces, to obtain 
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what we call 2-equivariant elliptic cohomology. For an explanation of this terminol- 
ogy we refer the reader to Sect. 5.4. The correspondence associated to an oriented 
elliptic curve E -> Spec A is summarized in the following table. 


Topological space 

Associated geometric object 

* 

Spec A 

cpoo 

E 

BZ/nZ 

E[n\ 

BG 

Mq 

K{Z/nZ, 2) 

/Lz 

K(Z, 3) 

G m 

K( Z, 4) 

BG m 


Every level / e H 4 (BG, Z) classifies a fibration 

K{ Z,3) ^ X ^ BG, 

and 2-equivariant elliptic cohomology associates to this a fibration of geometric 
objects: in other words, a principal G m over Mq , which we may identify with a line 
bundle Ci over Mq . 

Remark 5.2. The line bundle Ci gives rise to a line bundle on the classical moduli 
space Mq of regular G-bundles on elliptic curves. This is the “theta” bundle whose 
global sections are nonabelian 6 -functions: in other words, the spaces of conformal 
blocks for the modular functor underlying the Wess-Zumino-Witten model. 

Example 5.1. Let us say that a commutative A -group X — > Spec A is an abelian 
scheme over Spec A if the underlying map of ordinary schemes X — > Spec no A 
is an abelian scheme, in the sense of classical algebraic geometry. There is a good 
duality theory for abelian schemes: namely, given an abelian scheme X -> Spec A, 
one can define a dual abelian scheme X v which classifies extensions of X by the 
multiplicative group G m . 

In classical algebraic geometry, every elliptic curve is canonically isomorphic to 
its dual. The analogous result is not true in derived algebraic geometry. However, it 
is true for oriented elliptic curves E -> Spec A. Let / : CP°° x CP°° — »• K(Z, 4) 
classify the cup-product operation 

H 2 {X\ Z) x H 2 (x- Z) -* H\X; Z). 

Then Ci is a line bundle on the product E x Spec A E. The symmetry and bi-additivity 
of the cup product operation translate into the assertion that Ci is a symmetric biex- 
tension of E by G m (see [17] for a discussion in the classical setting). This gives an 
identification of E with the dual elliptic curve E v . 

We will not describe the construction of 2-equivariant elliptic cohomology here. 
However, we should point out that it is essentially uniquely determined by the 
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properties we have asserted above: namely, that it is a functorial process which 
assigns to each level / : BG -> K( Z, 4) a line bundle £/ on Mq , and that it 
determines an identification of the elliptic curve E with its dual. 


5.2 Loop Group Representations 

Let us consider a punctured formal disk around oo on the moduli stack of elliptic 
curves. As we saw in Sect. 4.3, over this disk elliptic cohomology is given by the 
£" 00 -ring K({q )), where K is complex ^-theory. In other words, near 00 , elliptic 
cohomology reduces to AT-theory. However, equivariant elliptic cohomology does 
not reduce to equivariant LT-theory. Both of these equivariant theories are given by 
the constructions of Sect. 3. However, the inputs to these constructions are differ- 
ent: to get equivariant AT-theory, we use the multiplicative group G m ; for elliptic 
cohomology, we use the Tate curve G m /q z . Thus, we should expect G-equivariant 
AT-theory to be somewhat less complicated than G-equivariant elliptic cohomology. 
The former is related to the representation theory of the group G, but the latter is 
related to the representation theory of the loop group LG. 

We begin with a quick review of the theory of loop groups: for a more exten- 
sive discussion, we refer the reader to [18]. Fix a connected compact Lie group G, 
which for simplicity we will assume to be simple. Then the group H 4 (BG; Z) is 
canonically isomorphic to Z. Let us fix a nonnegative integer /, which we identify 
with an element of H 4 (BG ; Z) and therefore with a map BG -> K( Z, 4). Let LG 
denote the loop group of (smooth) loops S l -> G. The level / classifies a central 
extension 

S l -> LG -> LG. 

Moreover, there is an action of S l on the group LG , which descends to the natural 
S ^action on LG given by rotation of loops. We let LG + denote the semidirect 
product of LG by S \ via this action. We will refer to the circle of this semidirect 
product decomposition as the energy circle , and the circle S l c LG -> LG + as 
the central circle. 

Definition 5.1. Let V be a (Hilbert) representation of LG + . We will say that V is 
a positive energy representation of level l if it satisfies the following conditions: 

1. The central circle S l c LG + acts on V via the defining character S l C*. 

2. The Hilbert space V decomposes as a direct sum of finite-dimensional eigen- 
spaces V( n ) with respect to the action of the energy circle. 

3. The energy eigenspaces V( n ) are zero for « « 0. 

Remark 5.3. If we ignore the action of the energy circle, then there are finitely many 
irreducible positive energy representations of LG, up to isomorphism. However, 
each of these extends to a representation of LG + in infinitely many ways: given any 
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positive energy representation V of LG + , we can obtain a new positive energy rep- 
resentation V(l) by tensoring with the defining representation of the energy circle 
(in other words, by shifting the energy). 

Remark 5.4. Every positive energy representation V of LG + can be decomposed 
as a direct sum of irreducible representations V a . The irreducible constituents V a 
may be infinite in number, so long as the lowest energy of V a tends to oo with a. 

Consider the Tate curve E over K((q )), constructed in Sect. 4.3. Using the con- 
structions described in Sect. 5.1 we saw that there is a derived scheme Mq -> 
Spec K((q)) and a line bundle Ci on Mq , naturally associated to the level / : BG -> 
K( Z, 4). The global sections T(Mq, Ci) can be identified with an K((q))~ module, 
which we may informally refer to as the G-equivariant elliptic cohomology of a 
point, at level l . 

We can now state the relationship between elliptic cohomology and the theory of 
loop group representations: 

Theorem 5.1. Let G he a compact simple Lie group and l a nonnegative level on 
G. There is a natural identification ofY(MQ,Ci) with the K -theory of the (topo- 
logical) category of positive energy representations of LG + at level l. Under this 
correspondence, multiplication by q e 7toK((q)) corresponds to the energy shift 
V i-> F(l). 

The classical analogue of this result, which identifies the K- group of positive 
energy representations of LG + with the global sections of the theta bundle over the 
underlying ordinary scheme of Mq , is proven in [19]. 

Remark 5.5. Theorem 5.1 is related to the work of Freed, Hopkins, and Telemann 
(see [20]), which identifies the K- theory of loop group representations with the 
twisted G-equivariant K- theory of the group G itself. 


5.3 The String Orientation 


Let V be a finite dimensional real vector space of dimension d > 5, equipped with 
a positive definite inner product. The orthogonal group O(U) of automorphisms of 
V is not connected. Consequently, we define SO(U) c O(U) to be the connected 
component of the identity; the map SO(U) c O(U) may be regarded as “killing” 
ttoO(U), in the sense that SO(U) is a connected space with jr n SO(U) ~ 7t n O(V) 
an isomorphism for n > 0. 

The group SO(V) is not simply connected, but it has a simply connected double 
cover Spin(U). The map Spin(U) -> SO(U) has the effect of “killing” ttiSO(U), in 
the sense that 7r n Spin(U) -> tt, z SO(U) is an isomorphism for n 1, but Spin(U) 
is simply connected. 

An algebraic topologist would see no reason to stop there. The group 7T2Spin(U) 
~ 7T2SO(U) ~ 7T20(U) is trivial, but the homotopy group 7T3Spin(U) ~ tt 3 SO(U) 
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~ 7t^O{V) is (canonically) isomorphic to Z. We may therefore construct a map 
String(L) -> Spin(L) which induces an isomorphism 7T, z String(U) -> 7T, z Spin(U) 
for n 7^ 3, but such that 77:3 String {V) = 0. 

Remark 5.6. One might wonder what sort of an object String(L) is. It is cer- 
tainly not a finite dimensional Lie group. One can construct a topological space 
with the desired properties using standard methods of homotopy theory (attaching 
cells to kill homotopy groups). Using more sophisticated methods, one can realize 
String (V) as a topological group. An explicit realization of String (V) as an (infinite 
dimensional) topological group is described in [21]. 

An alternative point of view is to consider String (V) as the total space over a 
certain S^-gerbe over Spin(L). This has the advantage of being a “finite dimen- 
sional” object that can be studied using ideas from differential geometry (see for 
example [22]). 

Let M be a smooth manifold of dimension n. Choosing a Riemannian metric on 
M, we can reduce the structure group of the tangent bundle of M to O(L). An ori- 
entation {spin structure , string structure) on M is a further reduction of the structure 
group of the tangent bundle T M to SO(L) (Spin(L), String(L)). The manifold M 
admits an orientation if and only if the first Stiefel-Whitney class w\ ( M ) vanishes. 
An orientation of M can be lifted to a spin structure if and only if the second Stiefel- 
Whitney class W 2 (M) vanishes. Likewise, a spin structure on M extends to a string 
structure if and only if a certain characteristic class p e H 4 (M; Z) vanishes. The 
characteristic class p has the property that 2 p coincides with the first Pontryagin 
class pi(M), though p itself is well-defined only after a spin structure on M has 
been chosen. 

Let A be a multiplicative cohomology theory. Then A determines a (dual) homol- 
ogy theory, which we will also denote by A. A class rj e A n ( M ) is an A-orientation 
of M provided that cap product by rj induces an isomorphism 

A*(*)^A zz _*(M,M-{m}) 

for every point m e M .In this case, we will say that M is A-oriented and that rj is 
the A-fundamental class of M . 

In the case where A is ordinary integral homology, giving an A-orientation of M 
is equivalent to reducing the structure group of the tangent bundle of M to SO (V). 
Similarly, giving a spin structure on M allows one to define an orientation of M 
with respect to complex AT-theory (even with respect to real AT-theory). The idea 
is that AT-homology classes can be represented by elliptic differential operators; the 
appropriate candidate for the fundamental class of M is the Dirac operator, which 
is well-defined once M has been endowed with a spin structure. In this section, we 
would like to discuss the “elliptic” analogue of this result: if M is a string manifold, 
then M has a canonical orientation with respect to elliptic cohomology. 

The relationship between elliptic cohomology orientations of a manifold and 
string structures goes back to the work of Witten (see [23]). Heuristically, the ellip- 
tic cohomology of a space M can be thought of as the S^-equivariant AT-theory of 
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the loop space LM . To obtain an elliptic cohomology orientation of M, one wants 
to write down the Dirac equation on LM . Witten computed the index of this hypo- 
thetical Dirac operator using a localization formula, and thereby defined the Witten 
genus w(M) e Z ((q)) of the manifold M, having the property that the coefficient 
of q n in w(M) is the /"-isotypic part of the index of the Dirac operator, where 
X : S l -> C* is the identity character. Moreover, he made the following very sug- 
gestive observation: if p\{M ) = 0, then w(M) is the ^-expansion of a modular 
form. 

Remark 5.7. The statement that the elliptic cohomology of M is given by the S l - 
equivariant K - theory of the loop space LM is only heuristically true. However, it is 
true in the “limiting” case where we consider elliptic cohomology near oo, and we 
consider only “small” loops in M . As we saw in Sect. 4.3, in a formal disk around 
oo, elliptic cohomology may be identified with K((q)). Moreover, K((q))(M) is 
a completion of K s i(M ), where we identify M with the subset of LM consisting 
of constant loops (so that S l acts trivially on this space). The results described in 
Sect. 5.2 may be considered as a less trivial illustration of the same principle. 

In order to study the problem of orienting various classes of manifolds more 
systematically, it is convenient to pass to the limit by defining 


O = lim{O(r')} rf >0 


SO = lun{SO(M rf )} rf >0 
Spin = HmJSpinfE^ ) J ( />o 
String = lim{String(K rf )} rf > 0 

Let G denote any of these groups (though much of what we say below applies to 
other structure groups as well). If M is a smooth manifold of any dimension, we will 
say that a G -structure on M is a reduction of the structure group of the stabilized 
tangent bundle of M from O to G. In this case, we will say that M is a G -manifold. 

Fix a topological group G with a map G — » O, and consider the class of 
G -manifolds', that is, smooth manifolds M whose structure group has been reduced 
to G. To this data, one can associate a Thom spectrum MG. Roughly speaking, one 
defines MG n (X ) to be the set of bordism classes of n -dimensional G -manifolds 
M equipped with a map M -> X. In particular, if M is a G -manifold of dimen- 
sion n , there is a canonical element rj e MG n {M ); this is an orientation of M 
with respect to the cohomology theory MG. One can view MG as the universal 
cohomology theory for which every G -manifold has an orientation. More generally, 
if A is an arbitrary cohomology theory, then equipping every G -manifold M with 
an ^-orientation is more or less equivalent to giving a map s : MG -> A. In good 
cases, the cohomology theory A will be represented by an E 0 o-ring, and s will be 
a map of £"00 -rings: roughly speaking, this may be thought of as asserting that the 
orientations on G -manifolds determined by s are compatible with the formation of 
products of G -manifolds. 
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The statements we made earlier, regarding orientations of manifolds with respect 
to ordinary homology and AT-theory, can be reinterpreted as asserting the existence 
of certain natural maps 


MSO -> Z 
MSpin -> KO 

between -rings. Similarly, the string orientability of elliptic cohomology can be 
formulated as the existence of an E^-map 

o' : MString -> tmf. 

The map a is sometimes called the topological Witten genus ; when composed with 
the map tmf -> K((q)) and evaluated on a string manifold M, it reduces to the 
ordinary Witten genus described above. 

The existence of the map a is known, thanks to the work of Ando, Hopkins, Rezk, 
Strickland, and others. We refer the reader to [6] for a discussion of the problem in 
a somewhat simpler setting. We will sketch here an alternative construction of the 
map o', using the theory of 2-equivariant elliptic cohomology sketched in Sect. 5.1. 
For simplicity, we let E — > Spec A be an oriented elliptic curve over an E^-ring 
A; we will construct a natural map a a : MString -> A. The map a itself is obtained 
by passing to the (homotopy) inverse limit. 

We first rephrase the notion of an orientation from a point of view which is more 
readily applicable to our situation. Given a group homomorphism v : G -> O, we 
obtain a map of classifying spaces BG -> BO , which we may think of as a (stable) 
vector bundle over BG. This vector bundle determines a spherical fibration over 
BG , which we will view as a bundle of invertible S -modules over BG. Given an 
£" 00 -ring A, we may tensor with A to obtain a bundle of A -modules over BG; let 
us denote this bundle by A s . To give a map of Eoq -rings MG -> A is equiva- 
lent to giving a trivialization of the local system A s , which is suitably compatible 
with the group structure on BG. To simplify the discussion, we will focus only on 
trivializing A s ; the compatibility with the group structure is established by a more 
careful application of the same ideas. 

Let us now specialize to the case G = Spin, and suppose that we are given 
an oriented elliptic curve over A. The theory of equivariant elliptic cohomology 
associates to the compact Lie group Spin (ft) a derived A-scheme Ms p i n . Moreover, 
the functoriality of the construction gives a map of topological spaces 

4> : £ Spin (ft) ~ Hom(*, £ Spin (ft)) -> Hom(Spec A, M Sp i n ). 

Let / : £Spin(ft) -> K( Z, 4) be the canonical generator; then the theory of 
2-equivariant elliptic cohomology associates to / a line bundle £/ over Ms p i n . Thus, 
for every A -valued point of Ms p i n , we get an invertible A -module. The morphism <fi 
therefore gives a local system of invertible A-modules on £ Spin (ft); let us denote it 
by A^. 
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The existence of the string orientation on elliptic cohomology rests on the 
following comparison result, which we will not prove here 

Theorem 5.2. Let s : Spin(ft) — ► O be the natural homomorphism and let 
E Spec A be an oriented elliptic curve over an E^-ring A. There is a canonical 
isomorphism 

* 4.0 ^ As 

of local systems of invertible A-modules over i?Spin(ft). 

To provide A with a string orientation, we need to prove that A s becomes trivial 
after pulling back along the map i?String(ft) -> B Spin (ft). By Theorem 5.2, it will 
suffice to prove that becomes trivial after pullback to i?String(ft). The theory of 
2-equivariant elliptic cohomology provides a commutative diagram 

i? String (ft) ^ Hom(Spec A , Mstring(«)) 


B Spin (ft) ^ Hom(Spec A, M Sp in(«)) 

Consequently, to prove that A $ becomes trivial after pullback to i?String(ft), it 
suffices to prove that £/ becomes trivial after pullback along the map of derived 
schemes Mstrmg(«) — ► ^Spm(n)- But Mstring(«) is precisely the total space of the 
principal G w -bundle underlying Cp. in other words, it is universal among derived 
schemes over Ms P m(«) over which Ci has a trivialization. 

Remark 5.8. The argument given above not only establishes the existence of the 
string orientation MString — ^ ^4; it also explains why the covering String(ft) -> 
Spin(ft) arises naturally when one considers the problem of finding orientations 
with respect to elliptic cohomology. 


5.4 Higher Equivariance 

The purpose of this section is to place the theory of 2-equivariant elliptic cohomol- 
ogy, which we discussed in Sect. 5.1, into a larger context. 

Let A be an even, periodic cohomology theory, and suppose that ^4(*) = k 
is a field. In this case, there are not many possibilities for the formal group G = 
Spf ^4(CP°°). If k is of characteristic zero, any 1 -dimensional formal group over k 
is isomorphic to the formal additive group; correspondingly, A is necessarily equiv- 
alent to periodic ordinary cohomology with coefficients in k. If k is of characteristic 
p , then the formal group G is classified up to isomorphism (over the algebraic clo- 
sure k) by a single invariant 1 < n < oo. The invariant n is called the height of G, 
and may be thought of as a measure of the size of the p -torsion subgroup G[/>] c G. 
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By convention, we say that the additive group in characteristic zero has height zero 
(since it has no nontrivial p -torsion). 

To a formal group G of height n over an algebraically closed field k of character- 
istic p , one can associate an (essentially unique) even, periodic cohomology theory. 
This cohomology theory is called Morava K -theory and denoted by K(n). 

The Morava A-theory of Eilenberg-Mac Lane spaces has been computed by 
Ravenel and Wilson (see [24]). In particular, they show that for m > n , the 
natural map 


K(n)*(*) -> K(n)*(K(Z/pZ,m)) 

is an isomorphism. In other words, the Morava K- theory K(n ) cannot tell the dif- 
ference between the space K(Z/ p7j , m) and a point. We may informally summarize 
the situation by saying that K(n) does not “see” the homotopy groups of a space X 
in dimensions larger than n. Of course, this is not literally true: however, it is true 
provided that the homotopy groups of X satisfy certain finiteness properties. 

If G is a formal group over a commutative ring R , then it need not have a well- 
defined height; however, it has a height when restricted to each residue field of R. 
We will say that an cohomology theory A has height < n if it is even, weakly peri- 
odic, and the associated formal group has height < n at every point. Our discussion 
of Morava K- theory can be generalized as follows: if A is a cohomology theory 
of height < n, then A only “sees” the first n homotopy groups of a space X. As 
we remarked above, this is not true in general, but it is true provided that we make 
suitable finiteness assumptions on X. 

Let us first consider the case of a cohomology theory A of height < 0. Then 
R = A(*) is an algebra over the field Q of rational numbers, and A is automatically 
a periodic variant of ordinary cohomology with coefficients in R. It follows that 
A(X) is insensitive to the homotopy groups of X, provided that those homotopy 
groups are finite. Lor spaces with finite homotopy groups, A(X) simply measures 
the number of connected components of X. 

We can get more information by considering cohomology theories of height 
< 1. The prototypical example is complex A-theory. The above discussion indi- 
cates that, under suitable finiteness hypotheses, K(X) should be sensitive only to 
the fundamental groupoid of A. In other words, the only really interesting A-group 
to compute is K(BG ), where G is a finite group. However, this example turns out 
to be quite interesting: there is a natural map rj : Rep(G) -> K(BG ), defined for 
any finite group G. The Atiyah-Segal completion theorem asserts that rj is not far 
from being an isomorphism: it realizes K(BG ) as the completion of Rep(G) with 
respect to the augmentation ideal consisting of virtual representations having virtual 
dimension zero. 

There are many respects in which Rep(G) is a better behaved object than 
K(BG ): for example, it is a finitely generated abelian group, while K(BG ) is not. 
Moreover, there is a moral sense in which K(BG ) “ought to be” Rep(G): the fact 
that rj is not an isomorphism is somehow a technicality. We can regard equivari- 
ant A -theory as a way of formally “defining away” the technicality. Namely, the 
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equivariant A-group Ag(*) is a refined version of K(BG ), which coincides with 
Rep(G) by definition. 

One might ask if there are other examples of spaces A for which A(A ) is in 
need of refinement. According to the discussion above, the answer is essentially no: 
A(A ) should only be sensitive to the fundamental groupoid of A, so that the general 
“expected answer” for A(A) is the representation ring Rep(jri X) (provided that X 
is connected). 

When we consider cohomology theories of higher height, the above argument 
breaks down. Let Ell denote an elliptic cohomology theory, necessarily of 
height < 2. Following the above discussion, we should imagine that Ell(X) is 
sensitive to the first two homotopy groups of a space X. Consequently, it is most 
interesting to compute El l(X) when A is a connected space satisfying 7t\ X = G, 
7T2 A = A, and 7t n X = 0 for n >2. In the above discussion, we assumed that the 
groups G and A were finite. However, by analogy with A-theory, we should also 
allow the case where G and A are compact Lie groups (so that A is allowed to be a 
space like BG, or the classifying space of a circle gerbe over G). By analogy with 
A-theory, one might guess that there is an “expected” answer for El /(A), and that 
El /(A) is related to this expected answer by some sort of completion result in the 
spirit of the Atiyah-Segal theorem. This prediction turns out to be correct: there is 
an expected answer, which is dictated by the geometry of elliptic curves. Moreover, 
as with equivariant A-theory, one can build a coherent and useful theory out of the 
expected answers. This is the theory of 2-equivariant elliptic cohomology which we 
discussed in Sect. 5.1. 

Remark 5.9. There is no reason to stop at height 2. Given an E 0 o-ring A and an 
oriented ^-divisible group G over A of height n , one can construct a theory of 
n -equivariant A-cohomology. Namely, let A be a space whose homotopy groups 
are all finite p-g roups, vanishing in dimension > n. Then there is a natural pro- 
cedure for using G to construct a spectrum Ax, which can be thought of as the 
“expected answer” for A( A). Moreover, there is a map Ax — > A (A) which can 
be described by an Atiyah-Segal completion theorem. The significance of these 
“expected answers” is not yet clear, but they are closely related to the generalized 
character theory of [1 1]. 


5.5 Elliptic Cohomology and Geometry 

In this paper, we have discussed elliptic cohomology from an entirely algebraic point 
of view. In doing so, we have ignored what is perhaps the most interesting question 
of all: what is elliptic cohomology? In other words, given a topological space A, 
what does it mean to give an elliptic cohomology class rj e tmf(A)? No satisfactory 
answer to this question is known, as of this writing. However, a number of very 
interesting ideas have been put forth. We saw in Sect. 5.2 that equivariant elliptic 
cohomology is related to the theory of loop group representations. Graeme Segal 
has suggested that elliptic cohomology should bear some relationship to Euclidean 
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field theories (see [25]). Building on his ideas, Stolz and Teichner have proposed 
that the classifying space for elliptic cohomology might be interpreted as a moduli 
space for supersymmetric quantum field theories. To support their view, they show 
in [21] that supersymmetry predicts that the coefficients in the g -expansion of the 
partition function of such a theory should be integral. Alternative speculations on 
the problem can be found in [26] and [27], among other places. 

Our moduli-theoretic interpretation of elliptic cohomology has the advantage of 
being well-suited to proving comparison results with other theories. Suppose that 
we are given some candidate cohomology theory A, which we suspect is equivalent 
to elliptic cohomology. For simplicity, we will assume that A is a candidate for 
the elliptic cohomology theory associated to an elliptic curve over an affine base 
Spec ttoA (the non-affine case can be treated as well, but requires a more elaborate 
discussion). We will suppose that A enjoys all of the good formal properties of 
elliptic cohomology: namely, that it is representable by an E^-ring, and that it has 
well-behaved equivariant and 2-equivariant analogues. 

To relate A to elliptic cohomology, we would like to produce a map / : tmf -> A. 
Better yet, we would like to have a map Spec A -> AA Der : we can then obtain / by 
considering the induced map on global sections of the structure sheaves. To provide 
such a map, we need to give an oriented elliptic curve E -> Spec A. We will 
proceed under the assumption that E exists, and explain how to reconstruct it from 
the cohomology theory A. 

We wish to produce E not just as a derived scheme, but as an oriented 
A -group. Equivalently, for every lattice A, we want to construct the abelian vari- 
ety E a = Hom(A, E ), and we want the construction to be functorial in A. Let 
T = Hom(A, S l ) denote the Pontryagin dual of A. If E A were affine, we would 
expect to recover it as Spec A^(*). Unfortunately, abelian varieties are not affine, 
so we must work a bit harder. To this end, select a map q : BT -> K( Z, 4) which 
classifies a positive definite quadratic form on A v . The level q determines an ample 
line bundle C q on E A . Moreover, the global sections of the kth power of C q should 
be given by T-equivariant A-cohomology at level kq : we can make sense of this 
A -module in virtue of the assumption that we have a good 2-equivariant theory. 
We can now assemble these modules of sections, for varying k > 0, into a graded 
E 0 o-ring R ., and attempt to recover £ A as the projective spectrum of R m . 

Of course, the above construction will only work to produce an abelian vari- 
ety over Spec A if certain conditions are met. These conditions can be reduced 
to certain computations: for example, one must show that if T is a torus and 
q : BT -> K( Z, 4) classifies a positive definite quadratic form of discriminant 
d , then the T -equivariant A -cohomology of a point, at level q, is a locally free 
A-module of rank d. Supposing that this and other algebraic conditions are satis- 
fied, the above construction will give us an elliptic curve E -> Spec A. Moreover, 
by comparing equivariant A -cohomology with Borel-equi variant A -cohomology, 
we can supply E with a preorientation a : CP°° -> E(A). The condition that a 
be an orientation is again a matter of computation: essentially, we would need to 
show that an appropriate version of the Atiyah-Segal completion theorem holds, at 
least locally on the elliptic curve E. Provided that all of the necessary computations 


276 


J. Lurie 


yield favorable results, we obtain an oriented elliptic curve E -> Spec A, which is 
classified by the desired map Spec A -> Ad Der . 

Unfortunately, our algebraic perspective does not offer any insights on the prob- 
lem of where to find such a cohomology theory in geometry. Nevertheless, it seems 
inevitable that a geometric understanding of elliptic cohomology will eventually 
emerge. The resulting interaction between algebraic topology, number theory, math- 
ematical physics, and classical geometry will surely prove to be an excellent source 
of interesting mathematics in years to come. 
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On Voe vo d sky’s Algebraic K -Theory Spectrum 


Ivan Panin, Konstantin Pimenov, and Oliver Rondigs 


Abstract Under a certain normalization assumption we prove that the P 1 -spectrum 
BGL of Voevodsky which represents algebraic K - theory is unique over Spec(Z). 
Following an idea of Voevodsky, we equip the P 1 -spectrum BGL with the struc- 
ture of a commutative Paring spectrum in the motivic stable homotopy category. 
Furthermore, we prove that under a certain normalization assumption this ring 
structure is unique over Spec(Z). For an arbitrary Noetherian scheme S of finite 
Krull dimension we pull this structure back to obtain a distinguished monoidal 
structure on BGL. This monoidal structure is relevant for our proof of the motivic 
Conner-Floyd theorem (Panin et al., Invent Math 175:435-451, 2008). It has also 
been used to obtain a motivic version of Snaith’s theorem (Gepner and Snaith, 
arXiv:07 12.28 17vl [math.AG]). 


1 Preliminaries 


This paper is concerned with results in motivic homotopy theory, which was put on 
firm foundations by Morel and Voevodsky in [MV] and [V] . Due to technical rea- 
sons explained below, the setup in [MV], as well as other model categories used in 
motivic homotopy theory, are inconvenient for our purposes, so we decided to pur- 
sue a slightly different approach. We refer to the Sect. A for the basic terminology, 
notation, constructions, definitions, and results concerning motivic homotopy the- 
ory. For a Noetherian scheme S of finite Krull dimension we write M(S'), M.(S'), 
H. ( S ) and SH(S) for the category of motivic spaces, the category of pointed motivic 
spaces, the pointed motivic homotopy category and the stable motivic homotopy cat- 
egory over S. These categories are equipped with symmetric monoidal structures. 
In particular, a symmetric monoidal structure (a, I) is constructed on the motivic 
stable homotopy category and its basic properties are proved. This structure is used 
extensively over the present text. 
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Let S be a regular scheme, and let K°(S) denote the Grothendieck group of vec- 
tor bundles over S. Morel and Voevodsky proved in [MV, Theorem 4.3.13] that the 
Thomason-Trobaugh K - theory [TT] is represented in the pointed motivic homo- 
topy category H.(S) by the space Z x Gr pointed by (0, xo). Here Gr is the union of 
the finite Grassmann varieties (J ^L 0 Gr(n,2n), considered as motivic spaces. There 
is a unique element ^ e K °( Z x Gr) which corresponds to the identity morphism 
id: Z x Gr — ► Z x Gr. It follows that there exists a unique morphism 

/x 0 :(Zx Gr) A (Z x Gr) -^ZxGr 

in H. (S) such that the composition (Z x Gr) x (Z x Gr) (Zx Gr) A (Z x Gr) 
ZxGr represents the element £oo®£oo in 7C°((ZxGr) x (ZxGr)) (see Lemma B.l). 
Let e® : S° -> Z x Gr be the map which corresponds to the point (1 , xo) e Z x Gr. 
The triple 

(Z x Gr, /x®,e®) (1) 

is a commutative monoid in H.(S). 

Using this fact, Voevodsky constructed in [V] a P 1 -spectrum 

BGL = (/C 0 , /Ci, /Ci, ) 

with structure maps e L : /Q A P 1 -> /Q+i such that: 

1. There is a motivic weak equivalence w: Z x Gr -> /Co, and for all i one has 
JCi = /C 0 and e t = e 0 . 

2. The morphism 

ZxGrxP^ZxGrjAP^^AP^/Cn^ZxGr 

in H.(5') represents the element ^ ® 1)] — [O]) e K°(Z x Gr x P 1 ). 

3. The adjoint /Q -> ^ P i (/C/+i) of e L is a motivic weak equivalence. 

With this spectrum in hand given a smooth X over S we may identify K°(X ) 
with BGL 21 1 ( X ) as follows 


K°(X) = Hom H .( 5 ,(X+, Z x Gr) = Uom H . (s) (X + , /Q) = BGL 2 '' 1 (X) (2) 

Our first aim is to recall Voevodsky’s construction to show that this spectrum 
is essentially unique. This has also been obtained in [R]. Our second and more 
important aim is to give a commutative monoidal structure to the P 1 -spectrum BGL 
which respects the naive multiplicative structure on the functor X BGL 2 **(V). 
To be more precise, we construct a product 


Mbgl- BGL A BGL — > BGL 


( 3 ) 
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in the stable motivic homotopy category SH(S) such that for any X e Sm/S the 
diagram 


K°(X) x K°(X ) > K°(X) 

BGL 2i i (X ) x BGL 2 ' ' (X) — > BGL 2(i+jhi+j (X) 


commutes. We show in Theorem 2.2.1 that there is a unique product /Xbgl € 
HomsH(Z) (BGL A BGL, BGL) satisfying this property. This induces a product 
/x bgl £ HomsH(S)(BGL A BGL, BGL) for an arbitrary regular scheme S by pull- 
back along the structural morphism S -> Spec(Z). As well, we show that the 
product is associative, commutative and unital. The resulting multiplicative struc- 
ture on the bigraded theory BGL* * coincides with the Waldhausen multiplicative 
structure on the Thomason-Trobaugh K- theory. 


1.1 Recollections on Motivic Homotopy Theory 


The basic definitions, constructions and model structures used in the text are given 
in Sect. A. The word “model structure” is used in its modern sense and thus refers to 
a “closed model structure” as originally defined by Quillen. Let S be a Noetherian 
finite-dimensional scheme. A motivic space over S is a simplicial presheaf on the 
site Sm/S of smooth quasi-projective S-schemes. A pointed motivic space over S 
is a pointed simplicial presheaf on the site Sm/S. We write M.(S') for the cate- 
gory of pointed motivic spaces over S. A closed motivic model structure M£ m (S) is 
constructed in Theorem A. 17. The adjective “closed” refers to the fact that closed 
embeddings in Sm/S are forced to become cofibrations. The resulting homotopy 
category H£ m (S) obtained in Theorem A. 17 is called the motivic homotopy cate- 
gory of S . By Theorem A. 19 it is equivalent to the Morel- Voevodsky A 1 -homotopy 
category [MV], and we may drop the superscript in H£ m (S) for convenience. The 
closed motivic model structure has the properties that: 

1. For any closed S -point Xo'. S X in a smooth S -scheme, the pointed motivic 
space (A, x 0 ) is cofibrant in M£ m (S) (Lemma A. 10). 

2. A morphism / : S -> 5" of base schemes induces a left Quillen functor /*: 
M£ m (S") -> M S m (S) (Theorem A. 17). 

3. Taking complex points is a left Quillen functor Rc:M£ m (C) -> Top. 
(Theorem A. 23). 

Conditions 2 and 3 do not hold for the Morel- Voevodsky model structure, condi- 
tion 1 fails for the so-called projective model structure [DR0, Theorem 2.12]. For a 
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morphism / : A -> B of pointed motivic spaces we will write [/] for the class of / 
in H. (S). 

We will consider P 1 as a pointed motivic space over S pointed by oo : S P 1 . A 
P 1 -spectrum E over S consists of a sequence Eo,E\,... of pointed motivic spaces 
over S , together with structure maps or n : E n A P 1 — ► E n+ \ . A map of P 1 -spectra is 
a sequence of maps of pointed motivic spaces which is compatible with the struc- 
ture maps. Let SH(S) denote the homotopy category of P 1 -spectra, as described 
in Sect. A.5. By Theorem A.30 it is canonically equivalent to the motivic stable 
homotopy category constructed in [V] and [J]. As we will see below there exists 
an essentially unique P 1 -spectrum BGL over S = Spec(Z) satisfying properties 1. 
and 2. from Sect. 1. In the following, we will construct BGL in a slightly differ- 
ent way than Voevodsky did originally in [V]. In order to achieve this, we begin 
with a description of the known monoidal structure on the Thomason-Trobaugh 
K-theory [TT]. 


1.2 A Construction of BGL 

Let S' be a regular scheme. For every S-scheme A consider the category Big(A) 
of big vector bundles over X (see for instance [FS] for the definition and basic 
properties). The assignments X i-> Big(A) and (/: Y -> X) i-> /*:Big(A) -> 
Big(T) form a functor from schemes to the category of small categories. The reason 
is that there is an equality (/ og)* = g* o/* , not just a unique natural isomorphism. 
In what follows we will always consider the Waldhausen K - theory space of X as 
the space obtained by applying Waldhausen ’s S . -construction [W] to the category 
Big (A) rather than to the category Vect(A) of usual vector bundles on X. This 
has the advantage that the assignment taking an S -scheme X to the Waldhausen A- 
theory space of X becomes a functor on the category of ^-schemes, and in particular 
a pointed motivic space over S . In what follows a category SmOp/S will be useful 
as well. Its objects are pairs (A, U) with an A e Sm/S and an open subscheme U 
in A. Morphisms (A, U) to (T, V) are morphisms of A to Y in Sm/S which take 
U to V . 

Let K w be the pointed motivic space defined in Example A. 12. It has the 
properties that it is fibrant in M£ m (S) and that IK^(A) is naturally weakly equiv- 
alent to the Waldhausen A-theory space associated to the category of big vector 
bundles on A. For A e Sm/S the simplicial set K w (X) is thus a Kan simpli- 
cial set having the Waldhausen A-theory groups A ^ (A) as its homotopy groups. 
These A-theory groups coincide with Quillen’s higher A-theory groups [Qu, TT, 
Theorem 1.11.2]. We write A* (A) for A ^ (A). It follows immediately from the 
adjunction isomorphism 

Hom H .(s)(^'° A A + ,K^) ^ Hom H .(^K^(A)) = A, (A) (1) 

that K w , regarded as an object in the motivic homotopy category H.(S) (see 
Theorem A. 17) represents Quillen K-theory on Sm/S. Here S n = S n, ° denotes 
the ft -fold smash product of the constant simplicial presheaf A^SA 1 with itself. 
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For a pointed motivic space A set 

K P (A) := Hom H .( S ,(5^ 0 A A,K W ). 

For X e Sm/S and a closed subset Z X, K n (X on Z) denotes the n- th 
Thomason-Trobaugh K-g roup of perfect complexes on X with support on Z [TT, 
Definition 3.1]. For A = X/(X — Z) with an X e Sm/S and a closed sub- 
set Z C X , there is an isomorphism K p (A ) = K p (X on Z) natural in the pair 
( X , X — Z) (see [TT, Theorem 5.1]). It follows immediately that K w , regarded as 
an object in the motivic homotopy category H.(5) (see Theorem A. 17) represents 
the Thomason-Trobaugh K(X on Z) -theory on SmOp/ S . The known monoidal 
structure [TT, (3.15.4)] on the Thomason-Trobaugh K(X on Z) -theory coincides 
with the one induced by the Waldhausen monoid (K w , p w , e w ) described below. 
Using the notation of Example A. 12, consider the diagram 

k w (x)ak w (x) = njwpo) AnJwPO) A n 2 s (w 2 (x)) +L k w {x) (2) 

with the Waldhausen multiplication m and the adjunction weak equivalence ad 
described in [W, p. 342]. The diagram defines a morphism 

w 

K i *'aK 1f ^ K 1 *' (3) 

in H.(5) which is the Waldhausen multiplication on K w . Together with the unit 
e w : S° -> K w it forms the Waldhausen monoid (K w , p w ,e w ). 

By [MV, Theorem 4.3.13] there is an isomorphism i/r: ZxGr^ K w in 11.(5'). 
The pointed motivic space (Z x Gr, (0, Xo)) is closed cofibrant by Lemma A. 10. Let 
b w : P 1 -> K w be a morphism in H.(5) representing the class [0(— 1)] — [O] in the 
kernel of the homomorphism oo*: ^(P 1 ) Kq(S). 

Definition 1.2.1. Choose a pointed motivic space /C, together with a weak equiva- 
lence i : Z x Gr ->► 1C in M^ m (5), as well as a morphism e: JC A P 1 JC in M^ m (5) 
which descends to 


p w O (id A b w )\ K w AP l ^ 

under the identification of /C with K w in H.(5) via the isomorphism \j/ o [/] _1 . 
Define BGL as the P 1 -spectrum of the form (JC o, 1C\ , IC 2 , • • • ) with /C z = JC for all i 
and with the structure maps e- t : JC t A P 1 — > /Q + 1 equal to the map e\ JC A P 1 JC. 

P 1 -spectra as described in Definition 1.2.1 will be used extensively below. 

RemarJc 1.2.2. The Voevodsky spectrum BGL is obtained if JC = Ex A ( Z x Gr), 
/ : Z x Gr -> Ex x (Z x Gr) is the Voevodsky fibrant replacement morphism in the 
model structure described in [V, Theorem 3.7] and the structure map 


e: Ex a> (Z x Gr) A P 1 — > Ex A 1 (Z x Gr) 
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described in [V, Sect. 6.2]. By [V, Theorem 3.6] and Note A.20, the map ZxGr^ 
Ex a (Z x Gr) is also a weak equivalence in In particular, BGL is an 

example of a P 1 -spectrum as described in Definition 1.2.1. 

Remark 1.2.3. The Waldhausen structure of a commutative monoid on K w in 
H. (S') induces via the isomorphism x/r o [z ] _1 the structure of a commutative monoid 
(1C, jl, e )) on the motivic space 1C in H.(S) such that \j/ o [z] _1 is an isomorphism of 
monoids. The composition of the inclusion P 1 = Gr(l, 2) h {0} x Gr ^ Z x Gr 
and the weak equivalence i is denoted b:P l -> 1C. Clearly [c] = jl o [(id A b)\ 
in H.(S). 

Lemma 1.2.4. Given 1C, i : Z x Gr — > 1C and e: 1C aP 1 -> 1C fulfilling the conditions 
of Definition 1.2.1, there exist 1C', i'\ Z x Gr -> 1C' , e': 1C' aP 1 -> 1C' and q: 1C' — > 1C 
such that: 


• V and c' fulfil the condition of Definition 1.2.1. 

• 1C' is cofihrant in M£ m (S). 

• q is a weak equivalence and q o e' = € o (q a id). 

Thus the P 1 -spectra BGL' and BGL are weakly equivalent via the morphism given 
by the sequence of maps of pointed motivic spaces q,q,q, 


Proof. Decompose i as qoi’ with a trivial cofibration i'\ ZxGr -> 1C' and a fibration 
q:1C' -> 1C. Note that q is a weak equivalence since so are i' and i. The pointed 
motivic space 1C' is cofibrant in because so is Z x Gr. Furthermore V is a 

weak equivalence. It remains to construct e' . Consider the commutative diagram of 
pointed motivic spaces 


-+/C' 


eo(<7Aid) 

TaP 1 ^^ 


The left vertical arrow is a cofibration and the right hand side one is a trivial fibra- 
tion. Thus there exists a map c'\ 1C' A P 1 -> 1C' of pointed motivic spaces making 
the diagram commutative. 


Remark 1.2.5. Let f: S' -> S be a morphism of schemes and let BGL = 
(JC, /C, /C, . . . ) be a P^spectrum over S as described in Definition 1.2.1. Suppose 
further that 1C is cofibrant in The P^spectrum /*(BGL) over S' is given 

by (1C ' , 1C' , 1C' , . . . ), where 1C' = /*/C and the structure map is 

e': f*IC A P^, s /*(; C A pi ) f*JC 

Since /*: -> M^ 1 is a left Quillen functor by Theorem A. 17, /*(BGL) sat- 

isfies the conditions of Definition 1.2.1 in M*(S') and H*(S') provided that S' 
is regular. If S' is noetherian finite dimensional, then by [V, Theorem 6.9] and 
Remark 1.4.5 /*(BGL) represents the homotopy invariant K- theory as introduced 
in [We]. 
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It will be proved in Sect. 1 .4 that in the case S = Spec(Z) there is essentially just 
one P 1 -spectrum BGL in SH(S). In the next section, we will construct a monoidal 
structure on BGL regarded as an object in the stable homotopy category SH (S). In 
the case of S = Spec(Z) such a monoidal structure is unique. Pulling it back via 

/ 

the structural morphism S' -> Spec(Z) we get a monoidal structure on /*(BGL) 
in SH(S ,/ ) for an arbitrary Noetherian finite-dimensional base scheme S'. 

To complete this section we prove certain properties of BGL. It turns out that if 
/C is fibrant in M£ m (S), then BGL is stably fibrant as a P 1 -spectrum. In other words, 
BGL is an £2 P i -spectrum which represents the Thomason-Trobaugh K-theory on 
Sm/S. For X e Sm/S we abbreviate BGL p q (X+) as BGL p q (X), which forces 
us to write BGL^(X, xo), for a pointed ^-scheme (X, xo). 

Lemma 1.2.6. Let X e Sm/S and n > 0. The adjoint of the structure map c:JC A 
P 1 -> JC induces an isomorphism 

Horn tf.( 5 ,(V'° A X+, Ki) -> Uom H . {S) (S n -° A X+ A P l ,JC i+ i). 

In particular, if 1C is fibrant in M£ m (S), then BGL is stably fibrant. 

Proof. Recall that for Y e Sm/S and a closed subset Z Y , K n (Y on Z) 
denotes the n- th Thomason-Trobaugh X-group of perfect complexes on Y with 
support on Z. It may be obtained as the n- th homotopy group of the homotopy fiber 
of the map K^(Y) -> IK^(Y \ Z). Abbreviate Hom H# (y)(— , — ) as For each 

smooth X over S the map 

K„(X) = [S n ' 0 X + ,JCi] -> [S n '°X+ A P \Kt A P 1 ] 

[5"' 0 x + A P \JC i+ i] ^ K n (X x P 1 on X x {oo}) 

induced by the structure map e- t coincides with the multiplication by the class 
[0(- 1)] - [O] in ^oCP 1 on {oo}). This multiplication is known to be an isomor- 
phism for the Thomason-Trobaugh K-groups, by the projective bundle theorem 
[TT, Theorem 4.1] for A x P 1 . Whence the Lemma. 

In the following statement, the notation i) will be used for the 

P 1 -spectrum Fr/ A = (*, . . . , *, A, A A P 1 , . . . , ) associated to a pointed motivic 
space A in Example A.26. Note that A S~ 2l ~ l in SH(S), as 

mentioned in Notation A.40. 

Corollary 1.2.7. For each pointed motivic space A over S the adjunction map 


HomH.(s)04,/Co) -> HomsH(S) (EjJ? A , BGL) 

is an isomorphism. In particular, for every smooth scheme X over S and each 
closed subscheme Z in X one has K p (X on Z) = BGL~ pS) (X / (X \ Z)). The 
family of these isomorphisms form an isomorphism Ad : K* — * BGL - * 0 of coho- 
mology theories on the category SmOp/S in the sense of [PS]. Moreover the 
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adjunction map [A,JCi\ [E^(^4)(— /), BGL] is an isomorphism. In particular, 
for every smooth scheme X over S and each closed subscheme Z in X one has 
K P (X on Z) = BGL 2i ~ pi (X/(X ^ Z)). 

jJ- ij _ 

The family of pairings JC L A JCj — > JC /+y in H.(S) with pij = pi from 
Remark 1.2.3 defines a family of pairings 

UiBGlA (A) <g> BGL ?v/ (B) -> BGL p+i ' q+j ( A A B) (4) 

for pointed motivic spaces A and B . We will refer to the latter as the naive prod- 
uct structure on the functor BGL* * on the category M*(S). It has the following 
property. 

Corollary 1.2.8. The isomorphism Ad : K* — >> BGL - * 0 of cohomology theories on 
SmOpj S is an isomorphism of ring cohomology theories in the sense of [PS]. 


1.3 The Periodicity Element 

The aim of this section is to construct an element /3 e BGL 2,1 (S), to show that it is 
invertible and to check that for any pointed motivic space A one has 

BGL*’°(^4)[/3, P~ l ] = BGL*’*04) 

(the Laurent polynomials over BGL* 0 04)). We will use the naive product structure 
on BGL described just above Corollary 1.2.8. 

Definition 1.3.1. Set /3: = [S° JC = JC i] e BGL 2,1 (S'), where e is the unit of 
the monoid JC (see Remark 1.2.3). 

Lemma 1.3.2. Let b\ P 1 ^ JC be the map described in Remark 1.2.3. It represents 
the element [0(— 1)] — [O] in BGL 0,0 (P 1 , oo) = Ker(oo*: ^(P 1 ) -> ATo(S)). There 
is a relation 

P U ([0(-l)] - [O]) = S P i (1) e BGL 2 - 1 !? 1 , oo), (1) 

where E P is the suspension isomorphism and 1 e BGL 0 0 (S) is the unit. There is 
another relation 


p U ([0(1)] - [O]) = -Epi(l) e BGL 2 - 1 ^ 1 ,^). 
Proof. The element E P i (1) is represented by the morphism 

O0 Til Til [dAb IS* ^ 0l 1^ 

S U A P 1 > JCo A P 1 > JCo A JC\ > /Cl, 


( 2 ) 


where fip is defined just above (4), and e is the unit of the monoid JC = JCq. The 
element /3 U ([0(— 1)] — [O]) is represented by the morphism 
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S° A P 1 ^/Ci A/Co-^/Ci. 

Since /Co = /C = /Ci one has (id A 6) o Aid) = e A&. This implies the relation (1) 
since /Xio = fioi- Relation (2) follows from the first one since [(9(1)] — [O] = 
— [0(— 1)] + [0\ in K°( P 1 ). 

Lemma 1.3.3. Let u e BGL -2-1 (S ) be the unique element such that E P i (u) = 
[<D(-1)] - [O] in BGL°'°(P 1 , oo). Then )3Uh=1. 

Proof. Consider the commutative diagram 


BGL (5) <g> BGL • (P\ oo) 

id0S p i 


-+BGL 21 (P\oo) 

Epl 


BGL 21 (5) <g>BGL _2_1 (S) 


- 2 .- 1 , 


BGL 00 (5). 


Now the Lemma follows from the relation (1). 

Definition 1.3.4. For P^spectra E and F set E alg (F) = Qdf^E 21 ' 1 (F). 
Proposition 1.3.5. For every pointed motivic space A the map 

BGL*’ 0 (,4) ® Ko(S) BGL alg (5) -► BGL*'* (A) (3) 

given by a <g> b a U b is a ring isomorphism and BGL alg (5') = K () (S )[ff ji~ ] ] is 
the Laurent polynomial ring. One can rewrite this ring isomorphism as 

BGL*’°04)[j8, /T 1 ] = BGL * *(A) (4) 

Proof. In fact, BGL*’ 0 (A) — %■ BGL* +2,1 (A) is an isomorphism since /3 is invert- 
ible. Since BGL 0 °(S) = K°(S) the map (3) is a ring isomorphism. 

Using the isomorphism Ad: K* -> BGL - * 0 of ring cohomology theories from 
Corollary 1.2.8 we get the following statement. 

Corollary 1.3.6. For every X e Sm/S and every closed subset Z X one has 

K—(X on Z)[p,p~ l ] '= BGL**(X). (5) 

The family of these isomorphisms form an isomorphism of ring cohomology theories 
on SmOp/ S in the sense of [PS]. As well , there is an isomorphism 

K-*(X on Z ) = BGL* *(X/X - Z)/(/ 3 + 1)BGL*’*(X/X - Z). (6) 

The family of these isomorphisms form an isomorphism of ring cohomology theories 
on SmO p / S in the same sense. 
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1.4 Uniqueness ofBGL 


We prove in this section that, at least over S = Spec(Z), a P 1 -spectrum BGL as 
described in Definition 1.2.1 is essentially unique regarded as an object in the stable 
homotopy category SH(S). This has also been obtained in [R]. 

Let BGL be a P 1 -spectrum as described in Definition 1.2.1. Recall that this 
involves the choice of a weak equivalence i : Z x Gr — /C and a structure map 
€\ JC A P 1 JC. Let BGL' be a possibly different P 1 -spectrum. More precisely, take 
a pointed motivic space JC' together with a weak equivalence i Z x Gr -> JC' and 
with a morphism JC' A P 1 -> JC' which descends to 

fi w o (id A b w ): K w AP l ^ 

under the identification of JC' with K w in H.(S) via the isomorphism x/r o [i']~ l . Let 
BGL' be the P 1 -spectrum of the form (JC' 0 , JC [ , JC' 2 , . . . ) with /C- = JC' for all i , and 
with the structure maps €• \JC[ aP 1 ^ /CJ +1 equal to the map c':JC' A P 1 -> JC' . 

Proposition 1.4.1. Let S = Spec(Z). There exists a unique morphism (9: BGL -> 
BGL' in SH(S) such that for every integer i > 0 the diagram 

S^-C-O-^BGL 

e~/c;(-o*JL»bgl' 

commutes in SH(S), where & = i'oi~ l e [7C/ , /C-]h.(S) «/, u' f are the canonical 

morphisms. Similarly, there exists a unique morphism (9': BGL' — >► BGL in SH(S) 
such that for every integer i > 0 diagram 


(-0^-1 BGL' 

S^-C-O-^BGL 


commutes in SH(S), where 6i = / o (/') 1 e [/C-, /C/]h.(s> 
Proof Consider the exact sequence 


0 -> Um 1 BGL 2 f - 1 ’ f (/C;) -> BGL 00 (BGL') -> lhnBGL 2id (K!f) -> 0 

from Lemma A.34. The family of elements ( u\ o z)) is an element of the 

group hmBGL 2u (/C-). Thus there exists the required morphism 9'. To prove its 
uniqueness, observe that the lim 1 -group vanishes by Proposition 1.6.1. Whence 
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BGL 0,0 (BGL / ) = limBGL 2u (/C-) and 9' is indeed unique. By symmetry there 
also exists a unique morphism 9 with the required property. 

Proposition 1.4.2. Let S = Spec(Z). The morphism 9: BGL -* BGL' is the 
inverse ofO f \ BGL' — >► BGL in SH(S'), and in particular an isomorphism. 

Proof. The composite morphism 9' o 0:BGL — ► BGL has the property that for 
every integer i > 0 the diagram 


BGL 

id Q'o 0 

E£?AC,-(- O-^BGL 

commutes. However, the identity morphism id: BGL -> BGL has the same property. 
Thus 9 r o 9 = id. by the uniqueness in Proposition 1.4.1, and similarly 9 o 9 r = id. 

Remark 1.4.3. The isomorphisms 9 and 9 r are monoid isomorphisms provided that 
BGL and BGL' are equipped with the monoidal structures given by Theorem 2.2.1. 
This follows from the fact that both i and V are isomorphisms of monoids in H.(S). 

Remark 1.4.4. There exists a unique morphism e:(Zx Gr) A P 1 — >► Z x Gr in H. (S) 
such that the diagram 


(Z x Gr) A P 1 ■ — — — > Z x Gr 


ip Aid 

K^aP 1 

commutes in H.(S), where e w = fi w 
Definition 1.2.1. The diagram 


— — > K w 

o (id A b w ) and \j/ is described right above 


(Z x Gr) A P 1 ': • Z x Gr 

i Aid i 

/Cap 1 — tj: 

then commutes as well. That is, € descends to e in H.(S). 

We will need an observation concerning the morphism e. Let x n be the tauto- 
logical bundle over the Grassmann variety Gr(n, In). By Lemma B.7 there exists 
a unique element £oo ^ Ko(Z x Gr) such that for any positive integer n and any 
0 < m < n one has £|{ m }xGr(n,2«) = [ r n] — n + m. By Lemmas B.8 and B.2 the 
element ^ (8) ([0(— 1)] — [O]) belongs to the subgroup K 0 ((Z x Gr) A P 1 ) of the 
group Ko(Z x Gr x P 1 ). The isomorphism i/r. Z x Gr K w in H.(S) represents 
the element £oo in K 0 ((Z x Gr)). Now the definitions of e w and e show that 
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e*goo) = £oo ® ao(-i)] - [o]) 


in Ko((Z x Gr) A P 1 ). 

Remark 1.4.5. Let S be a regular scheme. Given two triples (JC \ , i\, €\) and ( JC 2 £ 2 ) 
fulfilling the conditions of Definition 1.2.1, there exists a zig-zag of weak equiv- 
alences of triples connecting these two. In particular, there exists a zig-zag of 
levelwise weak equivalences of P 1 -spectra over S connecting BGLi and BGL 2 . It 
follows that the P 1 -spectra BGLi and BGL 2 associated to these triples are “natu- 
rally” isomorphic in SH(S). This shows that the strength of Proposition 1.4.1 is in 
its uniqueness assertion. 


1.5 Preliminary Computations I 

In this section we prepare for the next section, in which we show that certain lim 1 - 
groups vanish. Let BGL be the P 1 -spectrum defined in Definition 1.2.1. We will 
identify in this section the functors BGL 0,0 and BGL 2u on the category H.(S) via 
the iterated (2, 1) -periodicity isomorphism as follows: 


BGL 00 (A = Hom H . (S ,04, Ko) = Hom H . ( s)<A V) = BGlA (A (1) 


Similarly, 

BGL -1 ' 0 04) =* HomH.( 5 ,(A° A A, JC 0 ) 

= Horn h.( 5 ,(A° A AXi) = BGL 2 ' _i '(4) 

These identifications respect the naive product structure (4) on the functor BGL* *. 
In particular, the following diagram commutes for every pointed motivic space A 
over S . 

BGL -1 °(S) (8) BGL 00 04) » BGL“ 10 (^) (3) 

BGL -1 °(S') (8) BGL 2M 0 4) > BGL 2i ~ u (A) 

Remark 1.4.20. The identification (2) of BGL - 1,0 (X) with BGh 2l ~ l1 (X) coincides 

\jgi 

with the periodicity isomorphism BGL -1,0 (X) > BGL 2l ~ l1 (X). 

Lemma 1.5.1. Let S = Spec(Z). For every integer i the map 

BGL" 1 ’ 0 (5) (8) BGL 2iJ (JC) -> BGL 2i ~ u (K) 

induced by the naive product structure is an isomorphism. The same holds if 1C A P 1 
replaces 1C. 
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Proof. The commutativity of the diagram (3) shows that it suffices to consider the 
case i = 0. Furthermore we may replace the pointed motivic space /C with Z x Gr 
since the map i : Z x Gr -> JC = /C is a weak equivalence. The functor isomorphism 
K * -> BGL - * 0 is a ring cohomology isomorphism by Corollary 1.2.8. Thus it 
remains to check that the map 

K^S) (8) K 0 ( Z x Gr) -^^(Zx Gr) 

is an isomorphism. For a set M and a smooth ^-scheme X we will write Mxl for 
the disjoint union |_| M X of M copies of X in the category of motivic spaces over 
S. Let [— n, n\ be the set of integers with absolute value < n. By Lemmas B.7 and 
B.3 it suffices to check that the natural map 

A (8) fim K 0 ([—n,n\ x Gr(n,2n)) -* lim A (8) K 0 ([—n,n\ x Gr(n,2n)) 

is an isomorphism, where A = K^S). This is the case since KfS) is a finitely 
generated abelian group (it is just Z/ 2Z). The assertion concerning /C AP 1 is proved 
similarly using Lemmas B.8 and B.5 instead. 

To state the next lemma, consider the scheme morphism / : Spec(C) -> S = 
Spec (Z), the pull-back functor /*:SH(Z) -> SH(C) described in Proposition A. 47, 
and the topological realization functor Rc: SH(C) -> SH CP i described in Sect. A. 7. 
Set r = Rc o /*:SH(S') ->► SH CP i. The functor r will be called for short the 
realization functor below in this section. 

Lemma 1.5.2. Let BU be the periodic complex K-theory CP 1 -spectrum with terms 
Z x BU. There is a zigzag BU E — >► rBGL of levelwise weak equivalences of 
CP 1 -spectra. 

Proof. This follows from Remark 1 .4.4, Example A.46 and the fact that Grassmann 
varieties pull back. 

Lemma 1.5.3. Let X e Sm/S, where S = Spec(Z), and let A 0 C X\ C ••• C 
X n = X be a filtration by closed subsets such that for every integer i > 0 the 
S -scheme X[ — X[-\ is isomorphic to a disjoint union of several copies of the affine 
space A l s . The map BGL 0,0 (A) -> (rBGL) 0 (r X) is an isomorphism. 

Proof. Consider the class 12 of P 1 -spectra E such that the homomorphism 
BGL 0,0 (£') -> rBGL°(r£') is an isomorphism. It contains S°'° because in this 
case we obtain the isomorphism BGL 0,0 (S' 0,0 ) = K°( Z) ^ Z ^ ^top(^°) which 
identifies the class of an algebraic resp. complex topological vector bundle over 
Spec(Z) resp. • with its rank. The (2, 1) -periodicity isomorphism for BGL described 
in Remark 1.4.20 and the Bott periodicity isomorphism for rBGL are compati- 
ble by Example A.46. This implies that S 2m,m e 12 for all me Z. Finally, if 
E ^ F ^ G ^ S 10 A E is 3, distinguished triangle in SH(S) such that E and G 
are in 12, then so is F. 
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For i > 0 write U l \= X \ X/ , so that U l is an open subset of U l ~ l . In particular 
we have U n = 0 and U~ l = X. The closed subscheme X/ \ X/_i = X/ Pi U l ~ l ^ 
is isomorphic to a disjoint union of m L copies of affine spaces A*, and is in 
particular smooth over S. Furthermore the normal bundle is trivial. The homotopy 
purity theorem [MV, Theorem 3.2.29] supplies a distinguished triangle 

E£?£/| -* -* S v in^^2(n-i),(n-i) 

of P 1 -spectra. Since 1Z contains = • we obtain inductively that 1Z contains 

Z™U~ l = E~X+. 

Lemma 1.5.4. Let S = Spec(Z) and let r\ SH(Z) -> SH CP i be the topolog- 
ical realization functor. Then for every integer i the realization homomorphism 
BGL 2u ( JC ) -> (rBGL) 2 * (r/C) is an isomorphism. 

Proof. Clearly it suffices to prove the case i =0. We may replace the pointed 
motivic space /C/ with Z x Gr as in the proof of Lemma 1.5.1. It remains to check 
that the topological realization homomorphism BGL 0,0 (Gr) -> (rBGL)°(rGr) is an 
isomorphism. 

Since Gx(n,2n) has a filtration satisfying the condition of Lemma 1.5.3, we 
see that the map BGL 0 0 (Gr(n, 2n)) (rBGL)°(Gr(n, 2n)) is an isomorphism 
for every n. To conclude the statement for Gr = UGr(n, 2n), use the short exact 
sequence from Lemma A. 34. In the resulting diagram 

lim 1 BGL -1 0 (Gr(ft, 2n)),: ^ BGL 00 (Gr) » limBGL 00 (Gr(n, 2n)) 


lhn 1 rBGL“ 10 (rGr(n, 2n)) U-* rBGL 0,0 (rGr) — 4 fimrBGL 0 0 (rGr(n, In)) 

the map on the right hand side is then an isomorphism. Furthermore one concludes 
from [Sw, Theorem 16.32] that 

Hm 1 rBGL _10 (rGr(«, 2«)) = lun 1 K^ op (rGr(n,2n)) = 0. 

On the other hand lim 1 BGL _10 (Gr(«, 2«)) = lim 1 K\ (Gr(«, 2«>) = 0 by 
Lemma B.6. The result follows. 

Lemma 1.5.5. Let B°U be the sub- spectrum of BU with the n-th term equal to 
the connected component BU of the topological space Z x BU containing the 
basepoint •. The inclusion B°U — BU is a weak equivalence of CP 1 -spectra. 

Proof. One has to check that the inclusion induces an isomorphism on stable homo- 
topy groups. This follows because the structure map (Z x BU) A CP 1 — >► Z x BU 
factors over {0}x5fi. 
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Lemma 1.5.6. There exists a sub-spectrum B-^U of the CP 1 -spectrum BU with the 
n-th term Gr(b(n),2b(n)) such that the inclusion B^U — >► BU is a stable 
equivalence. 

Proof The sequence b(n ) will be constructed such that b(n ) > 2n + 1. Set 
b(0 ) = 1. We may assume that the structure map e^\ BU A CP 1 -a BU is cellular. 
Since rGr (6(0), 26(0)) A CP 1 is a finite cell complex, it lands in a Grassman- 
nian rGr(6(l), 26(1)) for some integer 6(1) >2-1 + 1. Continuing this process 
produces the required sequence of b(nf s. The inclusions induce an isomorphism 
colim, z >o Gr(b(n),2b(n)) = Gr. 

To observe that the inclusion / : B^U -> BU is then a stable equivalence, recall 
that the number of 26-cells in Gr (n,m) is given by the number of partitions of k 
into at most n subsets each of which has cardinality > m — n [MS]. In particular, 
the 26-skeleton of BU coincides with the 26-skeleton of rGr(6, 26). To prove the 
surjectivity of tt/ ( / ) choose an element a e tt/ BU. It is represented by a cellular 
map a: S l+2m — BU for some m with i + 2m > 0. We may choose m such 
that m > i. Thus a lands in rGr(6(m), 26 (m)) and gives rise to an element in 
tt/B^U mapping to a. To prove the injectivity of tt/ (/), choose an element a e 
tt/B^U such that tt/ ( / ) (a) = 0. We may represent a by some map a: S l+2m 
Gr (6(m), 26 (m)) for some m with i + 2m > 0 and m > i. The composition 

S i+2m A Gr(6(m),26(m)) -a BU 

is nullhomotopic since tt/+ 2 W BU = tt/BU via the homomorphism induced by the 
structure map. The nullhomotopy may be chosen to be cellular and thus lands in 
Gr(6(m), 26 (m)). This completes the proof. 

1.6 Vanishing of Certain Groups I 

Consider the stable equivalence hocolim/>o E£?/Q(— 0 = BGL [see (2)] and the 
induced short exact sequence 

0 lhn^GL 2i ~ u (JCi) -> BGL 00 (BGL) -> lhnBGL 2iJ (JCi) 0 

We prove in this section the following result. 

Proposition 1.6.1. Let S = Spec(Z), then lim 1 BGL 2/ 1,1 (JCi) = 0. 

Proof The connecting homomorphism in the tower of groups for the lin^-term is 
the composite map 


BGL 


2i—l,i 


(ICi ) 


y — 1 

V 


BGL 


2/ + U + 1 


(AC; AP 1 ) 


BGL 


2 i + 1 ,/ + 1 


(AC,+i) 


where E pl x is the inverse to the P 1 -suspension isomorphism and ef is the pull-back 
induced by the structure map +. Set A = BGL _1 ’ 0 (S') and consider the diagram 
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BGL 2i_u (/C) < BGL-' + u + l (/C aP 1 ) < -BGL z,+u+l (JC) 


2/+i,/+Vr a pi ' 1 


2/ + l,/ + V 


id®£ 


id®e* 


A ® BGL 2i \K) < A <g) BGL 2(, ' +1) -'' +1 (/C aP 1 ) < -A <g> BGL 2( ' +1,J+1 (/C) 


where the vertical arrows are induced by the naive product structure on the functor 
BGL* *. Clearly it commutes. Since S is regular, the vertical arrows are iso- 
morphisms by Lemma 1.5.1. It follows that lin^BGL 2 * _U (/Q) = lim 1 ^ 0 

BGL 2u (7C/)) where in the last tower of groups the connecting maps are id 0 (£“/ o 
e*). It remains to prove the following assertion. 

Claim. The equality hm 1 ^ 0 BGL 2u (/C/)) = 0 holds. 

Since S = Spec(Z) one gets A = BGL -1 °(S) = K x { Z) = Z/2Z. Thus A 0 
BGL 2u (/C z ) = BGL 2u (/Q)/mBGL 2u (/C z ) with m = 2 and the connecting maps 
in the tower are just the mod -m reduction of the maps E” 1 o ef. Now a chain of 
isomorphisms completes the proof of the Claim. 

lim 1 BGL 2u (JCj)/m = lim 1 (rBGL) 2 * (r/C/)/ m = lim 1 M\J 21 (r JCf) / m 

^ lim l mj 2i (Z X BU)/m ^ (Z x BU;Z/m) 

= ^ p (BU;Z/m) ^ <, p (B°U;Z/m) 

The first isomorphism follows from Lemma 1.5.4. The second isomorphism is indu- 
ced by the levelwise weak equivalence BU ~ rBGL mentioned in Lemma 1.5.2. 
The third isomorphism is induced by the image of the weak equivalence /Q ~ 
Z x Gr under topological realization. The forth and fifth isomorphism hold since 
BU 2/+1 (^ x BU) = 0. The sixth isomorphism is induced by the stable equivalence 
B°U ~ BU from Lemma 1.5.5, the seventh one is induced by the stable equivalence 
B-^U ~ B°U from Lemma 1.5.6. The last one holds since all groups in the tower 
are finite. 


2 Smash-Product, Pull-backs, Topological Realization 

In this section we construct a smash product A of P 1 -spectra, check its basic proper- 
ties and consider its behavior with respect to pull-back and realization functors. We 
follow here an idea of Voevodsky [V, Comments to Theorem 5.6] and use results of 
Jardine [J]. In several cases we will not distinguish notationally between a Quillen 
functor and its total derived functor, E£? being the most prominent example. 
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2.1 The Smash Product 

Definition 2.1.1. Let V := £v:SH(S) SH X (S) and U := IZu: SH s (5) -+ 

SH(5) be the equivalence described in Remark A. 39. For a pair of P 1 -spectra E 
and F set 


E aF := U(VE A VF) 


as in Remark A. 39. 

Proposition 2.1.2. Let S be a Noetherian finite -dimensional base scheme. The 
smash product of P 1 -spectra over S induces a closed symmetric monoidal struc- 
ture (a, I) on the motivic stable homotopy category SH(S) having the properties 
required by Theorem 5.6 of Voevodsky’s congress talk [V]: 

1. There is a canonical isomorphism E A = (A A E[ , id A efi for every 

pointed motivic space A and every P 1 -spectrum. 

2. There is a canonical isomorphism (0is a ) A F = (B(E a A F) for P l -spectra 
Ei, F. 

3. Smashing with a P 1 -spectrum preserves distinguished triangles. To be more pre- 
cise, if E F -> cone(/) A £[1] is a distinguished triangle and G is a 

P 1 -spectrum, the sequence £ aG 4 F aG ^ cone(/) A G — >> E A G [1] is 
a distinguished triangle, where the last morphism is the composition of € A ido 
with the canonical isomorphism E[ 1] A G — >> (E A F)[ !]• 

Proof. Follows from Remark A. 39 and Theorem A.38. 

In the following we use that the homotopy colimit of a sequence E = E$ 

E\ -> • • • of morphisms in the homotopy category SH(S) may be computed in 
three steps: 

1. Lift E to a sequence E f = E' () -> E[ • • • of cofibrations (in fact, arbitrary 
maps suffice) of P 1 -spectra. 

2. Take the colimit colim/>o E[ of E f in the category of P 1 -spectra. 

3. Consider colim/>o E[ as an object in SH(S). 

Lemma 2.1.3. Let E = hocolim/>o£'/ be a sequential homotopy colimit of 
P 1 -spectra. For every P 1 -spectrum F there is an exact sequence of abelian groups 

0 -> fim 1 ^- 1 ^^) -> F p ' q (E) -> \im F p q (Ei) -> 0. (1) 

Proof. This is Lemma A. 34. 


By Lemma A.33, any P 1 -spectrum E can be expressed as the homotopy colimit 
hocolim ££?£/(-/) ^ E. (2) 
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Corollary 2.1.4. For two P 1 -spectra E and F there is a canonical short exact 
sequence 

0 Urn 1 F p+2i ~ u+i {Ei). -► F p ' q (E) lim F p+2Lq+i (E;) -> 0. (3) 

Corollary 2.1.5. For a pair of spectra E and F and each spectrum G one has a 
canonical exact sequence of the form 

0 -* lim 1 G p+Ai ~ x ' q+2i (Et A Fi) -> G p ' q (E aF) -> \imG p+Ai ' q+2i (E t aF«) -> 0. 

(4) 

Proof For a pair of spectra E and F one has a canonical isomorphism of the form 
hocolim (££?(£/ A F})(-2/)) = E A F (5) 

as deduced in Lemma A.42. The result follows from Corollary 2.1.3. 


2.2 A Monoidal Structure on BGL 

For a P 1 -spectrum E and an integer i > 0 up. ££? £)(— / ) -> E denotes the 
canonical map from Example A. 26. Let BGL be the P 1 -spectrum defined in Defini- 
tion 1.2.1. Recall that this involves the choice of a weak equivalence i : Z x Gr -> JC 
and a structure map e:JC A P 1 — >► JC. Following Lemma 1.2.4 we may and will 
assume additionally that the pointed motivic space JC is cofibrant. The aim of this 
section is to prove the following statement. 

Theorem 2.2.1. Assume that the pointed motivic space JC is cofibrant. Consider the 

\Mj 

family of pairings /Q A JCj — > /Q +y in H m {S) with pLq = pi from Remark 1.2.3. 
For S = Spec(Z) there is a unique morphism /Xbgl-BGL a BGL -> BGL in the 
motivic stable homotopy category SF1(S) such that for every i the diagram 


£~/Q(-0 a £~/Q(-0 > S~/C 2 «(-2/) 


Uf Auj 


m i 


BGL A BGL 


/4BGL 


-> BGL 


commutes. Let Cbgl- I BGL in SH(rS) be adjoint to the unit ejc'. S 0,0 JC. Then 

(BGL, /xbgl, ^bgl) 
is a commutative monoid in SH(S). 

Proof. The morphism /x bgl we are looking for is an element of the group BGL 0,0 
(BGL A BGL). This group fits in the exact sequence 
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0 -> lWBGL 4l '~ Ul '(/Cf 2 ) -> BGL 00 (BGL A BGL) -> lhnBGL 4/ ’ 2/ (/Cf 2 ) -> 0 

by Corollary 2.1.5. The family of elements {u 2 i o E°°(/x//)} is an element of the 
lim group. The lim 1 group vanishes by Proposition 2.4.1 below, whence there exist 
a unique element /Ibgl whose image in the lim group coincides with the element 
{u 2 i o E°°(/x//)}. That morphism /Xbgl is the required one. 

In fact, the identities U 2 i ° S°°(/X//) = /Xbgl ° (w* A Uf) hold by the very construc- 
tion of [i bgl- The operation /xbgl is associative because the group fin^BGL 8 * -1,4 * 
(JCi A 1C i A JCi) vanishes by Proposition 2.5.1. That /Xbgl is commutative follows 
from the vanishing of the group lin^BGL 4 * -1,2 * (/Q A JCi) (see Proposition 2.4.1). 
The fact that Cbgl is a two-sided unit for the multiplication /Ibgl follows by 
Proposition 1.6.1, which shows that the group hn^BGL 2 * -1 ’* (/Q) vanishes. 

Definition 2.2.2. Let S be a Noetherian finite-dimensional scheme, with f:S -> 
Spec(Z) being the canonical morphism. Let /*:SH(Z) -> SH(5') be the strict 
symmetric monoidal pull-back functor from Proposition A. 47. Set 

Hun, ■ = /‘(BGL) A /’(BGL) — /’(BGL A BGL) /’(BGL) 

ei 0L :=S»^/*(S«)™=H/*< BGL) 

and BGLy = /*(BGL). Then (BGLy , /Xg GL , e^ GL ) is a commutative monoid in 
SH(S). Note that BGLy satisfies the conditions from Definition 1.2.1 in MS(S') by 
Remark 1.2.5. 

We will sometimes refer to a monoid in SH(S) as a P l -ring spectrum. 

Corollary 2.2.3. The multiplicative structure on the functor BGL^ * induced hy the 
pairing /Xg GL and the unit Cg GL coincides with the naive product structure (4). 

Proof Follows from Theorem 2.2.1. 

Corollary 2.2.4. The functor isomorphism [X , /Co] [S^(A), BGLy] respects 

the multiplicative structures on both sides. In particular, the isomorphism Ad: K* — >• 
BGL^*’° of cohomology theories on SmOp/ S is an isomorphism of ring cohomol- 
ogy theories in the sense of [PS]. 

Proof. Follows from Theorem 2.2.1. 

Remark 2.2.5. Let S be a finite dimensional Noetherian scheme, with 
/:S^Spec(Z) being the canonical morphism. Then by [V, Theorem 6.9] 
the P 1 -spectrum BGLy over S as defined in Definition 2.2.2 represents homotopy 
invariant AT-theory as introduced in [We]. The triple (BGLy , /Xg GL , c| GL ) is a 
distinguished monoidal structure on the P 1 -spectrum BGLy . 
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2.3 Preliminary Computations II 

Let BGL be the P 1 -spectrum defined in Definition 1.2.1. We will identify in this 
section the functors BGL 0,0 and BGL 2 * *, BGL -1,0 and BGL 2 * -1 ’* on the motivic 
unstable category H.(S) as in Sect. 1.5. 


Lemma 2.3.1. Let S = Spec(Z). For every integer i the map 

BGL -1 ’ 0 (S) (8) BGL 2 *’* (/Q a JC t ) -> BGL 2 * -1 * (/Q A JC t ) 

induced by the naive product structure is an isomorphism. The same holds if we 
replace /Q A /Q by JCi A JCi A P 1 or by JCi A /C z A P 1 A P 1 . 

Proof Since diagram (3) commutes, it suffices to consider the case i = 0. Fur- 
thermore we may replace the pointed motivic space /Q with Z x Gr since the map 
i : Z x Gr -> /Q = JC is a motivic weak equivalence. The functor isomorphism 
IK* — >► BGL - * 0 is an isomorphism of ring cohomology theories. Thus it remains to 
check that the map 

K { (S) (8) K 0 ((Z x Gr) A (Z x Gr)) -> K X ((Z x Gr) A (Z x Gr)) 

is an isomorphism. This can be checked by arguing as in the proof of Lemma 1.5.1 
and using Lemmas B.8 and B.5. The cases of JCi A JCi A P 1 and JCi A JCi A P 1 A P 1 
are proved by the same arguments. 

Lemma 2.3.2. Suppose that S = Spec(Z), and let r\ SH(S) — >► SH CP i be the topo- 
logical realization functor. Then for every integer i the homomorphism BGL 2 *’* (JC A 
JC) -> (rBGL) 2 * (r(JC A JC)) 9* (rBGL) 2 *(r/C A rJC) is bijective. 

Proof. Since the (2, 1) -periodicity isomorphism for BGL described in 
Remark 1.4.20 and the Bott periodicity isomorphism for rBGL are compati- 
ble by Example A.46, it suffices to consider the case i = 0. We may replace the 
pointed motivic space JC with Z x Gr as in the proof of Lemma 1.5.4. It remains to 
check that the realization homomorphism 

BGL°-°((Z x Gr) A (Z x Gr)) -* (rBGL)°(r((Z x Gr) A (Z x Gr))) 

= (rBGL)°(r(Z x Gr) A r( Z x Gr)) 

is an isomorphism. By Example A.32 the P 1 -spectrum E^((ZxGr) A(ZxGr)) is a 
retract of ££? (Z x Gr x Z x Gr) in SH(S), whence it suffices to consider the topolog- 
ical realization homomorphism for Z x Gr x Z x Gr. Since the latter is an increasing 
union of the cellular S -schemes [— n,n] x Gr(n,2n) x x Gr(m,2m), the 

result follows with the help of Lemma 1.5.3 as in the proof of Lemma 1.5.4. 
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Consider the stable equivalence hocolim E£? (/C A/C) (—2 i ) = BGLaBGL displayed 
in (5) and the corresponding short exact sequence 

0 -> lWBGL 41-1 ' 21 (/C a2 ) -> BGL 00 (BGL A BGL) -> lhnBGL 4/ ’ 2/ (/C A2 ) -> 0 

from Corollary 2.1.5. We prove in this section the following result. 

Proposition 2.4.1. If S = Spec(Z) then hn^BGL 4 * -1,2 * (JC A JC) = 0. 

Proof For a pointed motivic space A we abbreviate A A A as A A2 . The connecting 
homomorphism in the tower of groups forming the liir^-term is the composite map 

BGL 4/ - L2/ (7C a JC) BGL 4(/+1)_1 ’ 2(/+1) (/C a2 ) 


bgl 4(/+1) - L2(/+1) ((/c a P 1 )^) 




where E is the P 1 -suspension isomorphism, tw is induced by interchanging the two 
pointed motivic spaces in the middle of the four- fold smash product, and €\ JC A 
P 1 -> JC is the structure map of BGL. Set A = BGL -1 °(S) and write B for BGL. 
Consider the diagram 


A <g) b 4/+4 ’ 2/+2 (/C a2 ) — 

id®(f Ae)* 

A ® B 4i+4 - 2i+2 ((/C aP‘) a2 ) 

id0(SoS) _ ^tw 

A®B 4i ' 2i (/C A2 ) 


^ B 4,+3.2;+2(£A2) 

(eAe)* 

■> B 4i+3 ' 2,+2 ((/C A P 1)A2) 


^ g4/ — 1,2/ 


(£o£) ^tw 

(JC A2 ) 


where the horizontal arrows are induced by the naive product structure on the 
functor BGL* *. Clearly it commutes. The horizontal arrows are isomorphisms by 
Lemma 2.3.1. It follows that lin^BGL 4 * -1,2 * (JC A2 ) = lim^A (8) BGL 41,21 (JC A2 )) 
where in the last tower of groups the connecting maps are id (8) ((E o E)"/ o tw) o 
(c A c)*). It remains to prove the following statement. 

Claim. One has hm l (A (8) BGL 4l 2t ( JC A 2 )) = 0. 

Since A = BGL -1,0 (S') = KfS) = Z/2Z, there is an isomorphism A (8) 
BGL 4/ ’ 2/ (/C a2 ) = BGL 4/ ’ 2/ (/C A2 )/mBGL 4/ ’ 2/ (/C A2 ) with m = 2. The connecting 
maps in the tower are just the mod -m reduction of the maps (E o E) -1 otwo (e Ac)*. 
Now a chain of isomorphisms completes the proof of the Claim. 
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Hm 1 BGL 4 ' ,2i (/C A2 ) / m ^ lhnABGL) 4 ' (r/C A2 )/m s lhn'BU Ai (rlC A2 )/m 
^ lkn'BU 4 ' ((Z x BU) A (Z x BU))/m 
^ lkn'BU 4 ' ((Z x BU) A (Z x BU); Z/m) 

^ A^ p (BU A BU; Z /m) s /^ p (B°U A B°U; Z/m) 

^ Um 1 /T t 4 p (Gr(Z> (i ),2b(i)) A Gr(b(i),2b(i));Z/m) = 0 

The first isomorphism follows from Lemma 2.3.2. The second isomorphism 
is induced by the levelwise weak equivalence BU ~ rBGL mentioned in 
Lemma 1.5.2. The third isomorphism is induced by the image of the weak equiva- 
lence JCi ~Zx Gr under topological realization. The forth and fifth isomorphism 
hold since BU 4 * +1 (Z x BU) = 0. The sixth isomorphism is induced by the stable 
equivalence B°U ~ BU from Lemma 1.5.5, the seventh one is induced by the stable 
equivalence B-^U ~ B°U from Lemma 1.5.6. The last one holds since all groups in 
the tower are finite. 


2.5 Vanishing of Certain Groups III 

Consider the stable equivalence 

hocolim E£?(/C A JC A ^ BGL A BGL A BGL 

from (5) and the induced short exact sequence 

0 -> iWbGL 8/_1 ’ 4/ (/C a3 ) -> BGL 00 (BGL a3 ) -> fim BGL 8/ 4/ (/C A3 ) -> 0. 

Proposition 2.5.1. If S = Spec(Z) then fin^BGL 8 * -1,4 * (/C A /C A /C) = 0. 
Proof. This is proved in the same way as Proposition 2.4.1. 


2.6 BGL as an Oriented Commutative P l -Ring Spectrum 

Following Adams and Morel, we define an orientation of a commutative Paring 
spectrum. However we prefer to use a Thom class rather than a Chern class. Let 
p°° = |JP W be the motivic space pointed by oo G P 1 h P°° and let 0 (— 1) 
be the tautological line bundle over P°°. It is also known as the Hopf bundle. If 
V -> X is a vector bundle over X e Sm/S , with zero section z: X V, let 
Thx (V) = L/(L \ z(X)) be the Thom space of V, considered as a pointed motivic 
space over S. For example Thx(A^) ~ S 2lun . Define Thpoo (0(— 1)) as the obvious 
colimit of the Thom spaces Th P « ( 0 (— 1)). 
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Definition 2.6.1. Let E be a commutative Paring spectrum. An orientation of E 
is an element th e E 2l (Th?oo(0(— 1))) such that its restriction to the Thom 
space of the fibre over the distinguished point coincides with the element £ P i (1) £ 
£ 21 (Th(l)) = E 2 ' 1 (P\oq). 

Remark 2.6.2. Let th be an orientation of E. Set c := z*(th) £ E 2 ' l ( P°°). 
Then [PY, Proposition 6.5.1] implies that c| P i = — E P i(l). The class th(0(— 1)) £ 
£’ 21 (Th P oo 0(— 1)) given by (2) below coincides with the element th by [PS, The- 
orem 3.5]. Thus another possible definition of an orientation of E is the following. 

Definition 2.6.3. Let E be a commutative Paring spectrum. An orientation of E 
is an element c £ E 2 l ( P°°) such that c| P i = — S P i(l) (of course the element c 
should be regarded as the first Chern class of the Hopf bundle 0(— 1) on P°°). 

Remark 2.6.4. Let c be an orientation of the commutative Paring spectrum E. 
Consider the element th(0(— 1)) £ is 2,1 (Th P oo 0{— 1)) given by (2) and set 
th=th(P(— 1)). It is straightforward to check that th |Th(i) = S P i(l). Thus th is 
an orientation of E. Clearly c = z*(th) e E 2 ' l { P°°), whence the two definitions of 
orientations of E are equivalent. 

Example 2.6.5. Set c K = (— /3) U {[O] — [0(1)]) £ BGL 21 (P°°). The relation 
(2) shows that c K is an orientation of BGL. Consider th(0(— 1)) £ 

BGL 2,1 (Th P oo 0(— 1)) given by (2) below and set th K = th(0(— 1)). The class 
th K is the same orientation of BGL. 

The orientation of BGL described in Example 2.6.5 has the following property. 
The map (6) 


BGL* * -> K* 

which takes /3 to —1 is an oriented morphism of oriented cohomology theories, 
provided that K * is oriented via the Chern structure L/X i-> [0] — [L~ l ] e Kq(X). 


2.7 BGL*’* as an Oriented Ring Cohomology Theory 

An oriented Paring spectrum (E,c) defines an oriented cohomology theory on 
SmOp in the sense of [PS, Definition 3.1] as follows. The restriction of the functor 
E * * to the category SmOp is a ring cohomology theory. By [PS, Theorem 3.35] 
it remains to construct a Chern structure on E*'* \smOp in the sense of [PS, Defini- 
tion 3.2]. The functor isomorphism HomH # (s)(— , P°°) -> Pic(— ) on the category 
Sm/S provided by [MV, Theorem 4.3.8] takes the class of the canonical map 
poo poo t0 t j^ e c i ass 0 f tautological line bundle 0(— 1) over P°°. Now for 
a line bundle L over X £ Sm/S set c(L ) = / L *(c) £ E 2 l (X), where the mor- 
phism /l'. X+ -> P°° in H.(S) corresponds to the class [L] of L in the group 
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Pic(X). Clearly, c(0(— 1)) = c. The assignment L/X i-> c(L) is a Chern struc- 
ture on E*'*\smOp since c| P i = — E P i(l) € Is 2,1 (P 1 , oo). With that Chern structure 
E*'* | smOp is an oriented ring cohomology theory in the sense of [PS]. In particular, 
(BGL, c K ) defines an oriented ring cohomology theory on SmOp. 

This Chern structure induces a theory of Thom classes V/X i-> th(V ) e 
£' 2 rank(K),rank(K)^ Thz ^^ on E*'*\ Sm o P in the sense of [PS, Definition 3.32] as 
follows. There is a unique theory of Chern classes V C[(V) e E 2 ui (X) such that 
for every line bundle L on X one has C\(L) = c(L). Now for a rank r vector bun- 
dle V over X consider the vector bundle W := 1 0 V and the associated projective 
vector bundle P(W) of lines in W . Set 

th(V) = c r (p*(V) ® 0 P(W) (1)) e E 2r - r {Y{W)). (1) 

It follows from [PS, Corollary 3.18] that the support extension map 

E 2r ' r (?(W)/(V(W) ^ P(l))) -> E lr ' r {?(W)) 

is injective and th{E) e E 2r - r (P(W)/(P(W) ^ P(l))). Set 

th(E) = j*(th(E )) e E 2r - r ( TMK)), (2) 

where j : Thx(V) -> P(W)/(P(W) \ P(l)) is the canonical motivic weak equiva- 
lence of pointed motivic spaces induced by the open embedding V P(W). The 
assignment V/X i th(V) is a theory of Thom classes on E*'*\s m Op (see the proof 
of [PS, Theorem 3.35]). So the Thom classes are natural, multiplicative and satisfy 
the following Thom isomorphism property. 


Theorem 2.7.1. For a rank r vector bundle p:V — X on X e Sm/ S the map 

- U th(V): E*'*(X) ^* +2r * +r (Th z (P)) 

is an isomorphism of two-sided E**(X) -modules, where — U th(V) is written for 
the composition map (— U th(V)) o p* . 

Proof See [PS, Definition 3. 32. (4)]. 


A Motivic Homotopy Theory 

The aim of this section is to present details on the model structures we use to perform 
homotopical calculations. Our reference on model structures is [Ho]. For the conve- 
nience of the reader who is not familiar with model structures, we recall the basic 
features and purposes of the theory below, after discussing categorical prerequisites. 
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Let S be a Noetherian separated scheme of finite Krull dimension ( base scheme 
for short). The category of smooth quasi-projective ^-schemes is denoted Sm/S. 
A smooth morphism is always of finite type. In particular, Sm/S is equivalent to a 
small category. 

The category of compactly generated topological spaces is denoted Top, the 
category of simplicial sets is denoted sSet. The set of n-simplices in K is K n . 

Definition A. 1. A motivic space over S is a functor A:Sm/S op -> sSet. The 
category of motivic spaces over S is denoted M(S'). 

For A e Sm / S the motivic space sending Y e Sm / S to the discrete simplicial 
set Homs m /s(Y, A) is denoted X as well. More generally, any scheme X over S 
defines a motivic space X over S . Any simplicial set K defines a constant motivic 
space K. A pointed motivic space is a pair (A,ao), where a$ \ S -> A. Usually 
the basepoint will be omitted from the notation. The resulting category is denoted 

Definition A.2. A morphism f:S^S' of base schemes defines the functor 

sending A to (A -> S') i-> A(S x^/ Y). Left Kan extension produces a left adjoint 
/*:M.(S') of/*. 

If A is a motivic space, let A+ denote the pointed motivic space (A ]J S, /), 
where / : S -> A ]J S is the canonical inclusion. The category M.(S') is closed 
symmetric monoidal, with smash product A A B defined by the sectionwise smash 
product 

(A A B)(X) : = A(X) A B(X) (1) 

and with internal horn Hom M# ^(A, B) defined by 

Mom M#(s) (A,5)(x: A -> S) n : = Hom M# (y)(A A A% x*x*£). (2) 

In particular, M.(S) is also enriched over the category of pointed simplicial sets, 
with enrichment sSet.(A, B): = Hqm M#(s) (A, B)(S). The mapping cylinder of a 
map / : A B is the pushout of the diagram 

• (3) 

P 

A A Aj|_ > Cyl(/) 


The composition of the canonical maps A ^ Cyl (/) B is /. 
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The pushout product of two maps /: A -> C and g: B -> D of motivic spaces 
over S is the map /□#: AaD U aab C a B -^CaO induced by the commutative 
diagram 


A A B I AaD 


(4) 


C A B > C A D. 

The functor /*:M.(S") M *(S) induced by / : S -> 5" is strict symmetric 
monoidal in the sense that there are isomorphisms 

and f*(S' + )^AS+ (5) 

which are natural in A and B. The isomorphisms (5) are induced by the corre- 
sponding isomorphisms for the strict symmetric monoidal pullback functor sending 
X e Sms ' to S x^/ X e Sm/S. This ends the categorical considerations. 


A.2 Model Categories 


The basic purpose of a model structure is to give a framework for the construc- 
tion of a homotopy category. Suppose wC is a class of morphisms in a category 
C one wants to make invertible. Call them weak equivalences. One can define the 
homotopy “category” of the pair (C, wC) to be the target of the universal “functor” 
T: C -> Ho (C, wC) such that every weak equivalence is mapped to an isomorphism. 
In general, this homotopy “category” may not be a category: it has hom-classes, 
but not necessarily hom-sets. If one requires the existence of two auxiliary classes 
of morphisms / C (the fibrations) and cC (the cofibrations), together with certain 
compatibility axioms, one does get a homotopy category Ho(C, wC ) and an explicit 
description of the hom-sets in it. 

Theorem A.3 (Quillen). Let ( wC , fC, cC ) be a model structure on a bicomplete 
category C. Then the universal functor to the homotopy category T: C — >* Ho(C, wC ) 
exists and is the identity on objects. The set of morphisms in Ho(C, wC)from FA to 
r B is the set of morphisms in C from A to B modulo a homotopy equivalence 
relation, provided that 0 — A is a cofibration and B — >► * is afibration. 

Here 0 is the initial object and * is the terminal object in C. An object A resp. B 
as in Theorem A.3 is called cofibrantresp.fibrant. Every object FA in the homotopy 
category is isomorphic to an object FC, where C is both fibrant and cofibrant. A 
(co)fibration which is also a weak equivalence is usually called a trivial or acyclic 
(co)fibration. 

To describe the standard way to construct model structures on a bicomplete 
category, one needs a definition. 


On Voevodsky’s Algebraic K -Theory Spectrum 


305 


Definition A.4. Let f.A^B and g:C -> D be morphisms in C. If every 
commutative diagram 


A ■ >C 

f s 

B > D 

admits a morphism h\B -> C such that the resulting diagram 


A >C 



commutes (a lift for short), then / has the left lifting property with respect to g, and 
g has the right lifting property with respect to /. 

Here is the standard way of constructing a model structure on a given bicomplete 
category. Choose the class of weak equivalences such that it contains all identities, 
is closed under retracts and satisfies the two-out-of-three axiom. Pick a set I (the 
generating cofibrations) and define a cofibration to be a morphism which is a retract 
of a transfinite composition of cobase changes of morphisms in I . Pick a set J (the 
generating acyclic cofibrations) of weak equivalences which are also cofibrations 
and define the fibrations to be those morphisms which have the right lifting property 
with respect to every morphism in /. Some technical conditions have to be ful- 
filled in order to conclude that this indeed is a model structure, which is then called 
cofibrantly generated. See [Ho, Theorem 2.1.19]. 

Example A. 5. In Top, let the weak equivalences be the weak homotopy equiva- 
lences, and set 

/ = {a D n ^ D n } n > o J = {D n X {0} D n X /}„> o. 

Then the fibrations are precisely the Serre fibrations, and the cofibrations are retracts 
of generalized cell complexes (“generalized” refers to the fact that cells do not have 
to be attached in order of dimension). In sSet, let the weak equivalences be those 
maps which map to (weak) homotopy equivalences under geometric realization. Set 

1 = {3A" A"}„> 0 J = {A" A”}„>i,o< ; <„ 

where A” is the sub-simplicial set of 8A n obtained by removing the y-th face. Then 
the fibrations are precisely the Kan fibrations, and the cofibrations are the inclusions. 

Example A. 6. For the purpose of this paper, model structures on presheaf categories 
Fun(C op , sSet) with values in simplicial sets are relevant. There is a canonical one, 
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due to Quillen, which is usually referred to as the projective model structure. It 
has as weak equivalences those morphisms f.A^B such that f(c): A (c) -> 
B(c ) is a weak equivalence for every c e Ob C (the objectwise or sectionwise weak 
equivalences). Set 

I = {Hom s (-,c) x (3A B ^ A")}„>o,<. e0 bC 
J = {Hom 5 (-,c) x (A" A”)}„>i,o<jf<n,f€ObC 

so that by adjointness, the fibrations are precisely the sectionwise Kan fibrations. 
There is another cofibrantly generated model structure with the same weak equiv- 
alences, due to Heller [He], such that the cofibrations are precisely the injective 
morphisms (whence the name injective model structure). The description of J 
involves the cardinality of the set of morphisms in C and is not explicit. Neither 
is the characterization of the fibrations. 

The morphisms of model categories are called Quillen functors. A Quillen func- 
tor of model categories M -> J\f is an adjoint pair ( F , G):M -> M such that F 
preserves cofibrations and G preserves fibrations. This condition ensures that (F,G) 
induces an adjoint pair on homotopy categories ( CF , 7 ZG), where CF is the total 
left derived functor of F . A Quillen functor is a Quillen equivalence if the total left 
derived is an equivalence. For example, geometric realization is a strict symmetric 
monoidal left Quillen equivalence | — | : sSet -> Top, and similarly in the pointed 
setting. 

If a model category has a closed symmetric monoidal structure as well, one has 
the following statement, proven in [Ho, Theorem 4.3.2]. 

Theorem A.7 (Quillen). Let C be a bicomplete category with a model structure. 
Suppose that (C,®,!) is closed symmetric monoidal. Suppose further that these 
structures are compatible in the following sense: 

• The pushout product of two cofibrations is a cofibration. 

• The pushout product of an acyclic cofibration with a cofibration is an acyclic 
cofibration. 

Then A (g) — is a left Quillen functor for all cofibrant objects A e C. In partic- 
ular, there is an induced ( total derived ) closed symmetric monoidal structure on 
Ho(C, wC). 

One abbreviates the hypotheses of Theorem A.7 by saying that C is a symmetric 
monoidal model category. This ends our introduction to model category theory. 


A. 3 Model Structures for Motivic Spaces 

To equip M.(S') with a model structure suitable for the various requirements (com- 
patibility with base change, taking complex points, finiteness conditions, having 
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the correct motivic homotopy category), we construct a preliminary model struc- 
ture first. Start with the following construction, which is a special case of the 
considerations in [I]. Choose any X e Sms and a finite set 

~.Y'7 =I 

of closed embeddings in Sm/S. Regarding i 1 as a monomorphism of motivic 
spaces, one may form the categorical union (not the categorical coproduct!) i : U" 7 =1 
Zj X. That is, U" 7 =1 Zj is the coequalizer in the category of motivic spaces of 
the diagram 

m 

\}ZjX X Zj ,=* \}Zj (1) 

JJ' J= l 

Call the resulting monomorphism i : Uj =l Z j ^ X acceptable. The closed embed- 
ding 0 ^ X is acceptable as well. Consider the set Ace of acceptable monomor- 
phisms. Let I c s be the set of pushout product maps 

{i+U(dA n ^ A") + } /GAce ,, z > 0 (2) 

and let be the set of pushout product maps 

{/+D(Ay A n ) + }/ e Ace, n>l,0<j <n (3) 

defined via diagram (4). 

Definition A.8. A map / : A — >► B in M.(S') is a schemewise weak equivalence if 
f:A(X ) -> B(X) is a weak equivalence of simplicial sets for all X e Sm/S. It 
is a closed schemewise fibration if f: A -> B has the right lifting property with 
respect to . It is a closed cofibration if it has the left lifting property with respect 
to all acyclic closed schemewise fibrations (closed schemewise fibrations which are 
also schemewise weak equivalences). 

Theorem A.9. The classes described in Definition A. 8 are a closed symmetric 
monoidal model structure on M.(S'), denoted M. c m s (S). A morphism f:S -> 
T of base schemes induces a strict symmetric monoidal left Quillen functor 
f*:M c f(T ) -^M"(5). 

Proof. The existence of the model structure follows from [I] . The pushout product 
axiom follows, because the pushout product of two acceptable monomorphism is 
again acceptable. To conclude the last statement, it suffices to check that /* maps 
any map in I f resp. J/ to a closed cofibration resp. schemewise weak equivalence. 
In fact, if i : U" 7 =1 Zj ^ X is an acceptable monomorphism over T, then /*(/) is 
the acceptable monomorphism obtained from the closed embeddings 


{T x s Zj » Tx s X.} 
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Because /* is strict symmetric monoidal and a left adjoint, it preserves the pushout 
product. Hence /* even maps the set T t to the set /J, and likewise for The 
result follows. 

The resulting homotopy category is equivalent - via the identity functor - to the 
usual homotopy category of the diagram category M.(S') (obtained via the projec- 
tive model structure from Example A.6), since the weak equivalences are just the 
objectwise ones. The model structure M™(S) has the following advantage over the 
projective model structure. 

Lemma A.10. Let i\Z X be a closed embedding in Sm/S. Then the induced 
map z+: Z+ — >► X+ is a closed cofibration in M.(S'). In particular, for any closed 
S -point Xo : S >— >► X in a smooth S -scheme, the pointed motivic space (X,xo) is 
closed cofibrant. 

Proof The first statement follows, because /+ = z+[U(9A+ A+) is contained 

in the set of generating closed cofibrations. The second statement follows, because 
cofibrations are closed under cobase change. 

Not all pointed motivic spaces are closed cofibrant. Let (— ) CJ -> Wm, (s) denote 
a cofibrant replacement functor, for example the one obtained from applying the 
small object argument to I c s . That is, the map A cs A is a natural closed scheme- 
wise fibration and a schemewise weak equivalence, and A cs is closed cofibrant. 
Dually, let Mm.os) (—) c ^ denote the fibrant replacement functor obtained by 
applying the small object argument to J/. The closed schemewise fibrations may be 
characterized explicitly. 

Lemma A.ll. A map f: A -> B is a closed schemewise fibration if and only if the 
following two conditions hold: 

1. f{X)\ A(X) — ► B(X ) is a Kan fibration for every X e Sm/S. 

2. For every finite set {Z j >— >► X}J =l of closed embeddings in Sm/S, the induced 
map 


A(X) -> B(X ) x sSeU(uT=iZ; , 5) sSet.(U J =l Zj,A) 
is a Kan fibration. 

Proof. Follows by adjointness from the definition. Note that condition 1 is a special 
case of condition 2 by taking the empty family. 

To obtain a motivic model structure, one localizes M^(S) as follows. Recall 
that an elementary distinguished square (or simply Nisnevich square ) is a pullback 
diagram 


V ■ > Y 


AX 


u 
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in Sm/S , where j is an open embedding and p is an etale morphism inducing an 
isomorphism F \ F = X ^ U of reduced closed subschemes. Say that a pointed 
motivic space C is closed motivic fibrant if it is closed schemewise fibrant, the map 

C(X x s A l s A X) 

is a weak equivalence of simplicial sets for every X e Sm/S , the square 

C(V)< C(Y) 

C(U) < C(X) 

is a homotopy pullback square of simplicial sets for every Nisnevich square in 
Sm/S and C(0) is contractible. 


Example A. 12. LetX i-> K w (X) be the pointed motivic space sending X eSm/S 
to the loop space of the first term of the Waldhausen AT-theory spectrum W(X) 
associated to the category of big vector bundles over X [FS], with isomorphisms as 
weak equivalences [W] . That is, 

K W (X) = Q.sW^X) = Q s Sing | wS, (Vect big (X) , iso) | 

By [TT, Theorem 1.11.7, Proposition 3.10] the space K w (X) has the same homo- 
topy type as the zeroth space (see [TT, 1.5.3]) of the Thomason-Trobaugh AT-theory 
spectrum K naive (X) of X as it is defined in [TT, Definition 3.2]. 

Since in our case S is regular, then so is X and thus X has an ample family of line 
bundles by [TT, Example 2.1.2]. It follows that the zeroth space of the Thomason- 
Trobaugh AT-theory spectrum AT naive (X) has the same homotopy type as the zeroth 
space (see [TT, 1.5.3]) of the Thomason-Trobaugh AT-theory spectrum K(X on X) 
of X [TT, Theorem 1.1 1.7, Corollary 3.9] as it is defined in [TT, Definition 3.1]. 

Thus for a regular S and X e Sm/S the following results hold. The projection 
induces a weak equivalence K W (X ) -> K w (X x s A^) [TT, Proposition 6.8]. By 
[TT, Theorem 10.8] the square 

K W (X) » K W (U) 

K W (p ) 

K W (Y) >K W (V) 

associated to a Nisnevich square in Sm / S is a homotopy pullback square. Hence 
K w is fibrant in the projective motivic model structure on M.(S'). However, if 
i : Z X is a closed embedding in Sm /S, the map 
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K w (i)\K w (X) -* K W (Z ) 

is not necessarily a Kan fibration. In particular, K w is not closed schemewise 
fibrant. Choose a closed cofibration which is also a schemewise weak equivalence 
K w — >► K w such that K. w is closed schemewise fibrant. It follows immediately that 
K w is closed motivic fibrant, and that IK^(X) has the homotopy type of the zero 
term of the Waldhausen K- theory spectrum of X. 

Definition A. 13. A map / : A -> B is a motivic weak equivalence if the map 

sSet.(f cs ,C):sSet.(B cs ,C) -> sSet.(A",C) 

is a weak equivalence of simplicial sets for every closed motivic fibrant C . It is a 
closed motivic fibration if it has the right lifting property with respect to all acyclic 
closed cofibrations (closed cofibrations which are also motivic equivalences). 

Example A. 14. Suppose that / : A -> B is a map in M.(S') inducing weak equiva- 
lences x* f:x* A -> x*B of simplicial sets on all Nisnevich stalks x*:M.(S) -> 
sSet. Then / is a motivic weak equivalence. If /: A -> B is an A 1 -homotopy 
equivalence (for example, the projection of a vector bundle), then it is a motivic 
weak equivalence. 

Example A. 15. The canonical covering of P 1 shows that it is motivic weakly equiv- 
alent as a pointed motivic space to the suspension S l A (A 1 — {0}, 1), where 
S l = AV3A 1 . Set S' 1,0 : = S l and S u : = (A 1 — {0}, 1), and define 

S p ' q := (S h0 ) Ap ~ q A (S u ) Aq for p>q> 0 

To generalize the example of P 1 , one can show that if P” -1 F n is a linear 
embedding, then p w /p w_1 is motivic weakly equivalent to S 2nM . 

To prove that the classes from Definition A. 13 are part of a model structure, it is 
helpful to characterize the closed motivic fibrant objects via a lifting property. Let 
J$ m be the union of the set from (3) and the set J™ of pushout products of maps 
(8A n ^ A”)+ with maps of the form 




zero -|- 


> (Ai x 5 X)+ 


( 4 ) 


U+ U V+ Cyl (h+) -+Cyl(t/+ U F+ Cyl (h+) -> X+) 


* 


>0 + 


where h is the open embedding appearing on top of a Nisnevich square 
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u—^x 


in Sm/S. 

Lemma A. 16. A pointed motivic space C is closed motivic fibrant if and only if the 
map C — y ^ has the right lifting property with respect to the set J^ m . 

Proof This follows from adjointness, the Yoneda lemma and the construction 
of Jl m . 

Theorem A. 17. The classes of motivic weak equivalences, closed motivic fibrations 
and closed cofibrations constitute a symmetric monoidal model structure on M, (S'), 
denotedM. c ™(S). The resulting homotopy category is denote dH c ™(S) and called the 
pointed motivic unstable homotopy category of S. A morphism f:S — * S' of base 
schemes induces a strict symmetric monoidal left Quillen functor /*: -> 

M. cm (S). 

Proof The existence of the model structure follows by standard Bousfield localiza- 
tion techniques. Here are some details. The problem is that /| m might be to small in 
order to characterize all closed motivic fibrations. Let k be a regular cardinal strictly 
bigger than the cardinality of the set of morphisms in Sm / S . A motivic space A is 
k -bounded if the union 


U a w» 

n>0,XeSrn/S 


has cardinality < k. Let be a set of isomorphism classes of acyclic monomor- 
phisms whose target is k -bounded. One may show that given an acyclic monomor- 
phism j: A ^ B and a k -bounded subobject C c B, there exists a k -bounded 
subobject C' c B containing C such that C' is an acyclic monomor- 

phism. Via Zorn’s lemma, one then gets that a map / e M.(S') has the right lifting 
property with respect to all acyclic monomorphisms if (and only if) it has the right 
lifting property with respect to the set /£. Such a map is in particular a closed 
motivic fibration. Any given map f : A —> B can now be factored (via the small 
object argument) as an acyclic monomorphism j: A ^ C followed by a closed 
motivic fibration. Factoring j as a closed cofibration followed by an acyclic closed 
scheme wise fibration in the model structure of Theorem A. 9 implies the existence 
of the model structure. 

To prove that the model structure is symmetric monoidal, it suffices - by the cor- 
responding statement, Theorem A.9 for M^(S) - to check that the pushout product 
of a generating closed cofibration and an acyclic closed cofibration is again a motivic 
equivalence. However, from the fact that the injective motivic model structure is 
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symmetric monoidal, one knows that motivic equivalences are closed under smash- 
ing with arbitrary motivic spaces [DR0, Lemma 2.20]. The first sentence is now 
proven. 

Concerning the third sentence, Theorem A.9 already implies that /* preserves 
closed cofibrations. To prove that /* is a left Quillen functor, it suffices (by 
Dugger’s lemma [D, Corollary A2]) to check that it maps the set to motivic 
weak equivalences in M.(S'). One may calculate that f*(J™) = /| m , whence the 
statement. 

The closed motivic model structure is cofibrantly generated. As remarked in the 
proof of Theorem A. 17, the set is perhaps not big enough to yield a full set 
of generating trivial cofibrations. Still the following Lemma, whose analog for the 
projective motivic model structure is [DR0, Corollary 2.16], is valid. 

Lemma A. 18. Motivic equivalences and closed motivic fibrations with closed 
motivic fibrant codomain are closed under filtered colimits. 

Proof. By localization theory [Hi, 3.3.16] and Lemma A. 16, a map with closed 
motivic fibrant codomain is a closed motivic fibration if and only if it has the right 
lifting property with respect to /| m . The domains and codomains of the maps in J$ m 
are finitely presentable, which implies the statement about closed motivic fibrations 
with closed motivic fibrant codomain. The statement about motivic equivalences 
follows, because also the domains of the generating closed cofibrations in I c s are 
finitely presentable. See [DR02, Lemma 3.5] for details. 

Let Ad. (S) be the category of simplicial objects in the category of pointed 
Nisnevich sheaves on Sm / S . The functor mapping a (pointed) presheaf to its asso- 
ciated (pointed) Nisnevich sheaf determines by degreewise application a functor 

aNis* M.(S') -> Ad.(S). Let Ad.(S) —> M.(S') be the inclusion functor, the right 
adjoint of ^Nis- 

Theorem A.19. The pair (^Nis, Q is a Quillen equivalence to the Morel-Voevodsky 
model structure. The functor ^Ni S is strict symmetric monoidal. In particular, the 
total left derived functor of a^ is a strict symmetric monoidal equivalence 

H c . m (S)^H.(S) 

to the unstable pointed A l -homotopy category from [MV]. 

Proof. Recall that the cofibrations in the Morel-Voevodsky model structure are 
precisely the monomorphisms. Since every closed cofibration is a monomorphism 
and Nisnevich sheafification preserves these, ^Nis preserves cofibrations. The unit 
A -> i (<2Nis(A)) of the adjunction is an isomorphism on all Nisnevich stalks, hence 
a motivic weak equivalence by Example A. 14 for every motivic space A. In partic- 
ular, ^Nis maps schemewise weak equivalences as well as the maps in J™ described 
in (4) to weak equivalences. Let Id m % (S) (— ) fib be the fibrant replacement functor 
in M£ m (S) obtained from the small object argument applied to J$ m . Hence if / is 
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a motivic weak equivalence, then / fib is a schemewise weak equivalence. One con- 
cludes that $Nis preserves all weak equivalences, thus is a left Quillen functor. Since 
the unit A -> i (a^{ s (A)) is a motivic weak equivalence for every A, the functor ^Nis 
is a Quillen equivalence. 

Note A. 20. Note that a map / in M, (S') is a motivic weak equivalence if and only if 
aNis (/) is a weak equivalence in the Morel- Voevodsky model structure on simpli- 
cial sheaves. Conversely, a map of simplicial sheaves is a weak equivalence if and 
only if it is a motivic weak equivalence when considered as a map of motivic spaces. 

Remark A.21. Starting with the injective model structure on simplicial presheaves 
mentioned in Example A.6, there is a model structure M 1 # m (S') on the category of 
pointed motivic spaces with motivic weak equivalences as weak equivalences and 
monomorphisms as cofibrations. It has the advantage that every object is cofibrant, 
but the disadvantage that it does not behave well under base change [MV, Exam- 
ple 3.1.22] or geometric realization (to be defined below). The identity functor is 
a left Quillen equivalence Id:M£ m (S) -> M 1 # m (S'), since the homotopy categories 
coincide. 

Further, let Spc.(S) be the category of pointed Nisnevich sheaves on Sm/S. 
Recall the cosimplicial smooth scheme over S whose value at n is 


n 



( 5 ) 


The functor Spc.(S) -> Ad.(S) sending A to the simplicial object Sing 5 (A), z = 
A(— x A n s ) has a left adjoint | — \s : .M.(S). It maps B to the coend 



Jne A 


in the category of pointed Nisnevich sheaves. The following statement is proved 
in [MV]. 

Theorem A.22 (Morel- Voevodsy). There is a model structure on the category 
Spc.(S) such that the pair (| — | y, Sing^) is a Quillen equivalence to the Morel- 
Voevodsky model structure. The functor \ — \s is strict symmetric monoidal. In 
particular, the total left derived functor of \ — \s is a strict symmetric monoidal 
equivalence from Voevodsky ’s pointed homotopy category to the unstable pointed 
A 1 -homotopy category. 


A. 4 Topological Realization 

In the case where the base scheme is the complex numbers, there is a topologi- 
cal realization functor Re: M£ m (C) — Top. which is a strict symmetric monoidal 
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left Quillen functor. It is defined as follows. If X e Smc , the set X(C) of com- 
plex points is a topological space when equipped with the analytic topology. Call 
this topological space X m . It is a smooth manifold, and in particular a compactly 
generated topological space. One may view X i-> X an as a functor Smc *-> Top. 
Note that if i:Z ^ X is a closed embedding in Smc , then the resulting map z an 
is the closed embedding of a smooth submanifold, and in particular a cofibration 
of compactly generated topological spaces. Every motivic space A is a canonical 
colimit 


colim X x A n — >► A 

ZxA n ^A 


and one defines 


Rc04): = colim X an x | A”| e Top. 

ZxA”— M 

Observe that if A is pointed, then so is Rc(A). 

Theorem A.23. The functor Rc: M£ m (C) -> Top. is a strict symmetric monoidal 
left Quillen functor. 

Proof The right adjoint of Rc maps the compactly generated pointed topolog- 
ical space Z to the pointed motivic space Sing c (Z) which sends X e Smc 
to the pointed simplicial set sSetx 0 p(Z an , Z). To conclude that Rc is strict sym- 
metric monoidal, it suffices to observe that there is a canonical homeomorphism 
(X xT) an = X m x F an , and that geometric realization is strict symmetric monoidal. 

Suppose now that i:Uj =l Zj ^ X is an acceptable monomorphism. One 
computes Rc(U" 7 =1 Zy) as the coequalizer 


Lb 2 / xv z/f =* Li z r 

jj' J = i 

in Top. Every map (Zy x z Z y /) an -> Z an is a closed embedding of smooth sub- 
manifolds of complex projective space. In particular, one may equip Z an with a 
cell complex structure such that (Zy x z Zy/) an is a subcomplex for every j f . Then 
Rc(U" 7 =1 Zy ) is the union of these subcomplexes, and in particular again a sub- 
complex. It follows that Rc(0 is a cofibration of topological spaces. Since Rc is 
compatible with pushout products, it maps the generating closed cofibrations to 
cofibrations of topological spaces. 

To conclude that Rc preserves trivial cofibrations as well, it suffices by Dug- 
ger’s lemma [D, Corollary A2] to check that Rc maps every map in J™ to a 
weak homotopy equivalence. In fact, since the domains and codomains of the maps 
8 A m A m are cofibrant, it suffices to check the latter for the maps in diagram (4). 
In the first case, one obtains the map X m (A^ x A) an ^ M 2 x X an , in the 
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second case one obtains up to simplicial homotopy equivalence the canonical map 
£/ an U^-q^an F an -> X an for a Nisnevich square 

V >Y 

p 

U 

This is in fact a homeomorphism of topological spaces. The result follows. 

Suppose now that R^C is a subring of the complex numbers. Let / : Spec(C) -> 
Spec (R) denote the resulting morphism of base schemes. The realization with 
respect to R (or better /) is defined as the composition 

Rr = Rc o /*:M .(R) -> M.(C) -> Top.. (1) 

It is a strict symmetric monoidal Quillen functor. The most relevant case is R = Z. 

Example A. 24. The topological realization of the Grassmannian Gr(m , n) (over any 
base with a complex point) is the complex Grassmannian with the usual topol- 
ogy. Since Rc commutes with filtered colimits, Rc(Gr) is the infinite complex 
Grassmannian, which in turn is the classifying space B U for the infinite unitary 
group. Because Rc is a left Quillen functor, the topological realization of any closed 
cofibrant motivic space weakly equivalent to Gr is homotopy equivalent to B U . 


A.5 Spectra 

Definition A.25. Let denote the pointed projective line over S. The category 
MS (S') of P 1 -spectra over S has the following objects. A P 1 -spectrum E consists 
of a sequence (Eo, E \ , E 2 , . . .) of pointed motivic spaces over S , and structure maps 
: E n A P 1 -> E n +\ for every n > 0. A map of P 1 -spectra is a sequence of maps 
of pointed motivic spaces which is compatible with the structure maps. 

Example A.26. Any pointed motivic space B over S gives rise to a P^ -suspension 
spectrum 


££? B = (£, B A P 1 , B A P 1 A P 1 , . . .) 

having identities as structure maps. More generally, let Fr„ B denote the P 1 -spectrum 
having values 


B AP lAm 


(Fr„ B) n+m — 


m > 0 
m < 0 


316 


I. Panin et al. 


and identities as structure maps, except for . The functor B i-> Fr n B is left 
adjoint to the functor sending the P 1 -spectrum E to E n . We often write ££?5(— n) 
for Fr n B. For a P 1 -spectrum E let u n \ 'L™E n (—ri) E be a map of P 1 -spectra 
adjoint to the identity map E n —> E n . 

Remark A.27. In Definition A.25, one may replace P 1 by any pointed motivic space 
A, giving the category MSa(S) of A-spectra over S. Essentially the only relevant 
example for us is when A is weakly equivalent to the pointed projective line P 1 . The 
Thom space T = A 1 /A 1 — {0} of the trivial line bundle over S admits motivic weak 
equivalences 

p!-^P7A (1) 

The motivic space P 1 itself is not always the ideal suspension coordinate. For exam- 
ple, the algebraic cobordism spectrum MGL naturally comes as a T -spectrum. In 
order to switch between T-spectra and P 1 -spectra, consider the following general 
construction. A map (j)\ A -> B induces a functor 0* : MS # (S') — >► MS^ (S) sending 
the 5-spectrum (Eo, E i, . . . , ar„) to the A-spectrum 

(£o, E i, . . . ) with structure maps of E = of o (E n A 0) 

Its left adjoint </>$ maps the A-spectrum (To, F\ , . . . , of) to the B -spectrum 

(Vo, B A Fo U^ Aj p 0 F\, B A (B A F 0 Fi) F 2 ), . . . ) (2) 

having the canonical maps as structure maps. Note that for the purpose of construct- 
ing a model structure on A-spectra over S, the pointed motivic space A has to be 
cofibrant in the model structure under consideration. 

The next goal is to construct a model structure on MS(S) having the motivic 
stable homotopy category as its homotopy category. 

Definition A.28. Let £2 P i = Hom M<( V) (P7 — ) denote the right adjoint of P 1 A — . 
For a P 1 -spectrum E with structure maps of: E n A P 1 -> E n + 1 , let oof: E n -> 
£2 P i E n + 1 denote the adjoint structure map. A P^spectrum E is closed stably fibrant 
if: 

• E n is closed motivic fibrant for every n > 0. 

• o)%:E„ -* £l P iE n -i-i is a motivic weak equivalence for every n > 0. 

Any P 1 -spectrum E admits a closed stably fibrant replacement. First replace 
E by a levelwise fibrant P 1 -spectrum E l as follows. Let E q = 5Q b for a fibrant 
replacement in M£ m (S). Given E n Ef set 

En+l^ (A A P 1 U £ „ aP i E n+l f 

which yields a levelwise motivic weak equivalence E — >► E l of P 1 -spectra. To 
continue, observe that the adjoint structure maps of any P 1 -spectrum F may be 
viewed as a natural transformation 
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q:F^Q(F) 

where Q(F ) is the P 1 -spectrum with terms Q P i F\ , F 2 , . . . and structure maps 

£2 P i (co n _^_i) m . £2 P i F n -\-\ > £2piF w+ 2. 

Define Q°°(E) as the colimit of the sequence 

^ A 0(£*) 0 2 (£ f ) » ' ' ' • 

Definition A.29. A map f:E -> T 7 of P 1 -spectra is a equivalence if the 

map Q°°(f)n is a weak equivalence for every n > 0. It is a closed stable fibration 
if f n : E n -> F w is a closed motivic fibration and the induced map E n -> F w x Q°°(E) n 
Q°°(F) n is a motivic weak equivalence for every « > 0. It is a closed cofibration if 
f n \ E n -> F w and F w A P 1 U EnAP \ E n + \ -> F w +i are closed cofibrations for every 
n > 0. 

Theorem A.30. 77z£ classes from Definition A.29 are a model structure on the cat- 
egory of P 1 -spectra, denoted MS cm (S). The identity functor on P 1 -spectra from 
MS cm (S) to Jardine’s stable model structure is a left Quillen equivalence. In par- 
ticular, the homotopy category Ho(MS cm (S)) is equivalent to the motivic stable 
homotopy category SH(S'). 

Proof. Recall that P 1 is closed cofibrant by Lemma A. 10. The existence of the 
model structure follows as in [J, Theorem 2.9]. Moreover, the stable equivalences 
coincide with the ones in [J], because so do the stabilization constructions and the 
unstable weak equivalences. Since every closed cofibration of motivic spaces is in 
particular a monomorphism, IdMS(S) is a left Quillen equivalence. Note that the 
closed cofibrations are generated by the set 


(g")}m>0, gG/| (3) 

with I c s defined in (2). One may also describe a set of generating acyclic 
cofibrations. 

Remark A.31. We will identify the homotopy category Ho(MS cm (S)) with SH(S) 
via the equivalence from Theorem A.30. Note that one may form the smash product 
of a motivic space A and a P 1 -spectrum E by setting (A A E) n : = A A E n and 
a n AE : = A A or„ . If A is closed cofibrant, A A — is a left Quillen functor by 
Theorem A. 17. Because P 1 A — is a Quillen equivalence on Jardine’s stable model 
structure by results in [J, Sect. 3.4], Theorem A.30 implies that P 1 A — : MS cm (S) -> 
MS cm (S) is a left Quillen equivalence. Since P 1 ~ S' 2,1 = S l A (A 1 — {0}, 1), also 
S l A — is a left Quillen equivalence. It induces the shift functor in the triangulated 
structure on SH(S'). The triangles are those which are isomorphic to the image of 


A E 


E 


f 


■> F/E A-=S — - E A A 1 U E F 


■> S l aE 
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in SH(S), where / : E — >► F is an inclusion of P 1 -spectra. As well, one has sphere 
spectra S p,q e SH(S) for all integers p,q e Z. 

Example A. 32. Since SH(S) is an additive category, the canonical map E V F -> 
E x F is a stable equivalence. In the special case of P 1 -suspension spectra, the 
canonical map factors as 

v ^ V*>(A vB)^ V*>(A x B) ^ X™A x X™B 

which shows that E£?(A x B) contains E£?(A A B) as a retract in SH(S). Thus it 
is even a direct summand. The latter can be deduced as follows. The (reduced) join 
(A, ao) * ( B , bo) is defined as the pushout in the diagram 

Ax B x 9A 1 U {ao} x {bo} x A 1 * Ay B 


AxBx A 1 » A*B. 

of pointed motivic spaces over S. Attaching A A (A 1 , 0) and B A (A 1 , 0) to A * B 
via A V B produces a pointed motivic space C which is equipped with a section wise 
weak equivalence C -> (A x B) A S' 1,0 . Collapsing {ao} * B and A * {&o} inside C 
yields a sectionwise weak equivalence C -> ( A A B A S 1 ,0 ) v ( A A S 1 ,0 ) v (B A S 1 ,0 ) . 
Since S' 1,0 is invertible in SH(S), one gets a splitting E£? ( AxB ) ~ (E£? (A A B)) V 
v (S~5) in SH (S). 

For a P 1 -spectrum E let Tr„ E denote the P 1 -spectrum with 

(Tr E) = \ E,n m <n 

1 r " ,m \ E n A (PY m ~ n = (Fr n E n ) m m >n 

and with the obvious structure maps. The structure maps of E determine maps 
Tr n E -> Tr„+i E such that E = colim„ Tr n E. The canonical map Fr n E n -> Tr n E 
adjoint to the identity id: E n -> E n is an identity in all levels > n , and in particular 
a stable equivalence. The identity id: E n A (p 1 ) Aw -> (Frois n ) n leads by adjointness 
to the map 


Fr„ (£„) A (P 1 ) An ~ * Fr„ (E„ A (P 1 ) An ) Fr 0 E n (4) 

and hence to a map Fr n E„ -a £2'^ (Fr<i Zi,, ) . Since the map (4) is an isomorphism 
in all levels > n, it is a stable equivalence. Because Q P i is a Quillen equivalence, 
the map Fr n E n -> ((Frois n ) fib ) is a stable equivalence as well if E n is closed 
cofibrant. In fact, the condition on E n can be removed since Fr„ preserves all weak 
equivalences. This leads to the following statement. 
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Lemma A.33. Any P 1 -spectrum E is the colimit of a natural sequence 

Tr 0 E I Tri E % Tr 2 E » • • • (5) 

of P 1 -spectra in which the n-th term is naturally stably equivalent to Fr n E n = 
E n (—n) from Example A.26, and also to 

One may use the description in Lemma A.33 for computations as follows. Say 
that a P 1 -spectrum F is finite if it is stably equivalent to a P 1 -spectrum F' such that 
* -> E f is obtained by attaching finitely many cells from the set (3). 

Lemma A.34. Let D( 0) -> 79(1) -> 2) -> ••• be a sequence of maps of 

P 1 -spectra, with colimit D(o c): 

7. Suppose that F is a finite P 1 -spectrum. The canonical map 

colim Hom SH (S) (F, D(i )) -> Hom SH (S)(r’, D(poj) 


is an isomorphism. 

2. For any P 1 -spectrum E there is a canonical short exact sequence 


lim 1 [S 

i> 0 


1,0 


A D(i), E] [£»(oo), E] -> Um[D(0, E] 

i> 0 


( 6 ) 


of abelian groups , where [— , — ] denotes HomsH(S)(— , — ). 

Proof Observe first that stable equivalences and closed stable fibrations are detected 
by the functor Q°° which is defined in Definition A. 29 as a sequential colimit. 
Lemma A. 18 implies that stable equivalences and closed stable fibrations with 
closed stably fibrant codomain are closed under filtered colimits. Thus by Theo- 
rem A. 3 one may compute 

Hom S H(5)(r, colim D(i)) '= Hom M s(S)(r’, colim £>(/) fib )/ ~ 

i >0 i >0 


for any cofibrant P 1 -spectrum F , where ~ denotes the equivalence relation “simpli- 
cial homotopy”. This implies statement 1 because HomMS(S)(T, — ) commutes with 
filtered colimits if * F is obtained by attaching finitely many cells. 

To prove the second statement, let C be the coequalizer of the diagram 

V *>(o =4 V A V A 0(0 

/>o 8 i > o 


where / resp. g is defined on the i - th summand D(i) as D(i) = 1+ A 0(0 ^ 
A+ A D(i) resp. D(i) -> D(i + 1) = 0+ A D(i + 1) ^ A D(i + 1). The 
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canonical map C -> colim/> 0 D(i) induced by the composition A D(i) -* 
D(i ) -» colim/>o D(i) is a weak equivalence. In the stable homotopy category, 
which is additive, one may take the difference of / and g, and thus describe 
colim/>o D{i) via the distinguished triangle 


\J D(i) S > \J D(i ) » cplim D(i) » \f S 1,0 A D(i). ^ 


i> 0 


/> 0 


Applying [—,E]: = HomsH (s)(—,E) to the triangle (7) produces a long exact 
sequence 





which may be split into the short exact sequence 

0 ^ E] i [£>(o o), E ] 4 1 ™ ( 1 >o[ 5l '° A D E ] < 0. 


A. 6 Symmetric Spectra 

There seems to be no reasonable (i.e. symmetric monoidal) smash product for 
P 1 -spectra inducing a decent symmetric monoidal smash product on SH(S). This 
will be solved as in [HSS] and [J]. 

Definition A.35. A symmetric P 1 -spectrum E over S consists of a sequence (Eo, 
of pointed motivic spaces over S , together with group actions (E w )+ A 
E n E n and structure maps : E n aP 1 ^ E n + \ for all n > 0. Iterations of these 
structure maps are required to be as equivariant as they can, using the permutation 
action of on (P l ) An . A map of symmetric P 1 -spectra is a sequence of maps of 
pointed motivic spaces which is compatible with all the structure (group actions and 
structure maps). Call the resulting category MSS(S). 

Example A. 36. Analogous to Example A. 26, the n - th shifted suspension spectrum 
Fr A of a pointed motivic space A has as values 


(F r « B)m+n 


(E m + n )+ A SmX{1} A A (p 1 )^ m> 0 


m < 0 


where the m-th fold smash product (P 1 ) Am carries the natural permutation action. 

Every symmetric P 1 -spectrum determines a P 1 -spectrum by forgetting the sym- 
metric group actions. Call the resulting functor w:MSS(S) MS(5'). It has a 
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left adjoint v, which is characterized uniquely up to unique isomorphism by the 
fact that 

v(Fr„A) = Fr *A. (1) 

The smash product E A F of two symmetric P 1 -spectra E and F is constructed 
as follows. Set ( E A F) n as the coequalizer of the diagram 

of AF s 

f f (S n ) + As r xSixS^r AP 1a F s J_J(^n) + As r xS s E r A F s 

r + l+s=n of A ( A o twist) r+s=n 

(2) 

where the coequalizer is taken in the category of pointed £„ -motivic spaces. The 
structure map cr FAF is induced by the structure maps , . . . , cr F of F . One may 
provide natural coherence isomorphisms for associativity, commutativity and uni- 
tality, where the unit is Is = (S+, P 1 , P 1 A P 1 , . . . , (P l ) An , . . . ) with the obvious 
permutation action and identities as structure maps. 

We proceed with the homotopy theory of symmetric P 1 -spectra, as in [J]. As 
one deduces from [Ho2, Theorem 7.2], there exists a cofibrant replacement functor 
(_)c° f ld MSS ( 5 ) for the model structure on symmetric P 1 -spectra with levelwise 
weak equivalences and levelwise fibrations. 

Definition A.37. A map <p\ E — y F of symmetric P 1 -spectra is a levelwise acyclic 
fibration if <fi n : E n — y F n is an acyclic closed motivic fibration of pointed motivic 
spaces over S for all n > 0. A map <p\ E — y F of symmetric P 1 -spectra is a closed 
cofibration if it has the left lifting property with respect to all levelwise acyclic 
fibrations. A levelwise fibrant symmetric P 1 -spectrum E is closed stably fibrant if 
the adjoint E n — y Hom M (P 1 , E n + 1 ) of the structure map is a weak equivalence 
for every n > 0. A map <fi: E F is a stable equivalence if the map 

sSetMss(S)(0 cof , G)\ sSetMss(S)(^ cof » G) -> sSetMss(5)(^ cof , G) 

is a weak equivalence of pointed motivic spaces for all closed stably fibrant sym- 
metric P 1 -spectra G. The closed stable fibrations are then defined by the right lifting 
property. 

Theorem A.38 (Jardine). The classes of stable equivalences, closed cofibrations 
and closed stable fibrations from Definition A.37 constitute a symmetric monoidal 
model structure on MSS(S). The forgetful functor w:MSS cm (S) — y MS cm (S) is a 
right Quillen equivalence. 

Proof. The proof of the first statement follows as in [J, Theorem 4.15, Prop. 4.19]. 
Note that the stable equivalences in MSS cm (S) and in Jardine’s model structure 
MSS Jar (S) coincide, since the unstable weak equivalences do so by Remark A.21. 
In particular, the identity Id: MSS cm (S) — y MSS Jar (S) is a left Quillen equivalence. 
The closed cofibrations in MSS cm (S) are generated by the inclusions 


{Fr£(g)} m >o,se/j 


(3) 
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with I c s defined in (2). By formula (1), the left adjoint v of u sends the generating 
cofibrations to the generating cofibrations. It follows that v is a left Quillen functor. 
Since v: MS Jar (S) -> MSS Jar (S) is a Quillen equivalence by [J, Theorem 4.31], so 
is the functor v: MS cm (S) -> MSS cm (5). 

Remark A.39. Let Uu: SH s (S) := Ho(MSS cm (S)) -* SH(5) be the total right 
derived functor of u , having Cv as a left adjoint (and left inverse). Since Cu is 
an equivalence, the category Ho(MS cm (S)) inherits a closed symmetric monoidal 
product A by setting 


E A F : = Ku(Cv{E) A Cv(F)) 

In other words, if E and F are closed cofibrant P 1 -spectra, their smash product in 
SH(S) is given by the P 1 -spectrum u((v(E) A v(7 7 )) fib ). The unit is lZu{Cv(Jf) = I, 
the sphere P 1 -spectrum. 

Notation A.40. For P l -spectra E and F over S define the E -cohomology and the 
E -homology of F as 


E p ' q (F) = Homsu (S)(F, S ™ A E) (4) 

E p , q (F) = Homsu ( 5)(S m , F a E) (5) 

for all p,q e Z. In the special case F = ££? A, where A is a pointed motivic space 
over S one writes E p ' q (A ) and E p , q (A) instead. Note that there is an isomorphism 
Fr iA ^ S“ 2/ _/ A Fr 0 A in SH(S). 

Remark A.41. Since (v, u ) is a Quillen adjoint pair of stable model categories the 
total derived pair respects in particular the triangulated structures. The functor u 
preserves all colimits, thus both Cv and IZu preserve arbitrary coproducts. 

Lemma A.42. Let E and F be P 1 -spectra. Then E A F e SH(S') may be obtained 
as the sequential colimit of a sequence whose n-th term is stably equivalent to 
ti^K^En A F n f h . Thus E A F = hocolimZ™(E n A F n )(-2n) in SH (S). 

Proof. Here E A F e SH(S') refers to the smash product of symmetric P 1 -spectra 
associated to closed cofibrant replacements E cof -> E and F cof -> F. Because 
these two maps are levelwise weak equivalences, we may assume that both E and 
F are closed cofibrant. By Lemma A. 3 3 E and F can be expressed as sequen- 
tial colimits of their truncations. Since v preserves colimits, v(E ) is the sequential 
colimit of the diagram 

v(Tr 0 £’) = vCFroL’o) = FrJ E 0 v(Tri£’) ->■••• 

and similarly for F. The stable equivalence Fr n E n — >► Tr n E of cofibrant P 1 -spectra 
induces a stable equivalence v(Fr n E n ) = Fr „E n — > v(Tr n E). Since smashing with 
a symmetric P 1 -spectrum preserves colimits, one has 
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v(Ti ~ m E) A colim v(Tr zz F) ^ colim(v(Tr m £') A v(Tr zz F)) 

n n v 7 

for every n. It follows that v(E) A v(F) is the filtered colimit of the diagram send- 
ing (; m,n ) to v(Tr m E) A v(Tr w F). Since the diagonal is a final subcategory in 
N x N, there is a canonical isomorphism colim, z v(Tr n E) A v(Tr zz E) = v(E) A v(7 7 ). 
Theorem A. 3 8 says that MSS cm (S) is symmetric monoidal, thus the canonical map 

Frf, (E n A F n ) ^ Fr* E n A Fr* F n -> v(Tr zz E) A v(Tr zz F) (6) 

is a stable equivalence. Let ¥rf n (E n A F n ) -> Q^{¥r^(E n A F n ) be the canonical 
map which is adjoint to the unit E n A F n -> (p 1 ) A2w a (E n A F n ). As in the case 

of P 1 -spectra, the map 

Frfn (E„ A F„) -> ^2p"Fro (E n A £„) -> fi23(FrJ(£ B A F n )) m 

is a stable equivalence. It follows that v(E) A v(F ) is the colimit of a sequence 
whose n- th term is stably equivalent to £2p” (Fr^(E n A Fi z )) fib . Hence it also fol- 
lows that a fibrant replacement of v(E) A v(F) may be obtained as the colimit of 
a sequence of closed stably fibrant symmetric P 1 -spectra whose n- th term is stably 
equivalent to £2^1 (Ftq (E n A Ta)) 613 . Since the forgetful functor u preserves colim- 
its, stable equivalences of closed stably fibrant symmetric P 1 -spectra and £2 P i, the 
P^spectrum u(v(E ) A v(F)) is the colimit of a sequence of P^spectra whose n- th 

term is stably equivalent to Q^{u((¥x^ (E n A E n )) bb ). The map 
Fro (A A F n ) -> j/((i’Fr (l (£„ a £„)) fib ) 

is a stable equivalence because (v, u) is a Quillen equivalence by Theorem A.38, 
whence the result. 

As in the case of non- symmetric spectra, one may change the suspension coordi- 
nate as in Remark A. 27. If A is a pointed motivic space over S , let MSSa(S) denote 
the category of symmetric A-spectra over S. 

Lemma A.43. A map A — ► B in M.(S') induces a strict symmetric monoidal 
functor M.SSa(S) — MSS# (S) having a right adjoint. If the map is a motivic 
weak equivalence of closed cofibrant pointed motivic spaces, this pair is a Quillen 
equivalence. 

Proof. This is quite formal. For a proof consider [Ho2, Theorem 9.4]. 

Because the change of suspension coordinate functors are lax symmetric 
monoidal, they preserve (commutative) monoid objects, that is, (commutative) sym- 
metric ring spectra. Recall that a functor is lax symmetric monoidal if it is equipped 
with natural structure maps as in (5) which are not necessarily isomorphisms. 
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A. 7 Stable Topological Realization 

Let Sp = Sp(Top, CP 1 ) be the category of CP^spectra (in Top). An object in Sp 
is thus a sequence of pointed compactly generated topological spaces Eo,E\ y ... 
with structure maps E n A CP 1 — ^ E n + 1. The model structure on Sp is obtained as 
follows: Cofibrations are generated by 

{Fr„ op (|9A" A” > 0 

so that every CP 1 -spectrum E has a cofibrant replacement E cof -> E mapping to 
E via a levelwise acyclic Serre fibration. For any CP 1 -spectrum E and any n e Z 
let 7t n E be the colimit of the sequence 

rtn+lm E m ^ ftn+lm+lEm A CP > > * * * 

where m > 0 and n-\-2m > 0. It is called the n - th stable homotopy group of E. Note 
that homotopy groups of non-degenerately based compactly generated topological 
spaces commute with filtered colimits. If E is cofibrant, E n is in particular non- 
degenerately based for all n > 0. A map f:E -> F of CP 1 -spectra is a stable 
equivalence if the induced map jr n f : jr n E cof -> jt n F cof is an isomorphism for all 
n e Z. It is a stable fibration if it has the right lifting property with respect to all 
stable acyclic cofibrations. 

Similarly, one may form the category Sp s = Sp s (Top, CP 1 ) of symmetric CP 1 - 
spectra in Top. Cofibrations are generated by 

{Fr^(|9A' ! ^ A"|+)} m ,„> 0 

and a symmetric CP 1 -spectrum is stably fibrant if its underlying CP 1 -spectrum is 
stably fibrant. A map f\E F of symmetric CP 1 -spectra is a stable equivalence 
if the induced map sSet Sp s (/ cof , G) of simplicial sets of maps is an isomorphism 
for all stably fibrant symmetric CP 1 -spectra G. It is a stable fibration if it has the 
right lifting property with respect to all stable acyclic cofibrations. 

Theorem A.44. Stable equivalences, stable fibrations and cofibrations form ( sym- 
metric monoidal) model structures on the categories of (symmetric) CP 1 -spectra in 
Top. The functor forgetting the symmetric group actions is a right Quillen equiv- 
alence. There is a zig-zag of strict symmetric monoidal left Quillen equivalences 
connecting Sp^Top^P 1 ) and Sp s (Top, S l ). In particular, the homotopy cate- 
gory of (symmetric) CP 1 -spectra is equivalent as a closed symmetric monoidal and 
triangulated category to the stable homotopy category. 

Proof. The statement about the model structures follows as in [HSS] if one replaces 
S l by CP 1 and simplicial sets by compactly generated topological spaces. The same 
holds for the statement about the functor forgetting the symmetric group actions. To 
construct the zig-zag, consider the corresponding stable model structure on the cat- 
egory of symmetric S ^spectra in the category Sp s (Top, CP 1 ), which is isomorphic 
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as a symmetric monoidal model category to the category of symmetric CP 1 -spectra 
in the category Sp s (Top, S l ) of topological symmetric S ^spectra. The suspension 
spectrum functors give a zig-zag 

Sp s (Top, CP 1 ) Sp s (Top, S 1 ) (1) 


Sp E (Sp E (Top, CP 1 ), 5 1 ) — Sp E (Sp E (Top, S 1 ), CP 1 ) 

of strict symmetric monoidal left Quillen functors. Since CP 1 A — is a left Quillen 
equivalence on the left hand side in the zig-zag (1) and S' 1 A S' 1 = CP 1 , S' 1 A — 
is a left Quillen equivalence on the left hand side as well. By [Ho2, Theorem 9.1], 
the arrow pointing to the right in the zig-zag (1) is a Quillen equivalence. A similar 
argument works for the arrow on the right hand side, which completes the proof. 

Given a P 1 -spectrum E over C, one gets a CP 1 -spectrum Rc(E) = (Rc^o, 
Rc^i,...) with structure maps Rc(£«) A P 1 = Rc(E n A P 1 ) Rc(^ n +i). 

The right adjoint for the resulting functor Rc:MS(C) -* Sp is also obtained by 
a levelwise application of Sing c . The same works for symmetric P 1 -spectra over C. 

Theorem A.45. The functors Rc: MS(C) -> Sp and Rc: MSS(C) -> Sp s are left 
Quillen functors, the latter being strict symmetric monoidal. 


Proof Since the diagrams 


MSS(C) — ^ MS(C) 

Sing c Sing c 

s P E — - — > Sp - 


E\ — > Ej 


Ev+E n 


\ M.(C) 

Singe 

■> Top. 


commute, Rc preserves the generating cofibrations by Theorem A.23. Then Dug- 
ger’s Lemma [D, Corollary A. 2] implies that Rc is a left Quillen functor, because 
Sing c preserves weak equivalences and fibrations between fibrant objects. The fact 
that Rc: MSS(C) -> Sp s is strict symmetric monoidal follows from the definition 
of the smash product (2). 


Example A.46. Let BGL be the P 1 -spectrum over C constructed in Sect. 1.2. Its 
n- th term is a pointed motivic space JC weakly equivalent to Z x Gr. One may 
assume that JC is closed cofibrant. Then by Theorem A.45 the n- th term of Rc(BGL) 
is weakly equivalent to BU . To show that the CP 1 -spectrum Rc(BGL) is the one 
representing complex AT-theory, it suffices to check that the structure map JC aP 1 — >► 
JC realizes to the structure map BU aCP 1 -a BU of complex K- theory. Consider the 
diagram 
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Hom H .(C)(Z x Gr, Z x Gr) » Kq S (Z x Gr) 


Hoitiho,Top.,(Rc(Z X Gr), R C (Z x Gr)) > < P (R C (Z x Gr)) 

where the vertical map on the left hand side is induced by Rc and the vertical map on 
the right hand side is induced by the passage from algebraic to topological complex 
vector bundles. The upper horizontal isomorphism sends the identity to the class 
£oo described in Remark 1.4.4 via tautological vector bundles over Grassmannians. 
The right vertical map sends £oo to the class foo obtained via the corresponding 
tautological bundles, viewed as complex topological vector bundles. Since foo is the 
image of idR c (zxGr) under the lower horizontal isomorphism, the diagram commutes 
at the identity. By naturality, it follows that the diagram 


Hom H . ( C)(.4. Z x Gr) > /^ lg (,4) 


Hom Ho (Top.)(Rc(^),Rc(Z x Gr)) < P (R C (,4)) 

commutes for every pointed motivic space A over C. In particular, the structure map 
of BGL which corresponds to (£oo) (g) ([C>( — 1)] — [O]) maps to the structure map of 
the complex K- theory spectrum, since it corresponds to the “same” class, viewed as 
a difference of complex topological vector bundles. 

Proposition A.47. A morphism f:S S' of base schemes induces a strict 
symmetric monoidal left Quillen functor 

/*:MSS(S') ^MSS(S) 
such that (f*(E)) n = f*(E „ ). 

Proof The structure maps of f*(E) are defined via the canonical map 

f*(E)n A P‘, S f*(E„ A P^) 2214 f*(E n + 1 ) = /*(£)„ + !• 

It follows that /* has the functor /* as right adjoint, where ( f*(E)) n = f*(E n ) 
and 


ot E = f*E n A P‘, * f*E n A /*/* P‘, -^4 /*£„ A /* 


f*E n + 1 <r 


f* a n 


ME,, APJ) 
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Theorem A. 17 and Dugger’s lemma imply that /* preserves cofibrations and /* 
preserves fibrations. Since /*: M.(S") -> M.(S') is strict symmetric monoidal and 
preserves all colimits, then so is /*: MSS(S") -> MSS(S) by the definition of the 
smash product (2). 

In particular, any complex point / : Spec(C) -> S of a base scheme S induces a 
strict symmetric monoidal left Quillen functor 

MSS (S') MSS(C) Sp E (Top, CP 1 ) (2) 

to the category of topological CP 1 -spectra. 


B Some Results on K-Theory 
B.l Cellular Schemes 

Suppose that S is a regular base scheme. Recall that an S-cellular scheme is an 
S -scheme A equipped with a filtration Ao C X\ C ••• C X n = A by closed 
subsets such that for every integer i > 0 the S-scheme A/ \ A/_i is a disjoint union 
of several copies of the affine space A' s . We do not assume that A is connected. A 
pointed S -cellular scheme is an S -cellular scheme equipped with a closed S -point 
x: S ^ X such that x(S) is contained in one of the open cells (a cell which is 
an open subscheme of A). The examples we are interested in are Grassmannians, 
projective lines and their products. 

Lemma B.l. Let (A, x) and (Y, y ) be pointed motivic spaces. Then the sequence 
0 -> K f ( X A Y) K t ( X xl)^ K t ( X vF)^0 

is short exact and the natural map 

K t (X) 0 K t (Y) -> K t (X V Y) 


is an isomorphism. 

Proof. The exactness of the sequence follows from the isomorphism A/ ^ BGL - *’ 0 
and Example A.32. The isomorphism is formal, given the isomorphism A/ ^ 
BGL -! '°. 

Corollary B.2. Let (A, x) and (F, y) be pointed smooth S -schemes. Let a e A 0 (A) 
and b e K 0 (Y) be such that x*(a) = 0 = y*(b) in K 0 (S). Then the element 
a®beK,{X x T) belongs to the subgroup A 0 (A A Y). 

Proof. Since a ® b vanishes on x(S) x Y and on A x x(S) it follows that a ® b 
vanishes on A v Y . Whence a b e A 0 (A A Y) by Lemma B.l. 

We list further useful statements. 
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Lemma B.3. Let X be a smooth S -cellular scheme. Then the map 
KfS) ® Ko(S) KfX) -a KfX) 

is an isomorphism and K 0 (X) is a free K 0 (S) -module of rank equal to the number 
of cells. 

The Lemma easily follows from a slightly different claim which we consider as 
a well-known one. 

Claim. Under the assumption of the Lemma the map of Quillen’s K -groups 
Kr(S) ® Ko(S) Kq(Xj) -a K' r ( Xj ) 

is an isomorphism and K^(Xj) is a free Ko (S) -module of the expected rank. 

Lemma B.4. Let ( X , x ) and (Y, y ) be pointed smooth S -cellular schemes. Then the 
map 

K t (S) ® Ko(S) K 0 (X vY)^ K t (X v Y) 
is an isomorphism and K^(X V T) is a projective K 0 (S) -module. 

Lemma B.5. Let ( X , x) and (Y, y) be pointed smooth S -cellular schemes. Then the 
map 

KfS) ® k o ( s ) KfX A Y) -a KfX A Y) 
is an isomorphism and Kf X a Y ) is a projective KfS) -module. 

Proof. Consider the commutative diagram 


KfX A Y) 


-x KfX X Y) 


A KfX V Y) 



- 


P 




KfS) ® K 0 (X A Y) — - — > KfS) ® KfX x Y) — ^A KfS) ® KfX v Y) 


in which AT,- is written for K i and the tensor product is taken over K U (S). 
The sequence 


0 -a KfX A T) -a KfX xY ) 4 KfX v7)a0 

is short exact by Lemma B.l. In particular it is short exact for i = 0. Now the 
sequence 


0 -A KfS) ® Ko(X A Y) 4 KfS) ® KfX x Y) 4 KfS) ® K 0 (X vF)aO 


is short exact since Kq(X V Y) is a projective Kq( S) -module. 
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The arrows p and 9 are isomorphisms by Lemmas B.3 and B.4 respectively. 
Whence € is an isomorphism as well. Finally Ko(X A Y) is a projective Ko(S)- 
module since the sequence 0 -> Ko(X A Y) -> Ko(X x Y) -> Ko(X v Y) -> 0 is 
short exact and Ko(X x Y) and Ko(X v T) are projective Ko (S) -modules. 

As well we need to know that certain hm 1 -groups vanish. Given a set M and a 
smooth S-scheme X , we write M x X for the disjoint union |_| M X of M copies of 
X in the category of motivic spaces over S. Recall that [—n,n\ is the set of integers 
with absolute value < n. 

Lemma B.6. 


hm 1 K t (Gr (n , 2n)) = 0 
lim l K i ([—n,n] x Gr(n,2n)) = 0 
hm 1 K f ([—n , n] x Gr (n , 2«) x [—n , n] x Gr(n , 2n)) = 0 

Proof. This holds since all the bondings map in the towers are surjective. 

Lemma B.7. The canonical maps 

K { (Gr) -> lim^. (Gr(« , In)) 


K { (Gr x Gr) -> lhn^. (Gr(« , 2 n) x Gr (n , 2 n)) 

are isomorphisms. A similar statement holds for the pointed motivic spaces Z x Gr, 
(Z x Gr) x P 1 , (Z x Gr) x (Z x Gr), (Z x Gr) x P 1 x (Z x Gr) x P 1 . 

Proof. This follows from Lemma B.6. 

Lemma B.8. The canonical maps 

K t (Gr A Gr) -> hm^- (Gr(n , 2 n) A Gr (n , 2 n)) 

K { (Gr A Gr A P 1 ) ^ lhn^. (Gr(« , In) A Gr (n , In) A P 1 ) 

are isomorphisms. A similar statement holds for the pointed motivic spaces (Z x 
Gr) A (Z x Gr), (Z x Gr) A (Z x Gr) A P 1 and (Z x Gr) A P 1 A (Z x Gr) A P 1 . 

Proof. It follows immediately from Lemmas B.7 and B. 1 . 
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Chern Character, Loop Spaces and Derived 
Algebraic Geometry 


Bertrand Toen and Gabriele Vezzosi 


Abstract In this note we present a work in progress whose main purpose is to estab- 
lish a categorified version of sheaf theory. We present a notion of derived categorical 
sheaves , which is a categorified version of the notion of complexes of sheaves of 
0-modules on schemes, as well as its quasi-coherent and perfect versions. We also 
explain how ideas from derived algebraic geometry and higher category theory can 
be used in order to construct a Chern character for these categorical sheaves, which 
is a categorified version of the Chern character for perfect complexes with values in 
cyclic homology. Our construction uses in an essential way the derived loop space 
of a scheme X, which is a derived scheme whose theory of functions is closely 
related to cyclic homology of X. This work can be seen as an attempt to define 
algebraic analogs of elliptic objects and characteristic classes for them. The present 
text is an overview of a work in progress and details will appear elsewhere (see TV 1 
and TV2). 


1 Motivations and Objectives 

The purpose of this short note is to present, in a rather informal style, a construction 
of a Chern character for certain sheaves of categories rather than sheaves of modules 
(like vector bundles or coherent sheaves). This is part of a more ambitious project 
to develop a general theory of what we call categorical sheaves , in the context of 
algebraic geometry but also in topology, which is supposed to be a categorification 
of the theory of sheaf of modules. Our original motivations for starting such a project 
come from elliptic cohomology, which we now explain briefly. 
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1.1 From Elliptic Cohomology to Categorical Sheaves 


To any (complex oriented) generalized cohomology theory E* (defined on topolog- 
ical spaces) is associated an integer called its chromatic level, which by definition 
is the height of the corresponding formal group. The typical generalized coho- 
mology theory of height zero is singular cohomology and is represented by the 
Eleinberg-MacLane spectrum H Z. The typical generalized cohomology theory 
of height 1 is complex K-theory which is represented by the spectrum BU x Z. 
A typical cohomology theory of height 2 is represented by an elliptic spectrum 
and is called elliptic cohomology. These elliptic cohomologies can be combined 
altogether into a spectrum tmf of topological modular forms (we recommend the 
excellent survey [Lul] on the subject). The cohomology theories H Z and BU x Z 
are rather well understood, in the sense that for a finite CW complex A is possible 
to describe the groups [ X , HZ] and [X, BU x Z] easily in terms of the topology of 
X. Indeed, [ X , HZ] ~ //°(A, Z) is the group of continuous functions X — > Z. 
In the same way, [X, BU x Z] = K^ P {X) is the Grothendieck group of com- 
plex vector bundles on A. As far as we know, it is an open question to describe 
the group [A, tmf] = Ello(X), or the groups [A, E] for some elliptic spectrum E , 
in similar geometric terms, e.g., as the Grothendieck group of some kind of geo- 
metric objects over A (for some recent works in this direction, see [Ba-Du-Ro] 
and [St-Te]). 

It has already been observed by several authors that the chromatic level of the 
cohomology theories HZ and BU x Z coincide with a certain categorical level. 
More precisely, [A, HZ] is the set of continuous functions A — > Z. In this 
description Z is a discrete topological space, or equivalently a set, or equivalently 
a 0 -category. In the same way, classes in [A, BU x Z] can be represented by finite 
dimensional complex vector bundles on A. A finite dimensional complex vector 
bundle on A is a continuous family of finite dimensional complex vector spaces, or 
equivalently a continuous map X — > Vect , where Vect is the 1 -category of finite 
dimensional complex vector spaces. Such an interpretation of vector bundles can be 
made rigorous if Vect is considered as a topological stack. It is natural to expect 
that [A, tmf] is related in one way or another to 2-categories, and that classes in 
[A, tmf] should be represented by certain continuous morphisms A — > 2 — Vect , 
where now 2 — Vect is a 2-category (or rather a topological 2- stack). The nota- 
tion 2 — Vect suggests here that 2 — Vect is a categorification of Vect , which 
is itself a categorification of Z (or rather of C). If we follow this idea further the 
typical generalized cohomology theory E of chromatic level n should itself be 
related to n -categories in the sense that classes in [A, E] should be represented 
by continuous maps A — > n — Vect , where n — Vect is now a certain topo- 
logical n -stack, which is supposed to be an n -categorification of the (n — 1) -stack 
(n — 1) — Vect . 

This purely formal observation relating the chromatic level to some, yet unde- 
fined, categorical level is in fact supported by at least two recent results. On the one 
hand, Rognes stated the so-called red shift conjecture, which from an intuitive point 
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of view stipulates that if a commutative ring spectrum E is of chromatic level n 
then its AT-theory spectrum K(E ) is of chromatic level n + 1 (see [Au-Ro]). Some 
explicit computations of K (BU x Z) proves a major case of this conjecture for 
n = 1 (see [Ba-Du-Ro]). Moreover, K(BU x Z) can be seen to be the K- theory 
spectrum of the 2-category of complex 2-vector spaces (in the sense of Kapranov- 
Voevodsky). This clearly shows the existence of an interesting relation between 
elliptic cohomology and the notion of 2 -vector bundles (parametrized version of 
the notion 2- vector spaces), even though the precise relation remains unclear at 
the moment. On the other hand, the fact that topological AT-theory is obtained as 
the Grothendieck group of vector bundles implies the existence of equivariant K- 
theory by using equivariant vector bundles. It is important to notice here that the 
spectrum BU x Z alone is not enough to reconstruct equivariant AT-theory and that 
the fact that complex AT-theory is obtained from a categorical construction is used 
in an essential way to define equivariant AT-theory. Recently Lurie constructed not 
only equivariant versions but also 2 -equivariant versions of elliptic cohomology 
(see [Lul, Sect. 5.4]). This means that not only an action of a group can be incorpo- 
rated in the definition of elliptic cohomology, but also an action of a 2 -group (i.e., 
of a categorical group). Now, a 2-group G can not act in a very interesting way on 
an object in a 1 -category, as this action would simply be induced by an action of 
the group tto(G). However, a 2-group can definitely act in an interesting manner 
on an object in a 2-category, since automorphisms of a given object naturally form 
a 2-group. The existence of 2-equivariant version of elliptic cohomology therefore 
suggests again a close relation between elliptic cohomology and 2-categories. 

Perhaps it is also not surprising that our original motivation of understanding 
which are the geometric objects classified by elliptic cohomology, will lead us 
below to loop spaces (actually a derived version of them, better suited for alge- 
braic geometry: see below). In fact, the chromatic picture of stable homotopy theory, 
together with the conjectural higher categorical picture recalled above, has a loop 
space ladder conjectural picture as well. A chromatic type n + 1 cohomology the- 
ory on a space X should be essentially the same thing as a possibly equivariant 
chromatic type n cohomology theory on the free loop space LX , and the same is 
expected to be true for the geometric objects classified by these cohomology theo- 
ries (see e.g., [An-Mo, p. 1]). This is already morally true for ft = 1, according to 
Witten intuition of the geometry of the Dirac operator on the loop space ([Wi]): 
the elliptic cohomology on X is essentially the complex S ^equivariant AT-theory 
of LX. Actually, this last statement is not literally correct in general, but requires 
to stick to elliptic cohomology near oo and to the “small” loop space, as observed 
in [Lul, Rmk. 5.10]. 1 


1 A possibly interesting point here is that our derived loop spaces have a closer relation to small 
loops than to actual loops. 
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1.2 Towards a Theory of Categorical Sheaves in Algebraic 
Geometry 


The conclusion of the observation above is that there should exist an interesting 
notion of categorical sheaves , which are sheaves of categories rather than sheaves 
of vector spaces, useful for a geometric description of objects underlying elliptic 
cohomology. In this work we have been interested in this notion independently of 
elliptic cohomology and in the context of algebraic geometry rather than topology. 
Although our final motivations is to understand better elliptic cohomology, we have 
found the theory of categorical sheaves in algebraic geometry interesting in its own 
right and think that it deserves a fully independent development. 

To be more precise, and to fix ideas, a categorical sheaf theory is required to 
satisfy the following conditions. 

• For any scheme X there exists a 2-category Cat{X ), of categorical sheaves 
on X. The 2-category Cat(X) is expected to be a symmetric monoidal 2- 
category. Moreover, we want Cat (X) to be a categorification of the category 
Mod(X) of sheaves of Ox -modules on A, in the sense that there is a natural 
equivalence between Mod(X) and the category of endomorphisms of the unit 
object in Cat(X). 

• The 2-category Cat(X) comes equipped with monoidal sub-2-categories 
Cat qco h(X ), Cat CO h(X ), and Cat p ar f(A), which are categorifications of the 
categories QCoh(X ), Coh{X ), and Vect(X), of quasi-coherent sheaves, 
coherent sheaves, and vector bundles. The monoidal 2-category Cat p ar f(A) 
is moreover expected to be rigid (i.e., every object is dualizable). 

• For a morphism / : X — > Y of schemes, there is a 2-adjunction 

/* : Cat(Y) — ► Cat(X) Cat(Y ) Cat(X) : /*. 

The 2-functors /* and /* are supposed to preserve the sub-2-categories 
Cat qco h(X ), Ca^coh(A), and Cat p ar f(A), under some finiteness conditions 
on /. 

• There exists a notion of short exact sequence in Cat{X ), which can be used 

(2) 

in order to define a Grothendieck group K q (X) := Ko(Cat par f(X )) (or more 
generally a ring spectrum K(Cat p ar f(A))). This Grothendieck group is called 
the secondary K-theory of X and is expected to possess the usual functori- 
alities in X (at least pull-backs and push-forwards along proper and smooth 
morphisms). 

• There exists a Chern character 

K^ 2) (X) — ► H (2) (X), 

for some secondary cohomology group H (2] {X ). This Chern character is 
expected to be functorial for pull-backs and to satisfy some version of the 
Grothendieck-Riemann-Roch formula for push-forwards. 
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As we will see in Sect. 2, it is not clear how to develop a theory as above, and it 
seems to us that a theory satisfying all the previous requirements cannot reasonably 
exist. A crucial remark here is that the situation becomes more easy to handle if 
the categories Mod{X ), QCoh(X ), Coh{X ), and Vect{X) are replaced by their 
derived analogs D(X), D qco \y(X), D b coh (X), and D par f(X). The categorical sheaf 
theory we look for should then rather be a derived categorical sheaf theory , and is 
expected to satisfy the following conditions. 

• To any scheme X is associated a triangulated-2-category Dg(X ), of derived 
categorical sheaves on X . Here, by triangulated-2- category we mean a 2- 
category whose categories of morphisms are endowed with triangulated struc- 
ture in a way that the composition functors are bi-exacts. The 2-category 
Dg(X) is expected to be a symmetric monoidal 2-category, in way which is 
compatible with the triangulated structure. Moreover, we want Dg(X) to be a 
categorification of the derived category D(X ) of sheaves of Ox -modules on 
X , in the sense that there is a natural triangulated equivalence between D(X) 
and the triangulated category of endomorphisms of the unit object in Dg(X). 

• The 2-category Dg(X) comes equipped with monoidal sub-2-categories 
Dg qco h(X), ^gcohC^O, and Dg par f(X), which are categorifications of the 
derived categories D qco h(X), D b oh (X), and D par f(X), of quasi-coherent com- 
plexes, bounded coherent sheaves, and perfect complexes. The monoidal 
2-category Dg Vd ^{X) is moreover expected to be rigid (i.e., every object is 
dualizable). 

• For a morphism / : X — > Y of schemes, there is a 2-adjunction 

/* : Dg(Y) — ► Dg(X) Dg(Y) <— Dg(X) : /*. 

The 2-functors /* and /* are supposed to preserve the sub-2-categories 
^gqcohC^O, ^gcohC^O, and Dg par f(X), under some finiteness conditions on /. 

• There exists a notion of short exact sequence in Dg(X ), which can be used 

(2) 

in order to define a Grothendieck group K q J (X) := Ko(Dg var f(X)) (or more 
generally a ring spectrum K(Dg par f(X))). This Grothendieck group is called 
the secondary K-theory of X and is expected to possess the usual functori- 
alities in X (at least pull-backs and push-forwards along proper and smooth 
morphisms). 

• There exists a Chern character 

K ( q\X) — ► H (2 \X), 

for some secondary cohomology group H [1) (X ). This Chem character is 
expected to be functorial for pull-backs and to satisfy some version of the 
Grothendieck-Riemann-Roch formula for push-forwards. 

The purpose of these notes is to give some ideas on how to define such 
triangulated-2-categories Dg(X), the secondary cohomology H^ 2 \X), and finally 
the Chern character. In order to do this, we will follow closely one possible 
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interpretation of the usual Chern character for vector bundles as being a kind of 
function on the loop space. 


1.3 The Chern Character and the Loop Space 

The Chern character we will construct for categorical sheaves is based on the follow- 
ing interpretation of the usual Chern character. Assume that A is a smooth complex 
algebraic manifold (or more generally a complex algebraic stack) and that V is a 
vector bundle on A. Let y : S l — * A be a loop in A. We do not want to specify 
want we mean by a loop here, and the notion of loop we will use in the sequel is a 
rather unconventional one (see 3.1). Whatever y truly is, we will think of it as a loop 
in A, at least intuitively. We consider the pull-back y*(V), which is a vector bundle 
on S' 1 . Because of the notion of loops we use, this vector bundle is in fact locally 
constant on S 1 , and thus is completely determined by a monodromy operator m y on 
the fiber V Y (o)- The trace of m y is a complex number, and as y varies in LX the loop 
space of A (again the notion of loop space we use is unconventional) we obtain a 
function Ch(V) on LX. This function can be seen to be S^equivariant and thus 
provides an element 

Ch(V) e 0(LX) s ' . 

Our claim is that, if the objects S l and LX are defined correctly, then there is a 
natural identification 

0{LX ) s ‘ ~ H% r (X), 

and that Ch(V) is the usual Chern character with values in the algebraic de Rham 
cohomology of A. The conclusion is that Ch(V) can be seen as a S^-equivariant 
function on LA. 

One enlightening example is when A is B G, the quotient stack of a finite group 
G. The our loop space LEG is the quotient stack [G/ G], for the action of G on 
itself by conjugation. The space of functions on LEG can therefore be identified 
with C(G), the space of class functions on G. A vector bundle V on EG is nothing 
else than a linear representation of G, and the function Ch(V ) constructed above is 
the class function sending g e G to Tr(g : V -> V). Therefore, the description of 
the Chern character above gives back the usual morphism R(G ) — > C(G) sending 
a linear representation to its class function. 

Our construction of the Chern character for a categorical sheaf follows the same 
ideas. The interesting feature of the above interpretation of the Chern character is 
that it can be generalized to any setting for which traces of endomorphisms make 
sense. As we already mentioned, Dg m f(A) is expected to be a rigid monoidal 
2-category, and thus any endomorphism of an object possesses a trace which is 
itself an object in D par f(A) ~ End( 1). Therefore, if we start with a categorical 
sheaf on A and do the same construction as above, we get a sheaf (rather than a 
function) on LA, or more precisely an object in D par f(LA). This sheaf is moreover 
invariant under the action of S l and therefore is an object in D^. f (LA), the perfect 
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S^-equivariant derived category of LX. This sheaf has itself a Chern character 
which is an element in H^ R (LX), the S^-equivariant de Rham cohomology of LX. 
This element is by definition the Chern character of our categorical sheaf. The Chern 
character should then expected to be a map 

Ch : kf } (X) — ► H s d ' r (LX). 


1.4 Plan of the Paper 


The main purpose of this paper is to make precise all the terms of this construction. 
For this we will start by the definitions of the 2-categories Dg(X), Dg qco h(X), 
and Dg var f(X), but we do not try to define DgcohPO as the notion of coherence in 
this categorical setting seems unclear at the moment. The objects in Dg(X ) will be 
certain sheaves of dg-categories on X and our approach to the notion of categorical 
sheaves heavily relies on the homotopy theory of dg-categories recently studied 
in [Ta, To2] . In a second part we will recall briefly some ideas of derived algebraic 
geometry and of derived schemes (and stacks) as introduced in [HAG-II, Lu2] . The 
loop space LX of a scheme X will then be defined as the derived mapping stack 
from S l = B Z to X. We will argue that the ring of S ^invariant functions on LX 
can be naturally identified with H L f R (X), the even de Rham cohomology of X, when 
k has characteristic zero. We will also briefly explain how this can be used in order 
to interpret the Chern character as we have sketched above. Finally, in a last part 
we will present the construction of our Chern character for categorical sheaves. One 
crucial point in this construction is to define an S^-equivariant sheaf on the loop 
space LX. The construction of the sheaf itself is easy but the fact that it is S l - 
equivariant is a delicate question which we leave open in the present work (see 4.1 
and 5.1). Hopefully a detailed proof of the existence of this S^-equivariant sheaf 
will appear in a future work (see TV1). 


2 Categorification of Homological Algebra and dg-Categories 

In this section we present our triangulated-2-categories Dg(X ) of derived categor- 
ical sheaves on some scheme X. We will start by an overview of a rather standard 
way to categorify the theory of modules over some base commutative ring using 
linear categories. As we will see the notion of 2- vector spaces appear naturally in 
this setting as the dualizable objects, exactly in the same way that the dualizable 
modules are the projective modules of finite rank. After arguing that this notion of 
2- vector space is too rigid a notion to allow for push-forwards, we will consider dg- 
categories instead and show that they can be used in order to categorify homological 
algebra in a similar way as linear categories categorify linear algebra. By analogy 
with the case of modules and linear categories we will consider dualizable objects 
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as categorified versions of perfect complexes and notice that these are precisely the 
smooth and proper dg-categories studied in [Ko-So,To-Va]. We will finally define 
the 2-categories Dg(X ), Dg qco ^(X), and Dg par f(X) for a general scheme X by 
some gluing procedure. 

Let k be a commutative base ring. We let Mod(k ) be the category of ^-modules, 
considered as a symmetric monoidal category for the tensor product of modules. 
Recall that an object M e Mod(k ) is said to be dualizable if the natural morphism 

M ® M v — ^ Hom (M , M) 

is an isomorphism (here Horn denotes the k -module of k -linear morphisms, and 
M v := Hom (M, k) is the dual module). It is easy to see that M is dualizable if 
and only if it is projective and of finite type over k. 

A rather standard way to categorify the category Mod(k ) is to consider ^-linear 
categories and Morita morphisms. We let Cat(k ) be the 2-category whose objects 
are small k -linear categories. The category of morphisms between two k -linear cat- 
egories A and B in Cat (k) is defined to be the category of all A <g>k B op -modules 
(the composition is obtained by the usual tensor product of bi-modules). The tensor 
product of linear categories endow Cat(k ) with a structure of a symmetric monoidal 
2-category for which k , the k -linear category freely generated by one object, is the 
unit. We have Endc a t(k)(k ) ~ Mod(k ), showing that Cat(k) is a categorification 
of Mod(k). To obtain a categorification of Mod p ^ (k), the category of projective 
^-modules of finite type, we consider the sub-2-category of Cat(k) with the same 
objects but for which the category of morphisms from A to B is the full sub-category 
of the category of A ®k B op -modules whose objects are bi-modules M such that 
for any a e A the 5^-module M(a, — ) is projective of finite type (i.e., a retract 
of a finite sum of representable B op -modules). We let Cat c (k ) c Cat(k) be this 
sub-2-category, which is again a symmetric monoidal 2-category for tensor product 
of linear categories. By definition we have Endc a t c (k){k ) — Mod p ^ (k). However, 
the tensor category Mod p ^{k) is a rigid tensor category in the sense that every 
object is dualizable, but not every object in Cat c (k ) is dualizable. We therefore 
consider Cat sat (k ) the full sub-2-category of dualizable objects in Cat c (k). Then, 
Cat sat (k) is a rigid monoidal 2-category which is a categorification of Mod p B ( k ). 
It can be checked that a linear category A is in Cat sat (k) if and only if it is equiv- 
alent in Cat(k ) to an associative ^-algebra B (as usual considered as a linear 
category with a unique object) satisfying the following two conditions. 

1. The k -module B is projective and of finite type over k. 

2. For any associative k -algebra A, a B ®k A -module M is projective of finite 
type if and only if it is so as a A -module. 

These conditions are also equivalent to the following two conditions. 


1 . The k -module B is projective and of finite type over k. 
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2. The B <g)k B op -module B is projective. 

When k is a field, an object in Cat sat (k) is nothing else than a finite dimensional 
^-algebra B which is universally semi-simple (i.e., such that B (g)^ k ' is semi-simple 
for any field extension k k'). In general, an object in Cat sat (k ) is a flat family 
of universally semi-simple finite dimensional algebras over Speck. In particular, 
if k is an algebraically closed field any object in Cat sat (k) is equivalent to k n , or 
in other words is a 2-vector space of finite dimension in the sense of Kapranov- 
Voevodsky (see for instance [Ba-Du-Ro]). For a general commutative ring k , the 
2-category Cat sat (k) is a reasonable generalization of the notion of 2-vector spaces 
and can be called the 2-category of 2-vector bundles on Spec k. 

One major problem with this notion of 2- vector bundles is the lack of push- 
forwards in general. For instance, let X be a smooth and proper algebraic variety 
over some algebraically closed field k. We can consider Vect , the trivial 2-vector 
bundle of rank 1 over X, which is the stack in categories sending a Zariski open 
U C X to the linear category Vect(U) of vector bundles over U. The push-forward 
of this trivial 2- vector bundle along the structure morphism X — > Spec k is the 
k -linear category of global sections of Vect , or in other words the k -linear category 
Vect{X) of vector bundles on X. This is an object in Cat(k ), but is definitely not 
in Cat sat (k). The linear category Vect{X) is big enough to convince anyone that 
it cannot be finite dimensional in any reasonable sense. This shows that the global 
sections of a 2-vector bundle on a smooth and proper variety is in general not a 
2-vector bundle over the base field, and that in general it is hopeless to expect a 
good theory of proper push-forwards in this setting. 

A major observation in this work is that considering a categorification of D(k) 
instead of Modfk ), which is what we call a categorification of homological alge- 
bra , solves the problem mentioned above concerning push-forwards. Recall that 
a dg-category (over some base commutative ring k) is a category enriched over 
the category of complexes of k -modules (see [Ta]). For a dg-category T we can 
define its category of T-dg-modules as well as its derived category D(T) by 
formally inverting quasi-isomorphisms between dg-modules (see [To2]). For two 
dg-categories T\ and T 2 we can form their tensor product T\ T 2 , as well as their 
derived tensor product 7j <S)\ T 2 (see [To2]). We now define a 2-catgeory Dg(k ) 
whose objects are dg-categories and whose category of morphisms from T\ to T 2 is 
D(T\ (g)jh T^). The composition of morphisms is defined using the derived tensor 
product 


- - : D(Ti T° p ) x D(T 2 T° p ) — ► D(T X T° p ). 

Finally, the derived tensor product of dg-categories endows Dg(k ) with a structure 
of a symmetric monoidal 2-category. 

The symmetric monoidal 2-category Dg(k ) is a categorification of the derived 
category D(k ) as we have by definition 


End_ D g(k) (1) ~ D(k). 
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To obtain a categorification of D par f(k), the perfect derived category, we consider the 
sub-2-category Dg c (k) having the same of objects as Dg(k ) itself but for which the 
category of morphisms from T\ to T 2 in Dg c (k) is the full sub-category of D(T\ (g)j[r 
T^) of bi-dg-modules F such that for all t e 7j the object F(t , — ) e D(T op ) is 
compact (in the sense of triangulated categories, see [Ne]). The symmetric monoidal 
structure on Dg(k ) restricts to a symmetric monoidal structure on Dg c (k ), and we 
have 

End f)g C (fr)(l) — T) par f(/c), 

as an object of D(k) is compact if and only if it is a perfect complex. Finally, the 
symmetric monoidal 2-category Dg c ( k ) is not rigid and we thus consider Dg sat ( k ), 
the full sub-2-category consisting of rigid objects in Dg c (k). By construction, 
Dg sat (p) is a rigid symmetric monoidal 2-category and we have 

End p„sat (fr)(l) — T) par f (kf 

The 2-category Dg sat (k) will be our categorification of D par f(k) and its objects 
should be thought as perfect derived categorical sheaves on the scheme Spec k. 

It is possible to show that an object T of Dg c (k ) belongs to Dg sat (k ) if and 
only if it is equivalent to an associative dg-algebra B , considered as usual as a 
dg-category with a unique object, satisfying the following two conditions. 

1. The underlying complex of k -modules of B is perfect. 

2. The object B e D(B B op ) is compact. 

In other words, a dg-category T belongs to Dg sat (k) if and only it is Morita equi- 
valent to a smooth (condition (2) above) and proper (condition (1) above) dg-algebra 
B. Such dg-categories are also often called saturated (see [Ko-So,To-Va]). 

As Dg sat ( k ) is a rigid symmetric monoidal 2-category we can define, for any 
object T a trace morphism 

Tr : End_ DgSa t^(T) > End pgsat^j 1) — T) par f (k\ 

Now, the category End_ DgSat ^{T) can be naturally identified with D(T (g)jh T op ) c , 
the full sub-category of D(T (g)jb T op ) of compact objects (here we use that T is 
saturated and the results of [To-Va, Sect. 2.2]). The trace morphism is then a functor 

Tr : D(T T op )c — ► D v ^{k) 

which can be seen to be isomorphic to the functor sending a bi-dg-module M to 
its Hochschild complex HH(T , M) e D var f(k). In particular, the rank of an object 
T G Dg sat (k ), which by definition is the trace of its identity, is its Hochschild 
complex HH{T) e D par f(k). 

To finish this section we present the global versions of the 2-categories Dg(k ) 
and Dg sat (k) over some base scheme X. We let ZarAff(X) be the small site of 
affine Zariski open sub-schemes of X. We start to define a category dg — cat (X) 
consisting of the following data 
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1. For any Spec A = U C X in ZarA f f ( X ), a dg-category Tjj over A. 

2. For any Spec B = V c Spec A = U C X morphism in ZarAff(X) a 
morphism of dg-categories over A 


ruy • Tjj — > T v . 

These data should moreover satisfy the equation ry,w or uy = r u,w for any inclusion 
of affine opens W C V C U C X. The morphisms in dg — cat (X) are defined in 
an obvious way as families of dg-functors commuting with the ru,v 9 s. 

For T e dg — cat (X) we define a category Mod(T ) of T-dg-modules in the 
following way. Its objects consist of the following data 

1. For any Spec A = U C X in ZarAff(X), a 7)y-dg-module 

2. For any Spec B = V C Spec A = U C X morphism in ZarAff(X) a 
morphism of 7)y-dg-modules 


: Mu — * r^j V {M v ). 

These data should moreover satisfy the usual cocycle equation for r^ v (mv,w) o 
muy — muyr- Morphisms in Mod(T ) are simply defined as families of morphisms 
of dg-modules commuting with the muy 9 s. Such a morphism / : M — > M' in 
Mod(T ) is a quasi-isomorphism if it is a stalkwise quasi-isomorphism (note that 
M and M f are complexes of presheaves of Ox -modules). We denote by D(T) the 
category obtained from Mod(T ) by formally inverting these quasi-isomorphisms. 

We now define a 2-category Dg(X) whose objects are the objects of dg-cat(X), 
and whose category of morphisms from T\ to T 2 is D(T\ $q x T^) (we pass on 
the technical point of defining this derived tensor product over Ox , one possibility 
being to endow dg — cat(X) with a model category structure and to use a cofi- 
brant replacement). The compositions of morphisms in Dg(X ) is given by the usual 
derived tensor product. The derived tensor product endows Dg(X ) with a structure 
of a symmetric monoidal 2-category and we have by construction 

End Dg(X) ( 1) ~ D(X), 

where D(X) is the (unbounded) derived category of all Ox -modules on X. 


Definition 2.1. An object T e Dg(X) is quasi-coherenti f for any inclusion of affine 
open subschemes 

Spec B = V C Spec A = U d X 

the induced morphism 

Tu <S>a B — > Ty 


is a Morita equivalence of dg-categories. 
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2. A morphism T\ — > 72, corresponding to an object M e D(T\ (g)^ T^), is 
called quasi-coherent if its underlying complex of Ox -modules is with quasi- 
coherent cohomology sheaves. 


The sub-2-category of Dg(X) consisting of quasi-coherent objects and quasi- 
coherent morphisms is denoted by Dg qco ^{X). It is called the 2-category of quasi- 
coherent derived categorical sheaves on X . 


Let T\ and T 2 be two objects in Dg qco h(X). We consider the full sub-category of 
D(T\ $Q X consisting of objects M such that for any Zariski open Spec A = 
U C X and any object x e (Ti)u, the induced dg-module M(a, — ) e D((T 2 P )u ) 
is compact. This defines a sub-2-category of Dg qco h(X ), denoted by D^ coh (A) and 
will be called the sub-2-category of compact morphisms. The symmetric monoidal 
structure on Dg(X) restricts to a symmetric monoidal structure on Dg qco ^(X) and 

°“^q cohOD- 


Definition 2.2. The 2-category of perfect derived categorical sheaves is the full 
sub-2-catgeory of Dg c qcoh (X) consisting of dualizable objects. It is denoted by 

Dg P <irf(X). 


By construction, Dg par f(X) is a symmetric monoidal 2-category with 
MnAog^xp) - D par f(X). 

It is possible to show that an object T e D qco h(X) belongs to Dg par f(X) if and 
only if for any affine Zariski open subscheme Spec A = U C A, the dg-category 
To is saturated (i.e., belongs to Dg sat (A)). 

For a morphism of schemes / : X — > Y it is possible to define a 2-adjunction 

f * ■ Dg(Y) — ► Dg(X) Dg(Y) <— Dg(X) : /,. 

Moreover, /* preserves quasi-coherent objects, quasi-coherent morphisms, as well 
as the sub-2-categories of compact morphisms and perfect objects. When the mor- 
phism / is quasi-compact and quasi-separated, we think that it is possible to prove 
that /* preserves quasi-coherent objects and quasi-coherent morphisms as well as 
the sub-2-category of compact morphisms. We also guess that /* will preserve 
perfect objects when / is smooth and proper, but this would require a precise inves- 
tigation. As a typical example, the direct image of the unit 1 e Dg par f(X ) by / 
is the presheaf of dg-categories sending Spec A = U C Y to the dg-category 
£parf(A xy U) of perfect complexes over the scheme f~ l (U) ~ X x Y U. When 
/ is smooth and proper it is known that the dg-category L par f(A x Y U) is in fact 
saturated (see [To2, Sect. 8.3]). This shows that /*(1) is a perfect derived sheaf on 
Y and provides an evidence that /* preserves perfect object. These functoriality 
statements will be considered in more details in a future work. 
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3 Loop Spaces in Derived Algebraic Geometry 


In this section we present a version of the loop space of a scheme (or more gener- 
ally of an algebraic stack) based on derived algebraic geometry. For us the circle 
S l is defined to be the quotient stack B Z, where Z is considered as a constant 
sheaf of groups. For any scheme X , the mapping stack Map(S' 1 , X) is then equiv- 
alent to X , as the coarse moduli space of S 1 is simply a point. In other words, 
with this definition of the circle there are no interesting loops on a scheme X . 
However, we will explain in the sequel that there exists an interesting derived 
mapping stack RMap(5' 1 , X ), which is now a derived scheme and which is non- 
trivial. This derived mapping stack will be our loop space. In this section we recall 
briefly the notions from derived algebraic geometry needed in order to define the 
object MMap(5' 1 , X). We will also explain the relation between the cohomology of 
RMap(5' 1 , X) and cyclic homology of the scheme X . 

Let k be a base commutative ring and denote by Sch^, resp. St&, the category 
of schemes over k and the model category of stacks over k ( [HAG-II, 2.1.1] 
or [Tol, Sect. 2, 3]), for the etale topology. We recall that the homotopy category 
Ho(St^) contains as full sub-categories the category of sheaves of sets on Sch^ 
as well as the 1 -truncation of the 2-category of stacks in groupoids (in the sense 
of [La-Mo]). In particular, the homotopy category of stacks Ho(St^) contains the 
category of schemes and of Artin stacks as full sub-categories. In what follows we 
will always consider these two categories as embedded in Ho(St^). Finally, recall 
that the category Ho(St^) possesses internal Horn’s, that will be denoted by Map. 

As explained in [HAG-II, Chap. 2.2] (see also [Tol, Sect. 4] for an overview), 
there is also a model category dSt^ of derived stacks over k for the strong etale 
topology. The derived affine objects are simplicial k- algebras, and the model cat- 
egory of simplicial /^-algebras will be denoted by salg^. The opposite (model) 
category is denoted by dAff^. Derived stacks can be identified with objects in the 
homotopy category Ho(dSL) which in turn can be identified with the full subcate- 
gory of the homotopy category of simplicial presheaves on dAff^ whose objects are 
weak equivalences’ preserving simplicial presheaves F having strong etale descent 
i.e., such that, for any etale homotopy hypercover U. -> X in dAff^ ( [HAG-I, 
Definition 3.2.3, 4.4.1]), the canonical map 

F(X) — ► holimF(£/.) 

is a weak equivalence of simplicial sets. The derived Yoneda functor induces a fully 
faithful functor on homotopy categories 

RSpec : Ho(dAff*) ^ Ho(dSt^) : A i-> (RSpec(A) : B i-> Map salgk (A, B )), 

where Map salg ^ denotes the mapping spaces of the model category salg^ (there- 
fore Map salg ^ (A, B) ~ Hom (Q(A), B ), where Horn denotes the natural simplicial 
Horn’s of salg^ and Q(A ) is a cofibrant model for A). Those derived stacks 
belonging to the essential image of RSpec will be called affine derived stacks. 
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The category Ho(dSt^) of derived stacks has a lot of important properties. First 
of all, being the homotopy category of a model category, it has derived colimits 
and limits (denoted as hocolim and holim). In particular, given any pair of maps 
F -¥ S and G -> S between derived stacks, there is a derived fiber product stack 
holim(7 7 S G) = F x h s G. As our base ring k is not assumed to be a 
field, the direct product in the model category dSt^ is not exact and should also be 
derived. The derived direct product of two derived stacks F and G will be denoted 
by Fx h G. This derived product is the categorical product in the homotopy category 
Ho(dSt^). The category Ho(dSt^) also admits internal Horn’s, i.e., for any pair of 
derived stacks F and G there is a derived mapping stack denoted as 

MMap(F, G) 


with the property that 


[F,RMap(G, H)] ~ [F x h G, H], 
functorially in F, G, and H . 

The inclusion functor j of commutative k -algebras into salg^ (as constant 
simplicial algebras) induces a pair (/, to) of (left, right) adjoint functors 

to := j* : Ho(dSt*) Ho(St*) i := L j x : Ho(St*) -> Ho(dSt*). 

It can be proved that i is fully faithful. In particular we can, and will, view any 
stack as a derived stack (we will most of the time omit to mention the functor i 
and consider Ho(St^) as embedded in Ho(dSt^)). The truncation functor to acts 
on affine derived stacks as fo(MSpec(A)) = Spec(jroA). It is important to note 
that the inclusion functor i does not preserve derived internal horn’s nor derived 
fibered products. This is a crucial point in derived algebraic geometry: derived tan- 
gent spaces and derived fiber products of usual schemes or stacks are really derived 
objects. The derived tangent space of an Artin stack viewed as a derived stack via 
i is the dual of its cotangent complex while the derived fiber product of, say, two 
affine schemes viewed as two derived stacks is given by the derived tensor product 
of the corresponding commutative algebras 

i (Spec S) xf (Spec K} / (Spec T) ~ RSpec (5 T). 

Both for stacks and derived stacks there is a notion of being geometric ([HAGII, 
1.3, 2.2.3]), depending, among other things, on the choice of a notion of smooth 
morphism between the affine pieces. For morphisms of commutative k -algebras 
this is the usual notion of smooth morphism, while in the derived case, a mor- 
phism A B of simplicial k -algebras is said to be strongly smooth if the 
induced map 7toA -> 7toB is a smooth morphism of commutative rings, and 
tt*A (g)^ ttqB ~ jt*B. The notion of geometric stack is strictly related to the 
notion of Artin stack ([HAG-II, Proposition 2. 1.2.1]). Any geometric derived stack 
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has a cotangent complex ([HAG-II, Corollary 2. 2. 3. 3]). Moreover, both functors to 
and i preserve geometricity. 

Let BZ be the classifying stack of the constant group scheme Z. We view BZ as 
an object of Stk, i.e., as the stack associated to the constant simplicial presheaf 

BZ : alg^ -> SSets , R i-> BZ, 

where by abuse of notations, we have also denoted as BZ the classifying simplicial 
set, i.e., the nerve of the (discrete) group Z. Such a nerve is naturally a pointed 

simplicial set, and we call 0 that point. 

Definition 3.1. Let X be a derived stack over k. The derived loop stack of X is the 
derived stack 

LX := RMap(BZ, X). 

We will be mostly interested in the case where X is a scheme or an algebraic 
(underived) stack. Taking into account the homotopy equivalence 


h 

BZ ~ S l ~ * , 

* Li * 


we see that we have 

LX ~ X ^ hx X , 

where X maps to X x h X diagonally and the homotopy fiber product is taken in 
dSt^. Evaluation at 0 e BZ yields a canonical map of derived stacks 

p : LX — > X. 

On the other hand, since the limit maps canonically to the homotopy limit, we get 
a canonical morphism of derived stacks X -> LX, a section of p, describing X as 
the “constant loops” in LX. 

If X is an affine scheme over k, X = Spec A with A a commutative ^-algebra, 
we get that 

LX ~ MSpec(A A), 

where the derived tensor product is taken in the model category salg^ . One way to 
rephrase this is by saying that “functions” on LSpec A are Hochschild homology 
classes of A with values in A itself. Precisely, we have 

0( LX) := R Hom (LX,A l ) ~ HH(A, A), 

where HH (A, A) is the simplicial set obtained from the complex of Hochschild 
homology of A by the Dold-Kan correspondence, and R Hom denotes the natural 
enrichment of Ho(dSt^) into Ho (S Set) . When X is a general scheme then 0( LX) 
can be identified with the Hochschild homology complex of X, and we have 
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Jti(0(LX)) ~ HHi(X). 

In particular, when X is a smooth and k is of characteristic zero, the Hochschild- 
Kostant-Rosenberg theorem implies that 

Jto(0(LX)) ~ {X,Q} x/k ). 

The stack S l = BZ is a group stack, and it acts naturally on LX for any derived 

o 1 

stack X by “rotating the loops.” More precisely, there is a model category dSt^, 
or S^-equivariant stacks, and LX is naturally an object in the homotopy category 

O I 

Ho(dSt^). This way, the simplicial algebra of functions 0( LX) is naturally an 
S^-equivariant simplicial algebra, and thus can also be considered as an S l - 
equivariant complex or in other words as an object in D s (, k ), the S^-equivariant 
derived category of k. The category D s (k) is also naturally equivalent to D(k[e\), 
the derived category of the dg-algebra k[c\ freely generated by an element € of 
degree —1 and with 6 2 = 0. The derived category D s (k) is thus naturally equiv- 
alent to the derived category of mixed complexes (see [Lo]) (multiplication by € 
providing the second differential). When k is of characteristic zero and X = Spec A 
one can show (see TV2) that 

7Ti(0( LX) hsl ) ~ H e / R (A), 

where K hsl denotes the simplicial set of homotopy fixed points of an S^-equivariant 
simplicial set K. In other words, there is a natural identification between S l - 
invariant functions on LX and even de Rham cohomology of X. This statement 
of course can be generalized to the case of a scheme X. 

Proposition 3.2. For a scheme X we have 

MO(LX) hsl ) ~ H? r (X), 

In the first version of this paper, we conjectured a similar statement, for k of 
any characteristic and with even de Rham cohomology replaced by negative cyclic 
homology. At the moment, however, we are only able to prove the weaker results 
above (see TV2). 

The even part of de Rham cohomology of X can be identified with S 1 -equivariant 
functions on the derived loop space LX. This fact can also be generalized to the 
case where A is a smooth Deligne-Mumford stack over k (again assumed to be of 
characteristic zero), but the right hand side should rather be replaced by the (even 
part of) de Rham orbifold cohomology of X, which is the de Rham cohomology of 
the inertia stack IX ~ to(LX). 

To finish this part, we would like to mention that the construction of the Chern 
character for vector bundles we suggested in Sect. 1 can now be made precise, and 
through the identification of Proposition 3.2, this Chern character coincides with 


Chem Character, Loop Spaces and Derived Algebraic Geometry 


347 


the usual one. We start with a vector bundle V on X and we consider its pull- 
back p*(V) on LX, which is a vector bundle on the derived scheme LX. This 
vector bundle p*(V) comes naturally equipped with an automorphism u. This fol- 
lows by considering the evaluation morphism n : S l x LX — X , and the vector 
bundle 7t*(V). As S l = B Z, a vector bundle on S l x LX consists precisely of 
a vector bundle on LX together with an action of Z, or in other words together 
with an automorphism. We can then consider the trace of u, which is an element in 
tto(0(LX)) ~ HHq(X). A difficult issue here is to argue that this function T r(u ) 
has a natural refinement to an S ^invariant function Tr(u) e 7to(0(LX) hs ) ~ 
Hdii(X/k), which is the Chern character of V. The S ^invariance of T r(u ) will be 
studied in a future work, and we refer to our last section below, for some comments 
about how this would follow from the general theory of rigid tensor oo -categories. 


4 Construction of the Chern Character 


We are now ready to sketch the construction of our Chern character for a derived 
categorical sheaf. This construction simply follows the lines we have just sketched 
for vector bundles. We will meet the same difficult issue of the existence of an 
S 1 -invariant refinement of the trace, and we will leave this question as an conjecture. 
However, in the next section we will explain how this would follow from a very 
general fact about rigid monoidal oo -categories. 

Let T e Dgp ar f(X) be a perfect derived categorical sheaf on some scheme X 
(or more generally on somealgebraicc stack X). We consider the natural morphism 
p : LX — > X and we consider p*(T ), which is a perfect derived categorical sheaf 
on LX. We have not defined the notions of categorical sheaves on derived schemes 
or derived stacks but this is rather straightforward. As in the case of vector bundles 
explained in the last section, the object p*(T) comes naturally equipped with an 
autoequivalence u. This again follows from the fact that a derived categorical sheaf 
on S 1 x LX is the same thing as a derived categorical sheaf on LX together with an 
autoequivalence. We consider the trace of u in order to get a perfect complex on the 
derived loop space 


Tr(u) e End_ D gpad(l y) (l) = D paif (LX). 

The main technical difficulty here is to show that T r ( u ) possesses a natural lift as 
an S^-equivariant complex on LX. We leave this as a conjecture. 

Conjecture 4.1. The complex T r(u ) has a natural lift 

Tr s \u) e D^( LX), 

where Dp a ^ f (LX) is the S^-equivariant perfect derived category of LX. 
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The above conjecture is not very precise as the claim is not that a lift simply 
exists, but rather than there exists a natural one. One of the difficulty in the conjec- 
ture above is that it seems difficult to characterize the required lift by some specific 
properties. We will see however that the conjecture can be reduced to a general 
conjecture about rigid monoidal oo -categories. 

Assuming Conjecture 4.1, we have T r sl ( u ) and we now consider its class in the 
Grothendieck group of the triangulated category D^ rf (LX). This is our definition 
of the categorical Chern character of T. 

Definition 4.2. The categorical Chern character of T is 

Ch cat (T ) := [7> s ‘(«)] e K$ l (LX) := Ko(D^(LX)). 

The categorical Chern character Ch cat (T ) can be itself refined into a cohomo- 
logical Chern character by using now the S^-equivariant Chern character map for 
S^equivariantt perfect complexes on LX. We skip some technical details here but 
the final result is an element 


C h coh (T) := Ch s \Ch cat {T)) e jt 0 (O(L (2) X) h(slxSl) ), 

where L^X := RMap(5' 1 x S l , X) is now the derived double loop space of X. 
The space tto( 0(L^ X) h ( s xS )) can reasonably be called the secondary negative 
cyclic homology of X and should be thought (and actually is) the S^-equivariant 
negative cyclic homology of LX. We therefore have 

Ch coh (T ) e HC~' S \. LX). 

Definition 4.3. The cohomological Chern character of T is 

Ch coh (T ) := Ch s \Ch cat (T )) e HC^ S \ LX) := ji 0 (O( C 2) X) hsWsl ) 
defined above. 

Obviously, it is furthermore expected that the constructions T Ch cat (T) 
and T \-> Ch coh (T ) satisfy standard properties such as additivity, multiplicativity 
and functoriality with respect to pull-backs. The most general version of our Chern 
character map should be a morphism of commutative ring spectra 

Ch cat : Kg(X) — ► K s \ LX), 

where Kg(X ) is a ring spectrum constructed using a certain Waldhausen category 
of perfect derived categorical sheaves on X and K s (LX) is the K- theory spectrum 
of S^-equivariant perfect complexes on LX. This aspect of the Chern character will 
be investigated in more details in a future work. 
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5 Final Comments 

On S l -equivariant trace maps. Our Conjecture 4.1 can be clarified using the lan- 
guage of higher categories. Recall that a (1 , oo)-category is an oo-category in which 
all ft -morphisms are invertible (up to higher morphisms) as soon as n > 1. There 
exist several well behaved models for the theory of (1, oo) -categories, such as sim- 
plicially enriched categories, quasi-categories, Segal categories, and Rezk’s spaces. 
We refer to [Berl] for an overview of these various notions. What we will say below 
can be done in any of these theories, but, to fix ideas, we will work with 8-categories 
(i.e., simplicially enriched categories). 

We will be using Ho(S> — Cat ) the homotopy category of 8-categories, which is 
the category obtained from the category of 8-categories and 8-functors by inverting 
the (Dwyer-Kan) equivalences (a mixture between weak equivalences of simplicial 
sets and categorical equivalences). An important property of Ho (8— Cat) is that it is 
cartesian closed (see [To2] for the corresponding statement for dg-categories whose 
proof is similar). In particular, for two 8-categories C and C' we can construct an 
8-category R Hom (C, C') with the property that 

[C", R Hom (C , C')] ~ [C" x C, C'], 

where [— , — ] denote the Horn sets of Ho( § — Cat). Any 8-category C gives rise to 
a genuine category [C] with the same objects and whose sets of morphisms are the 
connected components of the simplicial sets of morphisms of C . 

We let T be the category of pointed finite sets and pointed maps. The finite 
set {0, . . . ,ft} pointed at 0 will be denoted by n + . Now, a symmetric monoidal 
§ -category M is a functor 

M : T — » 8 — Cat 

such that for any n > 0 the so-called Segal morphism 

M(n + ) — ► M{ 1 + )", 

induced by the various projections n + — ► 1 + sending i e [1 n} to 1 and 

everything else to 0, is an equivalence of 8-categories. The full sub-category of the 
homotopy category of functors Ho(E> — Cat T ) consisting of symmetric monoidal 
8-categories will be denoted by Ho(S — Cat®). As the category Ho( § — Cat) is a 
model for the homotopy category of (1 , oo) -categories, the category Ho ( § — Cat®) 
is a model for the homotopy category of symmetric monoidal (1, oo) -categories. 
For M e Ho(E> — Cat®) we will again use M to denote its underlying 8-category 
M( 1 + ). The 8-category M(l + ) has a natural structure of a commutative monoid in 
Ho(E> — Cat). This monoid structure will be denoted by (8). 

We say that a symmetric monoidal 8-category M is rigid if for any object x e M 
there is anobjectc x v e M and a morphism 1 — >► x (8) x v such that for any pair of 
objects y, z e M, the induced morphism of simplicial sets 


350 


B. Toen and G. Vezzosi 


M(y (8) x,z) — > M(y (8) x (8) x v ,z (8) x v ) — > M(y,z ® x v ) 

is an equivalence. In particular, the identity of x v provides a trace morphism x (8) 
x v — > 1 (y = z = 1). Therefore, for any rigid symmetric monoidal S-category 
M and an object x e M we can define a trace morphism 

Tr x : M(x,x) ~ M( l,x(8)x v ) -^M(l,l). 

Let M be a fixed rigid symmetric monoidal S-category and S l = B Z be the 
groupoid with a unique object with Z as automorphism group. The category S l 
is an abelian group object in categories and therefore can be considered as a group 
object in S-categories. The S-category of functors R Hom (S l , M) is denoted by 
M(S 1 ), and is equipped with a natural action of S 1 . We consider the sub-S-category 
of invertible (up to homotopy) morphisms in M(S l ) whose classifying space is an 
S^-equivariant simplicial set. We denote this simplicial set by LM (“L” stands for 
“loops”). It is possible to collect all the trace morphisms T r x defined above into a 
unique morphism of simplicial sets (well defined in Ho (SSet)) 

Tr : LM — ► Af( 1,1). 

Note that the connected components of LM are in one to one correspondence with 
the set of equivalences classes of pairs (x, u), consisting of an object x in M and 
an autoequivalence u of x. The morphism Tr is such that Tr(x,u) = Tr x (u ) e 
7Zo(M(1 ,1)). We are in fact convinced that the trace map T r can be made equivari- 
ant for the action of S l on LM , functorially in M . To make a precise conjecture, 
we consider § — Cat rig the category of all rigid symmetric monoidal S-categories 
(note that § — Cat rig is not a homotopy category, it is simply a full sub-category of 
§ — Cat r ). We have two functors 


§ — Cat rig — ► S l - SSet, 

to the category of S^-equivariant simplicial sets. The first one sends M to LM 
together with its natural action of S l . The second one sends M to M( 1, 1) with 
the trivial S ^action. These two functors are considered as objects in Ho(Fun ( S — 
Cat rig , S l — SSet )), the homotopy category of functors. Let us denote these two 
objects by L : M i-> LM and E : M i-> M( 1, 1). 


Conjecture 5.1. There exists a morphism in Ho(Fun ( S — Cat rig , S l — SSet)) 

Tr : L — > E, 

in such a way that for any rigid symmetric monoidal S-category T the induced 
morphism of simplicial sets 
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Tr : LM — ► Af( 1,1) 
is the trace map described above. 

It can be shown that Conjecture 5.1 implies Conjecture 4.1. In fact the tensor 
2-categories Dg par f(X) are the 2-truncation of natural rigid symmetric monoidal 
(2, oo) -categories, which can also be considered as (1, oo) -categories by only con- 
sidering invertible higher morphisms. An application of the above conjecture to 
these rigid symmetric monoidal (1, oo) -categories give a solution to Conjecture 
4.1, but this will be explained in more detailed in a future work. To finish this 
part on rigid (1, oo) -categories let us mention that a recent work of Lurie and 
Hopkins on universal properties of (1, oo) -categories of 1-bordisms seems to solve 
Conjecture 5.1 ( [Lu3]). We think we have another solution to the part of Conjec- 
ture 5.1 concerned with the rigid symmetric monoidal (1, oo) -category of saturated 
dg-categories, which is surely enough to imply Conjecture 4.1. This again will be 
explained in a future work. 

The Chern character as part of a 1-TFT over X. The recent work of Lurie and 
Hopkins (see [Lu3]) mentioned above also allows us to fit our Chern character 
into the framework of 1 -dimensional topological field theories. Indeed, let X be 
a scheme and T e Dg par f(X) be a perfect derived categorical sheaf on A. It is 
represented by a morphism of derived stacks 

T • X ^ ^£parf> 

where Dgparf is considered here as a symmetric monoidal (1, oo) -category as 
explained above. The object Dg VSLr f is thus a derived stack in rigid symmetric 
monoidal (1, oo) -categories, and the results of [Lu3] imply that the morphism T 
induces a well defined morphism of derived stacks in rigid symmetric monoidal 
(1, oo) -categories 

1 - Bord(X) — > T^parf- 

Here 1 — Bord(X) is the categorical object in derived stacks of relative 1-bordisms 
over X (see [Lu3] for details). In terms of functor of points it is defined by sending 
a simplicial commutative algebra A to the (1, oo) -category 1 — Bord(X(A)) of 
relative 1-bordisms over the space X(A). It is not hard to see that 1 — Bord(X) 
is itself a derived algebraic stack, and thus a rigid symmetric monoidal categorical 
object in algebraic derived stacks. The morphism 

1 - Bord(X) — > T^parf 

is therefore a relative 1 -dimensional TQFT over X and takes its values in Dgparf- 
Our Chern character can be easily reconstructed from this 1 -dimensional field the- 
ory by considering its restriction to the space of endomorphisms of the unit object 
0 -> X. Indeed, this space contains as a component the moduli space of oriented cir- 
cles over X, which is nothing else than [LX /S l ] (the quotient stack of LX by the 
action of S 1 ). From the 1 -dimensional field theory above we thus extract a morphism 
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of derived stacks 

[LX/S 1 ] — ► End Dgpmt ( 1) ~ n parf , 

whose datum is equivalent to the datum of an object in D^(LX). This object turns 
out to be isomorphic to our Ch cat (T). 

Relations with variations of Hodge structures (see TV1). The derived loop space 
LX and the S ^equivariant derived category D p s arf (LA) have already been studied in 

[Be-Na]. In this work the category Dp a ^ f (LA) is identified with a certain derived cat- 
egory of modules over the Rees algebra of differential operators on X (when, say, 
X is smooth over k of characteristic zero). We do not claim to fully understand 
this identification but it seems clear that objects in T)p arf (LX) can be identified with 
some kind of filtered complexes of D -modules on X . Indeed, when X = Spec A is 
smooth and affine over k of characteristic zero, the category Dp arf (LA) can be iden- 
tified with the derived category of dg-modules over the dg-algebra £2^ [3], generated 
by the graded algebra of differential forms (here sits in degree —i ) together with 
an extra element 9 of degree —1 acting as the de Rham differential on This 
dg-algebra is itself Kozsul dual to the Rees algebra IZx of differential operators 
on X defined as follows. The dg-algebra IZx is generated by 1 1 [—2 i] together 

with an element u of degree 2 acting by the natural inclusions 1 C Vf +l (here 
V denotes as usual the ring of differential operators of degree less than /). We 
thus have an equivalence D^ vf (LX) ~ DparfC^x)- Now, apart from its unusual 
grading, IZx is essentially the Rees algebra associated to the filtered ring Vx, and 
thus D par f(7Zx) is essentially the derived category of filtered D -modules (which are 
perfect over X , and with this unusual grading). 

Using this identification our categorical Chern character Ch cat (T) probably 
encodes the data of the negative cyclic complex HC~(T ) of T over X together 
with its Gauss-Manin connection and Hodge filtration. In other words, Ch cat (T) 
seems to be nothing more than the variation of Hodge structures induced by the 
family of dg-categories T over X. As far as we know the construction of such a 
structure of variations of Hodge structures on the family of complexes of cyclic 
homology associated to a family of saturated dg-categories is a new result (see how- 
ever [Ge] for the construction of a Gauss-Manin connection on cyclic homology). 
We also think it is a remarkably nice fact that variations of Hodge structures appear 
naturally out of the construction of our Chern character for categorical sheaves. 

It is certainly possible to describe the cohomological Chern character of 4.3 

o 1 

using this point of view of Hodge structure. Indeed, HC 0 ’ (LA) is close to be the 
SLequivariant de Rham cohomology of LA, and using a localization formula it is 
probably possible to relate HCf' S (LA) with HPo(X)[[t]][t~ l ], where HPo(X) is 
periodic cyclic homology of A and t is a formalparameterr. We expect at least a 
morphism 

hc~ s \lx ) — ► HP 0 (X)[[t]][r 1 }. 

The image of Ch coh (T ) under this map should then be closely related to the Hodge 
polynomial of T , that is Ch(Gr p HC~{T))t p , where Gr p HC~{T) is the p- th 


Chem Character, Loop Spaces and Derived Algebraic Geometry 


353 


graded piece of the Hodge filtration of Hochschild homology and Ch is the usual 
Chern character for sheaves on X. 

Back to elliptic cohomology ? In the Introduction we mentioned that our motiva- 
tion for thinking about categorical sheaf theory originated from elliptic cohomology. 
However, our choice to work in the context of algebraic geometry drove us rather 
far from elliptic cohomology and it is at the moment unclear whether our work on 
the Chern character can really bring any new insight on elliptic cohomology. About 
this we would like to make the following remark. Since what we have been consid- 
ering are categorified version of algebraic vector bundles, it seems rather clear that 
what we have done so far might have some relations with what could be called alge- 
braic elliptic cohomology (by analogy with the distinction between algebraic and 
topological AT-theory). However, the work of Walker shows that algebraic K- theory 
determines completely topological AT-theory (see [Wa]), and that it is possible to 
recover topological AT-theory from algebraic AT-theory by an explicit construction. 
Such a striking fact suggests the possibility that understanding enough about the 
algebraic version of elliptic cohomology could also provide some new insights on 
usual elliptic cohomology. We leave this vague idea to future investigations. 

In a similar vein, as observed by the referee, the analogy with the chromatic 
picture, hinted at in the Introduction, would suggest the existence of some kind 
of action of the second Morava stabilizer group G 2 on the ring spectrum Kg(X) 
of Sect. 4 (suitably ^-completed at some prime p ), and also the possibility that 
Ch cat : Kg(X ) — > K s (LX) could detect some kind of V 2 -periodicity (i.e., some 
evidence of chromatic type 2) in K s (LX). Unfortunately, at the moment, we are 
not able to state these suggestions more precisely, let alone giving an answer. 
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Voevod sky’s Lectures on Motivic Cohomology 
2000/2001 


Pierre Deligne 


Abstract These lectures cover several important topics of motivic homotopy the- 
ory which have not been covered elsewhere. These topics include the definition 
of equivariant motivic homotopy categories, the definition and basic properties of 
solid and ind- solid sheaves and the proof of the basic properties of the opera- 
tions of twisted powers and group quotients relative to the A ^equivalences between 
ind- solid sheaves. 


1 Introduction 


The lectures which provided the source for these notes covered several different 
topics which are related to each other but which do not in any reasonable sense 
form a coherent whole. As a result, this text is a collection of four parts which refer 
to each other but otherwise are independent. 

In the first part we introduce the motivic homotopy category and connect it with 
the motivic cohomology theory discussed in [7]. The exposition is a little unusual 
because we wanted to avoid any references to model structures and still prove the 
main theorem 2. We were able to do it modulo 6 where we had to refer to the 
next part. 

The second part is about we the motivic homotopy category of G -schemes where 
G is a finite flat group scheme with respect to an equivariant analog of the Nisnevich 
topology. Our main result is a description of the class of A ^equivalences (formerly 
called A 1 -weak equivalences) given in Theorem 4 (also in Theorem 5). For the triv- 
ial group G we get a new description of the A ^equivalences in the non equivariant 
setting. 

In the third part we define a class of sheaves on G -schemes which we call 
solid sheaves. It contains all representable sheaves and quotients of representable 
sheaves by subsheaves corresponding to open subschemes. In particular the Thom 
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spaces of vector bundles are solid sheaves. The key property of solid sheaves can 
be expressed by saying that any right exact functor which takes open embeddings 
to monomorphisms is left exact on solid sheaves. A more precise statement is 
Theorem 6. 

In the fourth part we study two functors. One is the extension to pointed sheaves 
of the functor from G-schemes to schemes which takes X to X/G. The other one 
is extension to pointed sheaves of the functor which takes I to where IT is a 
finite flat G- scheme. We show that both functors take solid sheaves to solid sheaves 
and preserve local and A ^equivalences between termwise (ind-)solid sheaves. 

The material of all the parts of these notes but the first one was originally devel- 
oped with one particular goal in mind - to extend non-additive functors, such as 
the symmetric product, from schemes to the motivic homotopy category. More 
precisely, we were interested in functors given by 

T : X i-» (X w x E)/G 

where G is a finite flat group scheme, IT is a finite flat G -scheme and E any 
G -scheme of finite type. The equivariant motivic homotopy category was introduced 
to represent T as a composition 

X ^ X w ^ X w x E ^ (X w x E)/G 

and solid sheaves as a natural class of sheaves on which the derived functor L T 
coincides with T. 

In the present form these notes are the result of an interactive process which 
involved all listeners of the lectures. A very special role was played by Pierre 
Deligne. The text as it is now was completely written by him. He also cleared up a 
lot of messy parts and simplified the arguments in several important places. 

Princeton, NJ, 2001. 

Vladimir Voevodsky 


2 Motivic Cohomology and Motivic Homotopy Category 

We will recall first some of last year results (see [7]). 


2.1 Last Year 

1 . 1 We work over a field k which sometimes will have to be assumed to be perfect. 
The schemes over k we consider will usually be assumes separated and smooth of 
finite type over k. We note Sm/k their category. Three Grothendieck topologies on 
Sm/k will be useful: Zariski, Nisnevich and etale. For each of these topologies a 
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sheaf on ( Sm/k ) amounts to the data for X smooth over k of a sheaf Fx on the 
small site Xz a r (resp. X Nis , X et ) of the open subsets U of X (resp. of U — ► X 
etale), with Fx functorialin X\ a map / : X -> Y induces /* : f*Fy^Fx- 

1.2 The definition of the motivic cohomology groups of X smooth over k has the 
following form: 

(a) One defines for each q e Z a complex of presheaves of abelian groups Z (q) 
on Sm/k. It is in fact a complex of sheaves for the etale topology, hence a 
fortiori for the Nisnevich and Zariski topology. For any abelian group A the 
same applies to A(q) := A ® Z (q). 

(b) The motivic cohomology groups of X with coefficients in A are the hyperco- 
homology groups of the A{q ), in the Nisnevich topology: 


H pq (X, A) :=H p (X Nis ,A(q)) 


For A = Z we will write simply H pq {X). 

Motivic cohomology has the following properties: 

1. The complex Z (q) is zero for q < 0. For any q it lives in cohomological degree 
< q. As a complex of Nisnevich sheaves it is quasi-isomorphic to Z for q = 0 
andtoG m [— 1] forq = 1. 

2. H p ' p (Spec(k )) = Kf{k) for any p > 0. 

3. For any X in Sm/k one has 

H p ' q (X) = CH q {X,2q- p) 

where CH q (X,2q — p) is the (2 q — p )- th higher Chow group of cycles of 
codimension q. 

4. In the etale topology, for n prime to the characteristic of k, the complex 7/n(q ) 
is quasi-isomorphic to pf q , giving for the etale analog of H p ' q the formula 

H™(X,Z/n ) := W{X et ,Z/n{q)) = H?(X et , 


1.3 The category Sm Co r (k) is the category with objects separated schemes smooth 
of finite type over k , for which a morphism Z : X — >► Y is a cycle Z = ^ rii Z/ on 
Ixf each of whose irreducible components Z/ is finite over X and projects onto 
a connected component of X. A morphism Z can be thought of as a finitely valued 
map from X to Y. For x e X, with residue field k(x ), it defines a zero cycle Z(x) 
on Yk(x), and the assumption made on Z implies that the degree of this 0-cycle is 
locally constant on X. 

A morphism of schemes / : X Y defines a morphism in SmCor(k ): the 
graph of /. This graph construction defines a faithful functor from Sm/k to the 
additive category SmCor(k). 

A presheaf with transfers is a contravariant additive functor from the cate- 
gory SmCor(k ) to the category of abelian groups. The embedding of Sm/k in 
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SmCor(k) allows us to view a presheaf with transfers as a presheaf on Sm/k 
endowed with an extra structure. A sheaf with transfers (for a given topology on 
Sm/k , usually the Nisnevich topology) is a presheaf with transfers which, as a 
presheaf on Sm/k, is a sheaf. The Nisnevich and the etale topologies have the virtue 
that if F is a presheaf with transfers, the associated sheaf a (F) carries a structure of 
a sheaf with transfers. This structure is uniquely determined by F -> a(F ) being a 
morphism of presheaves with transfers. For any sheaf with transfers G, one has 

Hom(a(F), G ) -> Hom(F, G ) 

(Horn of presheaves with transfers). All of this fails for the Zariski topology. 

The complexes Z (q) (or A(q )) start life as complexes of sheaves with transfers. 

1.4 A presheaf F on Sm/k is called homotopy invariant if F(X) = F(X x A 1 ). As 
the point 0 of A 1 defines a section of the projection of X x A 1 to X, for any presheaf 
of abelian groups F, F(X) is naturally a direct factor of F(X x A 1 ); it follows that 
the condition “homotopy invariant” is stable by kernels, cokernels and extensions of 
presheaves. The following construction is a derived version of the left adjoint to the 
inclusion 

( homotopy invariant presheaves ) c ( all presheaves ) 

(a) For S a finite set, let A (S) be the affine space freely spanned (in the sense of 
barycentric calculus) by S. Over C, or R, A (S) contains the standard topo- 
logical simplex spanned by S. The schemes A m := A({0, . . . ,n}) form a 
cosimplicial scheme. 

(b) For F a presheaf, C.(F ) (the “singular complex of T 7 ”) is the simplicial 
presheaf C n {F) : X i-> F(X x A”). 

Arguments imitated from topology show that for F a presheaf of abelian groups, 
the cohomology presheaves of the complex C*(F), obtained from C.(F ) by taking 
alternating sum of the face maps, are homotopy invariant. If F has transfers so do 
the C n ( F ) and hence the H n C* ( F ). A basic theorem proved last year is: 

Theorem 1. Let F he a homotopy invariant presheaf with transfers over a per- 
fect field with the associated Nisnevich sheaf a^i S {F). Then the presheaves with 
transfers 

X^H\X Nis ,a Nis {F)) 
are homotopy invariant as well. 

The particular case of this theorem for i = 0 claims the homotopy invariance of 
the sheaf with transfers a^i S {F). 

Last year, the equivalence of a number of definitions of Z(q) was proven. Equiv- 
alence means: a construction of an isomorphism in a suitable derived category, 
implying an isomorphism for the corresponding motivic cohomology groups. For 
our present purpose the most convenient definition is as follows. 
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Let Z tr (X) be the sheaf with transfers represented by X (on the category 
SmCor(k)). We set 

_ j 0 for q < 0 

q ~ j Z tr (A q )/Z tr (A q - {0}) for q >0 


andZ (q) = C*(K q )[-q]. 


2.2 Motivic Homotopy Category 

The motivic homotopy category Ho a i ,(S) (pointed A 1 * -homotopy category of S), 
for S a finite dimensional noetherian scheme, will be the category deduced from a 
category of simplicial sheaves by two successive localizations. 1 

One starts with the category Sm/S of schemes smooth over S , with the Nis- 
nevich topology, and the category of pointed simplicial sheaves on Sm/S. For any 
site S (for instance (Sm/S)^i s ), there is a notion of local equivalence of (pointed) 
simplicial sheaves. It proceeds as follows: 

(a) A sheaf G defines a simplicial sheaf G* with all G n = G and all simplicial 
maps the identities. The functor G^G* has a left adjoint F i-> tto(F)'. 

Hom(F *, G*) = Hom(jto(F *), G) 

The sheaf tto(F *) can be described as the equalizer of F\ -* Fq, as well as the 
sheaf associated to the presheaf 

U ^ n 0 (\F*(U)\) 

The same holds in the pointed context. We will often write simply G for G* . 

(b) If F '* is a simplicial sheaf, and u a section of Fq over U, one also disposes of 
sheaves tt/ (T 7 * , u ) over U : the sheaves associated to the presheaves 

V/UM>jr(\F*(V)\,u). 

(c) A morphism F* G* is a local equivalence, if it induces an isomorphism 
on tto as well as, for any local section u of F () , an isomorphism on all tt/ . This 
applies also to pointed simplicial sheaves: one just forgets the marked point. 

One defines Ho .(Sm/S) as the category derived from the category of pointed sim- 
plicial sheaves on ( Sm/S)Nis by formally inverting local equivalences. Until made 
more concrete, this definition could lead to set- theoretic difficulties, which we leave 
the reader to solve in its preferred way. 


1 In the Appendix we have assembled the properties of “localization” to be used in this talk and in 

the next. 
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For G a pointed sheaf on Sm/S , Proposition 7 applies to G* and to the localiza- 
tion by local equivalences: one has 


HoniHo*(F *, G*) = Hom(F *, G*) = Hom(no(F *), G) (0.1) 

Definition 1. An object A of Ho. (Sm/S ) is called AMocal if for any simplicial 
sheaf F, one has 


HoniHo.(Y, A) FloniHo.iY x A 1 / *xA*,A) 

At the right hand side, / * xA 1 means that in the product, * x A 1 is contracted to a 
point, the new base point. 

Proposition 1. For G a pointed sheaf on Sm/S, the simplicial sheaf G* is A 1 -local 
if and only if G is homotopy invariant. 

Proof We have tto(F x A 1 ) = tto(F) x A 1 , so that by (0.1) “AMocal” means that 
for any pointed sheaf F, one has 

Hom(Y , G) = Hom(Y x A 1 / * xA 1 , G) 

A morphism F -> G can be viewed as the data, for each y e F(G), of f{y) e 
G(U), functorial in G and marked point going to marked point. A morphism g : 
F xA 1 -> G can similarly be described as data for y e Y(U ) ofg(y) e G(G xA 1 ). 
Homotopy invariance hence implies A^ 1 -locality. The converse is checked by taking 
for F the disjoint sum of a representable sheaf and the base point. □ 

Definition 2. (1) A morphism / : Y\ F 2 in Ho.(Sm/S ) is an A ^equivalence if 
for any A 1 -local A, one has in Ho .(Sm/S) 

Hom(Y 2 , A) Hom(Y u A) 

(2) The category //o A i # (Sm/S) is deduced from Ho. (Sm/S) by formally inverting 
A 1 -equivalences. 

Remark 1. If a morphism in Ho. (Sm/S) becomes an isomorphism in Ho m A 1 
(Sm/S) it is an A 1 -equivalence. Indeed, if A in Ho. (Sm/S) is AMocal, an appli- 
cation of Proposition 7 shows that for any F, 


Hom Ho .(Y , A) -> Hom HOmX i A) 

is bijective. If / : Y\ — »► F 2 in Ho. (Sm/S) has an image in //o. A i (Sm/S) which 
is an isomorphism, it follows that for any A 1 -local A, one has 


HomHo.(Y2, A) ->► HomHo.(Y\, A). 


Such an / is an A 1 -equivalence. 
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Example 1. Arguments similar to those given before show that if G is a homotopy 
invariant pointed sheaf, then for any simplicial pointed sheaf T 7 * , one has 

Hom H o Al0 (Sm/S)(F* 7 G) = Hom(F*,G) = Ftom(jTo(F*), G) 

in particular, if U is smooth over S and if £/+ is the disjoint union of U and of a 
base point, 

Ho mH o Al .(U+,G) = °(U) 


2.3 Derived Categories Vs. Homotopy Categories 


For any topos T , which for us will be the category of sheaves on some site S , 
the pointed homotopy category Ho.(S) as well as the derived category D(S ) are 
obtained by localization. For the derived category, one starts with the category of 
complexes of abelian sheaves. The subcategory of complexes living in homological 
degree > 0 is naturally equivalent, by the Dold Puppe construction, to the category 
of simplicial sheaves of abelian groups. The equivalence is 

N : (, simplicial F '*) m- complex(^\ker(di), 3q) 

i ^0 

We will write K for the inverse equivalence. For S a point, and tt an abelian group, 
\K(7t[n])\ is indeed the Eilenberg-Maclane space K(jr,n). For a complex C not 
assumed to live in homological degree > 0, we define 

K(C) := K(x>qC) 


where r> n C is the subcomplex in C of the form 


«w + l 


• • • c„+ 2 C n+ 1 ker(d n ) 0 


Note that C i-^ r>o C is right adjoint to the inclusion functor 

(complexes in homological degree > 0) (all complexes) 

so that (A, K) form a pair of adjoint functors: 

(simplicial abelian sheaves) ^2: (complexes of sheaves) 

Theorem 2. Assume that S = Spec(k) with k perfect. Then, for F a presheaf with 
transfers, and U+ as above, and p > 0 


Hom H o x i 9 (U+, K (F[p])) = H p (U NiS9 C*(F)) 
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In this theorem K(F[p]) is the simplicial sheaf of abelian groups whose normalized 
chain complex is F in homological degree p. 

To prove the theorem we establish the chain of equalities, 

n p (Ums,C*(F)) =Hom H o.(U+,K(C*(F)[p])) = 

( 1 . 1 ) 

= Hom HOmAl (£/+, K(C*(F)[p])) = Hom Ho ^ {U + , K(F[p ])), 

the first equality is proved right before Proposition 4, the second right after Propo- 
sition 5 and the last one follows from Lemma 1 . 

Let forget be the forgetting functor from abelian sheaves to sheaves of sets. Its 
left adjoint is F i-> Z[F]: the sheaf associated to the presheaf 

U i-> (abelian group freely generated by F(U)) 

In the pointed context , the adjoint is 

(F, *) m-Z (F) :Z(F)/Z(*) 

We have the same adjunction for (pointed) simplicial objects. 

Proposition 2. On a site with enough points ( and presumably always), one has 

(1) The functor F* m- AZ(F*) from pointed simplicial sheaves to complexes of 
abelian groups transforms local equivalences into quasi-isomorphisms 

(2) The right adjoint C m- / or get (K(C)) transforms quasi-isomorphisms to local 
equivalences. 

The assumption “enough points” applies to Sm/k with the Nisnevich topology: for 
any U in Sm/k and any point x of U, F \-> F(Spec((D } {j x )) is a point, and they 
form a conservative system. 

Proof. Local equivalence (resp. quasi-isomorphism) can be checked point by point, 
and the two functors considered commute with passage to the fiber at a point. This 
reduces our proposition to the case when S is just a point, i.e. to usual homotopy 
theory. In that case, (1) boils down to the fact that a weak equivalence induces an 
isomorphism on reduced homology, a theorem of Whitehead, and (1.1) reduces to 
the fact: for a complex C, tt/ ( K(C )), computed using any base point, is /// (C). The 
7ij ( K(C )) are easy to compute because K(C ) has the Kan property. □ 

Applying Proposition 8, we deduce from Proposition 2 the following. 

Proposition 3. Under the same assumptions as in Proposition 2, for F* a pointed 
simplicial sheaf and C a complex of abelian sheaves, one has 


Hom H0m (F* , K(C)) = Hom D (NZ(F *), C) 


(3.1) 
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Let F be a sheaf and F+ be deduced from F by adjunction of a base point. We also 
write F and F+ for the corresponding “constant” simplicial sheaf. One has 

NZ(F+) = NZ(F) = (Z(F) in degree zero) 

For the pointed simplicial sheaf F+, the group Horn d (Z(F), C ) which now occurs 
at the right-hand side of (3.1) can be interpreted as hypercohomology of C “over F 
viewed as a space”, i.e. in the topos of sheaves over F. For F defined by an object 
U of the site S , this is the same as hypercohomology of the site S/U. As we do 
not want to assume C bounded below (in cohomological numbering), checking this 
requires a little care. 

For a complex of sheaves K over a site S , not necessarily bounded below, 
H °(iS, K ) can be defined as the Horn group in the derived category Homoi Z, K). 
For F in a topos T and the topos T/F \ “F viewed as a space”, besides the morphism 

of toposes ( T/F ) —> T , i.e. the adjoint pair (./*, ./*), we have for abelian sheaves 
an adjoint pair (j\, j *), with j\ and /* both exact. By Proposition 8, (j\,j*) induce 
an adjoint pair for the corresponding derived categories. As j iZ = Z[F], we get 

Hom D (Z(F),C ) = H°(7y F, j*{C)) (3.2) 

hence 

Hom H o.(F+ , K(C)) = H °(T/F,j*(C)) (3.3) 

Let us consider the particular case of Sm/fc with the Nisnevich topology. For any 
complex of sheaves, (3.3) gives for U smooth over k 

Hom Ho .{U+, K{C )) = H °(U big - Nis , C ) (3.4) 

Here, U^ig-Nis is the site ( Sm/S)/U with the Nisnevich topology. It has however 
the same hypercohomology as the small Nisnevich site Um s . Indeed, one has a 
morphism € : Ubi g ,Nis U^is and the functors 6* and 6* are exact. One again 
applies Proposition 8. If we apply (3.4) to a translate (shift) of C, we get 

Hom H o.(U+,K(C[p])) = H p (U Nis ,C) (3.5) 

Applying (3.5) to C*(F) we get the first equality in (1.1). 

Proposition 4. Let C be a complex of abelian sheaves on Sm/k. The following 
conditions are equivalent: 

1. K(C) is A} -local. 

2. For i < 0, the functor U EF (f/, C) is homotopy invariant. 

3. For any complex L in cohomological degree < 0, one has in the derived category 


Hom(L (8) C) — ► Hom(L , C). 


364 


P. Deligne 


Proof. By Proposition 3, condition (1) can be rewritten: for any pointed simplicial 
sheaf T 7 *. 


HoniD(NZ(F '*), C) = Homi)(NZ(F '* x A 1 / * xA 1 )) 

The operation F* i-> T 7 * x A 1 / * xA 1 is better written as a smash product T 7 * A A+ 
with A+. For pointed sets E and F , Z(E A F) = Z(Zi) 0 Z{F). It follows that 

Z(F* x A 1 / * xA 1 ) = Z(F* A A+) = Z(F*) ® Z(A^) = Z(F,) <g> Z(A r ) 

(isomorphisms of simplicial sheaves), hence 

NZ(F* x A 1 / * xA 1 ) = NZ(F*) 0 Z(A*) 

It follows that (1) is the particular case of (3) for L of the form Z(F *). Similarly, (2) 
is the particular case of (3) for L of the form Z(U)[i], with / > 0. 

The suspension £* F* of a simplicial pointed sheaf F* is its smash product with 
the simplicial sphere S l (the / -simplex modulo its boundary). It follows that 

Z (£*>*) =Z(F*)®Z(S i ) 

(isomorphism of simplicial sheaves), and by Eilenberg-Zilber, the normalized com- 
plex NZfE 1 F*) is homotopic to the tensor product of the normalized complexes of 
Z(F *) and Z(S l ). The latter is simply Z [/]: 

iVZ(ST,) ^Z(F*)p] 

This is just a high-brown way of telling that the reduced homology of a suspension 
is just a shift of the reduced homology of the space one started with. 

Applying this to F* = t/+, one obtains that (1)=^(3). Indeed, Z (£*[/+) is 
homotopic to Z(t/+)[/] = Z(U)[i]. 

We now prove that (2)=^(1). For L a complex, let (*) be the statement that the 
conclusion of (3) holds for all L[i], i > 0. The assumption (2) is that (*) holds 
for L reduced to Z(U) in degree 0, and we will conclude that it holds for all L in 
cohomological degree < 0 by “devissage”: 

(a) The case of a sum of Z (U), in degree zero, follows from Corollary 10. 

(b) Suppose that L is bounded, is in cohomological degree < 0 and that (*) holds 
for all L n . 


The functors 


ti \L Hom n (L, C) 
h" : Lh> Hom n (L ® Z(A [ ), C) 


(3.6) 
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are contravariant cohomological functors, hence give rise to convergent spectral 
sequences 


E[ q = h q (L~ p ) ^h p+q (L). 

One has a morphism of spectral sequences 

E( fork') -> E(fovh /f ) 

which is an isomorphism for q < 0, and both E pq vanish for p < 0 or p large. It 
follows that h' n (L) -> h" n \L) for n < 0, i.e. that L satisfies (*). 

The same argument can be expressed as an induction on the number of i such that 
L l 7^ 0. If n is the largest (with n < 0), the induction assumption applies to a <n L , 
even to (o <n L)[— 1], and one concludes by the long exact sequence defined by 

0^L n [-n\^L^o <n L^0 

(c) Expressing L as the inductive limit of the a-~ n L and using Proposition 11, one 
sees that we need not assume that L is bounded. 

(d) If L' -> L" is a quasi-isomorphism, L' ® Z(A l ) -> L" (g) Z(A*) is one too 
(flatness of Z(A 1 )), and (*) holds for L' if and only if it holds for L " . 

(e) Any abelian sheaf L is a quotient of a direct sum of sheaves Z (£/). For instance, 

the sum over (£/, s), s e T(U , L), of Z (U) mapping to L by s. It follows that 
L admits a resolution L* by such sheaves. By (a) and (c), L* satisfies (*). 
It follows from (d) that L satisfies (*) and then by (c) that any complex in 
degree < 0 satisfies (*). □ 


2.4 Application to Presheaves with Transfers 

Let F be a presheaf with transfers. A formal argument [7] shows that the presheaves 
with transfers H l C*(F ) are homotopy invariant. By the basic result (Theorem 1) 
recalled in the first lecture, it follows that for any U, one has 

n*(U,C*(F)) = H*(C/ x A\C*(F)) (4.1) 

Indeed, as U and U x A 1 are of finite cohomological dimension, both sides are 
abutment of a convergent spectral sequence 

E f = H p (U,H q C*(F )) => H p+q (U,C*(F)) 

and the same for U x A 1 . By Theorem 1 applied to H q C*(F), 

H P (X, H q C*(F)) := H P (X, aH q C*(F)) 
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is the same for X = U or for X = U x A 1 . Applying (3.5), we conclude from 
Proposition 4((2)=^(1)) that 

Propositions. Fork perfect, if F is a presheaf with transfers, for all p, K(C*(F) 
[p]) is A 1 -local. 

Combining Proposition 5 with Proposition 7 we get the second equality in (1.1). 


2.5 End of the Proof of Theorem 2 


For any pointed simplicial sheaf G., C.(G.) is a pointed bisimplicial sheaf of which 
one can take the diagonal A C.(G 0 ). For any pointed sheaf G, one has a natural map 
G -> C.(G), and for a pointed simplicial sheaf G., those maps for the G n induce 

a \ G m — ► AC.(G.) 

Proposition 6. The morphism a : G. -> A C.(G.) is an A 1 -equivalence. 

Proof. We deduce Proposition 6 from Proposition 20. 

The two maps 0, 1 : F. -> F. A A+ are equalized by F • A A+ -> F m , hence 
become equal in the A ^homotopy category. If two maps of pointed simplicial 
sheaves F • -> G. factor as F m -+ F. A A^ — > G., they also become equal. By 
the adjunction of aA^ and of C i(— ) = Hom (A l + , — ), such a factorization can be 
rewritten as 


F m -► CKG.) -> G. 

Particular case: the maps Ci(G.) -> G., become equal in the homotopy category. 
Evaluated on X, these maps are the restriction maps 0* , 1 * : G.(Xx A 1 ) -* G.(X). 

The affine space A n is homotopic to a point in the sense that H : A 1 x A n -> 
A n : (t,x) tx interpolates between the identity map (for t = 1) and the constant 
map 0 (for t = 0). The map H induces 

G.(S x A”) -+G.(S x A n x A 1 ) 

and, composing with 0, 1 in A 1 , we obtain that 

G.(S x A n ) ^ G.(S x A n ) 

the identity map, and the map induced by 0 : A n -> A”, are equal in the 
A^ 1 -homotopy category. The map of simplicial sheaves G. -> C n G • is hence an 
A 1 -equivalence. It has as inverse in the A 1 -homotopy category the map induced by 
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0 : Spec(k) -* A n and one applies Remark 1. We now apply Proposition 20 to the 
bisimplicial sheaves 


G pq := G p 

H pq := C q G p : 5 ^ G P (S x A^) 

and to the natural map G pq -> H pq . For fixed q , this is just G(S ) -> G(S x A^), 
and Proposition 20 gives Proposition 6. □ 

To prove the last equality in (1.1), it suffices to show that: 

Lemma 1. For any abelian sheaf F, F[p ] -> C*(F)[p] induces an A 1 -equiva- 
lence from K(F[p]) to K(C*(F) [p]). 

Proof For G a monoid (with unit), the pointed simplicial set B.G is given by 

functors from the ordered set (0, . . . , n) viewed as a category 
to G viewed as a category with one object 

This construction can be sheafified, and can be applied termwise to a simplicial 
sheaf of monoids, leading to a pointed bisimplicial sheaf of which one can take the 
diagonal 



BG. := A B.(G.) 

This construction commutes with the construction G. -> AC.(G.). Indeed, B n G p 
is naturally isomorphic to G”, the operation C m commutes with products, and 
B(AC.(G .)) and A C.(BG.) are both diagonals of the trisimplicial pointed sheaf 
C m B m G m . 

For abelian simplicial sheaves, the operation B gives again abelian simplicial 
sheaves, hence can be iterated, and AC. commutes with B n . 

Via Dold-Puppe construction, B corresponds, up to homotopy, to the shift [1] of 
complexes: 

NBG. ^ (AG.)[1]. 

This can be viewed as an application of the Eilenberg-Zilber Theorem (see 
[9, Theorem 8.5.1]): one has 


NBG . = BG* = TotB*G * (Eilenberg-Zilber), 

and for each G q , the normalization of B.G q is just G^[l], so that the double 
complexes B*G * and H pq := G q for p = 1, 0 otherwise, have homotopic Tot. 

If G. is an abelian simplicial sheaf, applying Proposition 6 to B p G., we obtain 
that 


B p G. -> A C.B p G. = B p AC.G { 


( 6 . 1 ) 
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is an A 1 -equivalence. The functor K transforms chain homotopy equivalences into 
simplicial equivalences. For any simplicial abelian group L • (to be G • or AC.G.), 
we hence have a simplicial homotopy equivalence 

B P L. = KNB P L. ^ ^((AL.)[^]) 

Simplicial homotopy equivalences being A 1 -equivalences, we conclude that (6.1) 
induces an A ^equivalence 

K((NG.)[p]) -> K(N(AC.G.)[p]) 


□ 


2.6 Appendix: Localization 

Let C be a category and S be a set of morphisms of C. The localized category 
C[S -1 ] is deduced from C by “formally inverting all s e S ”. With this definition, 
it is clear that one has a natural functor loc : C -> C[S -1 ], bijective on the set of 
objects, and that for any category D , 

F i-> F o loc : Hom(C[S~ l ], D ) -> Hom(C , D ) 

is a bijection from Hom(C [S -1 ] , D) to the set of functors from C to D transforming 
morphisms in S into isomorphisms. 

If one remembers that the categories form a 2-category, and if one agree with the 
principle that one should not try to define a category more precisely than up to equiv- 
alence (unique up to unique isomorphism), the universal property of C[S -1 ] given 
above is doubly unsatisfactory. The easily checked and useful universal property is 
the following: F i-> F o loc is an equivalence from the category Hom(C [S' -1 ], D) 
to the full subcategory of Hom(C , D ) consisting of the functors F which map S to 
isomorphisms. 

Proposition 7. IfY in C is such that the functor 

h Y : C op -+ Sets : X m- Hom c {X , Y) 
transforms maps in S into bijections, then 

HomcfX , Y) ^ Hom c[s - q(Z, Y) 

Proof By Yoneda construction Y /zy, C embeds into the category C A of con- 
travariant functors from C to Sets , while C[S -1 ] embeds into C[S -1 ] A , identified 
by (a) with the full subcategory of C A consisting of F transforming S into bijec- 
tions. For Y in C, with image Y in C[S -1 ], and for any F in C(S -1 ) A C C A , one 
has in C A 
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HomQiy , F) = HomQif , F). 

Indeed, by (a) and Yoneda lemma for C and C[S -1 ] both sides are F(Y). This 
means that hf is the solution of the universal problem of mapping hy into an object 
of C[S -1 ] A C C A . In particular, for Y as in (b), i.e. in C[S~ l ] A , hf coincides with 
hy, as claimed by (b). □ 

Proposition 8. Let (L, R) be a pair of adjoint functors between categories C and 
D. Let S and T be sets of morphisms in C and D. Assume that F maps S to T and 
that G maps T to S. Then the functors L, R between C[S -1 ] and D[T~ l ] induced 
by L and R again form an adjoint pair. 

Proof The functors L and R induced by F and G are characterized by commutative 
diagrams 


C 


D 


D 


C 


CIS" 1 ] 


-> d[t~ 1 ] 


d[t~ 1 ] 


cis- 1 ] 


Adjunction can be expressed by the data of € : Id -> RL and rj : LR -> Id such 
that the compositions 

R -> RLR -> R 


LRL 


are the identity automorphisms of R and L respectively (see, e.g. [6]). 

By the universal property of localization, € induces a morphism € -> RL, 
indeed, to define such a morphism amounts to defining a morphism loc -> RLloc, 
and RLloc = locRL. Similarly, rj induces rj : LR — > Id. The morphism 
L -> LRL L is induced by L ^ LRL -> L, similarly for R -> RLR -> R, 
and the proposition follows. □ 


Proposition 9. Suppose that: 

1. The localization C [S -1 ] gives rise to a right calculus of fractions. 

2. Coproducts exist in C, and S is stable by coproducts. 

Then, a coproduct in C is also a coproduct in C[S~ 1 ]. 

For the definition of “gives rise to a right calculus of fractions” see [10] . It implies 
that for Y in C, the category of s : X' X with s in S is filtering, and that 


Hom C { S - i](Y, Y) = colim s: x'^xHomc(X f , Y) 
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Proof. For X in C, let (S/X) be the filtering category of morphisms X' -> X in S. 
For X the coproduct of X a , a e A, one has a functor “coproduct”: 

new) -► c s/x ) 

It is cofinal: for s : X' -y X in S, one can construct a diagram 

K ► x* 

I I 

X' ► X 

with s a : X’ a -> X in S, and ]J s a dominates s. For any Y, it follows that 


Hom c[ s-i](X, Y) = colirn(s / x)Homc (X' , Y) = 


= colim U( s/x a )Hom(\ \x’ a , Y ) = colim U(S f x a) \\Hom{X' a , Y) = 

= ]~ [ colims / x a Hom(X' a , ! ) = ]“[ Hom c[s - i](Z a , Y), 

meaning that X is also the coproduct of the X a in C [S' -1 ]. □ 

Corollary 10. Suppose that in the abelian category A arbitrary direct sums exist 
and are exact. Then, arbitrary direct sums exist in the derived category D(A), and 
the localization functor 


C(A) -► D(A) 


commutes with direct sums. 


Proof. The functor C(A) -> D(A) factors through the category K{A) of com- 
plexes and maps up to homotopy. Direct sums in C(A) are also direct sums in K(A). 
Indeed, 

HomK(A)(®K a , L) = H°Hom*(®K a , L) = 

= H°Y[Hom*(K a ,L) = ]"~[ H {) Hotn(K a , L), 

as Y\ is exact for abelian groups. Exactness of 0 in A ensures that a direct sum 
of quasi-isomorphisms is again a quasi-isomorphism, and Proposition 9 applies to 
K(A ) and the set S of quasi-isomorphisms, proving the corollary. □ 

If Aj,i > 0 is an inductive system of objects of A, the colimit of A/ is the cokernel 
®Ai — ^ ®Ai -> colimAi -> 0 
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of the difference of the identity map and of the sum of the d/ -> d/+i. If taking 
the inductive limit of a sequence is an exact functor, the map d is injective: it is the 
colimit of the 


0 n A . a . 

1=0^1 ^ ^1=0^1 

each of which is injective, as its graded for the filtration by the 0/^d/ is the identity 
inclusion. 

Under the assumptions of Corollary 10 if a complex K is the colimit of an 
inductive sequence Kqp and if the sequence 

0 ®K {i) 4 ®K (i) — ^ AT — > 0 (10.1) 

is exact, then for any L, the long exact sequence of cohomology reads 

Hom(K, L) Y\Hom(K iih L) 4 ]~[ Hom(K {i] , L ) -* 

The kernel of d is simply the projective limit of the Hom(Kq ), L). The cokernel is 
lim 1 2 . One concludes. 

Proposition 11. Suppose that in A countable direct sums exist and are exact. If the 
complex K is the colimit of the K (/), and if the sequence (10.1) is exact, for instance 
if either: 

1. In A inductive limits of sequences are exact. 

2. In each degree n, each K 1 ^ K" i+l y is the inclusion of a direct factor, 
then, one has a short exact sequence 

0 lim l Hom(Kq ), L[— 1]) -> Hom(K , L ) -> limHom(Kq ), L) 0 

Proof. It remains to check that condition (2) implies the exactness of (10.1). This is 
to be seen degree by degree. By assumption, the d/ := K", have decompositions 
compatible with the transition maps d/ = (& l j =0 Bi . A corresponding decomposi- 
tion of (10.1) in direct sum follows, and we are reduced to check exactness of the 
particular case (10.1)(^, n ) of (10.1) when Bi = 0 for i n, i.e. when d/ is a fixed 
d from i > n, and is 0 otherwise. Let (10.1)o be the sequence (10.1)z,« in Ab for 
d = Z. It is a split exact sequence of free abelian groups. Because direct sums exist, 
L (8) d, for L a free abelian group is defined and functorial in L. It is a sum of copies 
of d, indexed by a basis of L, and is characterized by 

Hom(L <g) A, B) = Hom(L , Hom(A , B)) 


(functorial in B). The sequence (10.1)^, z is (10.1)o (8) d and, (10.1)o being split 
exact, it splits and in particular is exact. □ 
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The truncation or< n K = <j-~ n K of a complex K is the subcomplex which coin- 
cides with K in homological degree < n and is 0 in homological degree > n. For 
any complex K , one has 

K = colima < n K 

and this colimit satisfies condition (2) of Proposition 1 1 . It follows that 

Corollary 12. Under the assumptions of Corollary 10, for any K and L, one has a 
short exact sequence 

0 -> lim l Hom(a< n K , L[— 1]) -> Hom(K , L) -> limHom(a< n K , L) -> 0 


3 A 1 -Equivalences of Simplicial Sheaves on G -Schemes 
3.1 Sheaves on a Site of G -Schemes 

We fix a base scheme S , supposed to be separated noetherian and of finite dimen- 
sion; fiber product X x s Y will be written simply as X x Y . We also fix a group 
scheme G over S , supposed to be finite and flat. We note hx the representable sheaf 
defined by X. 

Let QP/G be the category of schemes quasi-projective over S , given with an 
action of G. Any X in QP/G admits an open covering {U/) by affine open sub- 
schemes which are G -stable. This makes it possible to define a reasonable quotient 
X/G in the category of schemes over S (rather than in the larger category of 
algebraic spaces). For each £//, UfG is defined as the spectrum of the equalizer 


0(Ui) X 0(Ui x G), 


and X/G is obtained by gluing the UfG . It is a categorical quotient, i.e. the coequal- 
izer of G x X X X. The map X -> X/G is finite, open, and the topological space 
| X/G | is the coequalizer of the map of topological spaces | G x X \ \ X \ . One can 
show that X/G is again quasi-projective. Remark 2 below shows that this fact, while 
convenient for the exposition, is irrelevant. 

One defines on QP/G a pretopology [3, II. 1.3] by taking as coverings the family 
of etale maps Y\ -> X with the following property: X admits a filtration by closed 
equivariant subschemes 0 = X n C • • • C X\ C Xo = X such that for each /, some 
map Y] -> X has a section over Xj — Xj+\. The Nisnevich topology on QP/G is 
the topology generated by this pretopology. The category QP/G with the Nisnevich 
topology is the Nisnevich site ( QP/G)xis • 

Remark 1. The corresponding topos is not the classifying topos of [2, IV.2.5]. A 
morphism X Y can become a Nisnevich covering after forgetting the action of 
G, and not be a Nisnevich covering. Example: S = Specfk ), G = Z/2, X = S, 
Y = S ]J S and G permutes two copies of S in Y. 
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Remark 2. Let (affine/ G) X i S be the site defined as above, with “quasi-projective” 
replaced by “affine”. It is equivalent to ( QP/G) X i S , in the sense that restriction to 
(affine/ G) X is is an equivalence from the category of sheaves on (QP/G) X i S to the 
category of sheaves on (affine/ G) X i S - 

Remark 3. If G is the trivial group e , the definition given above recovers the usual 
Nisnevich topology. For G = c, the condition usually considered: “every point 
x of X is the image of a point with the same residue field of some Y/\ is indeed 
equivalent to the condition imposed above. This is checked by noetherian induction: 
if a generic point £ of X can be lifted to Y, , some open neighborhood U C X of £ 
can be lifted to F/, and one applies the induction hypothesis to X\ = (X — U) re d. 

We write (QP)nis for the category of quasi-projective schemes over S , with the 
Nisnevich topology. 

Lemma 2. IfU'.Yi^X (i e I) is a covering of X in (QP/G) X i S , there is a 
covering V ofX/G in (QP)nis whose pull-back to X is finer than U. 

Proof. Fix a filtration 0 = X n C • • • C X$ = X as in the definition of the Nisnevich 
topology. We write q for the quotient map X -> X/G. For x in X/G, (q~ l (x)) re d 
is in some Xj — Xj+\, by equivariance of the X j, and one of the maps Y, — ► X 
has an equivariant section s over Xj — Xj+ \. Let (X/G) 1 /. be the henselization of 
X/G at x. The map q being finite, the pull-back of (X/G) 1 / to X is the coproduct of 
the Xy for q(y) = x. The map from Y[ to X being etale, the section s, restricted 
to (q~ l (y))rech extends uniquely to a section (automatically equivariant) of Y[ over 
Uq(y)= x X y • Writing (X/G) 1 / as the limit of etale neighborhoods of x, one finds 
that x has an etale neighborhood V (x) such that Y t has an equivariant section over 
X x X /g V(x). The V(x) form the required covering V. □ 

We define the G -local henselian schemes to be the schemes Y obtained in the 
following way. For X in ( QP/G ), y a point of X/G , and (X/G)/ the henselization 
of X/G at y, take the fiber product Y := X x X /g (X/G) 1 /. As X is finite over X/G , 
this fiber product is a finite disjoint union of local henselian schemes, and G -local 
henselian schemes are simply the G -equivariant finite disjoint unions of Y of local 
henselian schemes, for which Y/G is local. 

Proposition 13. If Y is G -local henselian, the functor X Hom(Y,X) is a 
point of the site (QP/G) X i S , i.e. it defines a morphism of the punctual site (Sets) 
to (QP/G) X i S . IfY = X x X / G (X/G)/, the corresponding fiber functor is F 
colimF(X x X /q V), the colimit being taken over the etale neighborhoods of y in 
X/G. The collection of fiber functors so obtained is conservative. 

Proof. The functor X Hom(Y , X) commutes with finite limits. It follows from 
Lemma 2 that it transforms coverings into surjective families of maps, hence is a 
morphism of sites (Sets) (QP/G) X i S . 
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To check that the resulting set of fiber functors is conservative, it suffices to check 
that a family of etale f : Ui -> X is a covering if for any G -local henselian Y, 

J Hom(Y, Ui) Hom(Y, X ) 

is onto. The proof, parallel to that of Lemma 2 is left to the reader. □ 


3.2 The Brown-Gersten Closed Model Structure on Simplicial 
Sheaves on G -Schemes 


We recall that a commutative square of simplicial sets (or pointed simplicial sets) 

K > L 

i i 

M ► N 

is homotopy cartesian (or a homotopy pull-back square) if, when L is replaced by 

V weakly equivalent to it and mapping to N by (Kan) fibration: L — V -> N, the 
map from K to V x N M is a weak equivalence. 

Definition 3. A simplicial presheaf F • on ( QP/G)^i S is flasque if F(0) is con- 
tractible and if for any (upper) distinguished square: 

B ► Y 

l i' 

A — X 

(p - etale, j open embedding, B = p~ l (A) and Y — B ^ X — A), the square 


F(X) - 

>► F(Y) 

1 



F(A) - 

F(B) 


is homotopy cartesian. 

Theorem 3. Let f : F m — >► Fj be a morphism of flasque simplicial presheaves. 
If the induced morphism of simplicial sheaves aF* -*■ aF' m is a local equivalence, 
then, for any U in QP/G, F m (U) -> F.(U) is a weak equivalence. 
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Proof. For a G-scheme X let X^is be the small Nisnevich site of X and for a 
presheaf F on ( QP/G ) let F\ x be the restriction of F to X X is- Our assumption that 
aF. -> aF' m is a local equivalence implies that aF m \u -> aF' m ^ is a local equiva- 
lence. The map U -> U/G defines a morphism of sites p : U X is ( U/G) X i S and 
Lemma 2 implies that the direct image functor p* commutes with the associated 
sheaf functor and takes local equivalences to local equivalences. Therefore the mor- 
phism ap*{F m \u) ap*(F' m ^ is a local equivalence. The presheaves p*(F m \ v ) 
and p*(F* ^ are flasque on ( U/G) X is and by [8, Lemma 3.1.18] we conclude that 

F.(U) = p4F.,\u)(U/G ) -* p4F:, 1v )(U/G) = Fi(U) 
is a weak equivalence. □ 

In [1], Brown and Gersten define a simplicial closed model structure on the cat- 
egory of pointed simplicial sheaves on a Noetherian topological space of finite 
dimension. As in Jardine [11], the equivalences are the local equivalences . The 
homotopy category is hence the same as Joyal’s, but the model structure is different: 
less cofibrations, more fibrations. 

The arguments of [1] work as well in the Nisnevich topology, for the big as well 
as for the small Nisnevich site, or for ( QP/G) X is , once Theorem 3 is available. 

We review the basic definitions, working in ( QP/G) X i S . Let A n,k be the sub- 
simplicial set of 8A n , union of all faces but the k- th face. For n = 0, A 0,0 = 0. One 
takes as generating trivial cofibrations the maps of the form (/): 

(Ja) (A' a X h x )+ -* (A" X h x )+ 

( Jf) for U X an open embedding, 

(A n xh v Jj A n - k xh x )+^(A n xh x )+ 

A n ’ k x.hu 


One then defines the fibrations to be the morphisms p having the right lifting 
property with respect to generating trivial cofibrations (see, e.g. [5]), the (weak) 
equivalences to be the local equivalences, the trivial fibrations to be fibrations which 
are also (weak) equivalences, and the cofibrations to be the morphisms having the 
left lifting property with respect to trivial fibrations. 

Following [1] and using Theorem 3, one proves that the trivial fibrations can be 
equivalently described as morphisms having the right lifting property with respect 
to the following class of morphisms (/): 

(la) (8A n X hx)+ C (A n X hx)+ 

(lb) for U -> X open embedding, 

(A n xh v ]J 9A" x h x )+ (A” x h x )+ 

9 A n *hu 


The maps of the form (I) are called generating cofibrations. 
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For X and Y pointed simplicial sheaves, one defines a pointed simplicial set 
S(X, Y ) by 


S(X, Y) n = Hom(X A (A")+, Y) 

Following [1], one sees that the classes of cofibrations, (weak) equivalences, fibra- 
tions, and S are a simplicial closed model structure in the sense of []. This has the 
following consequences. 

Corollary 14. If X is cofibrant and Y fibrant,for any pointed simplicial set K, one 
has in the relevant homotopy categories 

Hom H o (X a K, Y) = Horn Ho (K, S(X, Y)) 

In particular, taking k = (A°)+ one gets 

Horn Ho (X, Y) = 7t 0 S(X, Y) 


Corollary 15. If X — ► Y is a cofibration and Z a cofibrant object, then IaZ^ 
Y A Z is a cofibration. 

Corollary 16. If X is cofibrant and Y isfibrant, then for any Z 

HomuniZ , Hom (X, Y)) = HomH 0 (Z A X, Y) (16-1) 

In (16.1), Hom (X , Y) is the pointed simplicial sheaf with components the sheaves 
of homomorphisms from X A (A")+ to Y . 

We now apply this framework to prove the following criterion for 1 -locality. 

Proposition 17. Let F be a pointed simplicial sheaf on ( QP/G ). If, as a simplicial 
presheaf , F isflasque, then F is A 1 -local if and only if, for any U in (QP/G), 

F(U) -> F(U x A 1 ) 


is a weak equivalence. 

We recall that A 1 -local means that for any Y one has the following in the homotopy 
category 


Hom Ho (Y F) = Hom Ho (Y A (A a i)+, F) (17.1) 


Lemma 3. A fibrant pointed simplicial sheaf is flasque. 

Proof. The right lifting property of F * relative the morphisms (Jb) means that 
for U C X an open embedding, the morphism F(X) F(U) is a Kan fibration. 
As F is a sheaf, an upper distinguished square 
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B 

i 

A 

gives rise to a Cartesian square 

F(X) 

F(A) 


■> Y 

I 

* X 

-> F(Y) 

I 

■* F(B) 


As F(Y) -> F(B ) is a Kan fibration, this square is also homotopy Cartesian. □ 


Lemma 4. Proposition 17 holds of the assumption “F is flasque” is replaced by 
the assumption “F is fibrant”. 

Proof “Only if” ( l a ) for n = 0 says that for any U, (hu)+ is cofibrant. By 
Corollary 14, for any pointed simplicial set K , one has 

HomH 0 ((hu)+ A K, F) = Homno(K , S((hu)+, F)) 

and 5'((At/)+, F ) is just F(U). If in (17.1) we take Y = K A ( hu)+ , so that F A 
(h A i)+ = K A (h Ux A i)+ we get 


Hom Ho (K, F(U x A 1 )) = Hom Ho (K, F(U )) 

That this holds for any X means that F(C/) — ► F(U x A 1 ) becomes an isomorphism 
in the homotopy category , hence is a weak equivalence. 

“If” We apply Corollary 16. As (/za 0+ is cofibrant and F fibrant, 

Hom Ho (Y A (h A i)+, F) = Hom Ho (Y,Hom((h A i)+, F)) 


and it suffice to show that 


F -> if6>m ((/z A i)+, T 7 ) 

is a local equivalence. This Horn is a simplicial sheaf U F(U x A 1 ) and the 
claim follows. □ 

Proof We can now finish the proof of Proposition 17. Let F F' be a fibrant 
replacement of F . As F and F' are flasque, 7 7 (t/) -* F'(U) is a weak equivalence 
for any £/. That all F(U) -> F(t/ x A 1 ) be weak equivalences is hence equivalent 
to all F'(U) -> F'(f7 x A 1 ) be weak equivalences, while T 7 is A 1 -local if and only 
if F' is. □ 
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3.3 A- Closed Classes 

The proof of the main theorem of this section will be postponed. 

Definition 4. A class S of morphisms of pointed simplicial sheaves is A -closed if: 

1 . (Simplicial) homotopy equivalences are in S . 

2. If two of f,g and fg are in S then so is the third. 

3. S is stable by finite coproducts. 

4. If T 7 ** -> G** is a morphism of pointed bisimplicial sheaves, and if all 
F* p -* G* p are in S, so is the diagonal A (F) -» A(G). 

Definition 5. The class S is A -closed if, in addition, it is stable by arbitrary coprod- 
ucts and colimits of sequences (T 7 * -> G*), z with the property that, degree by 
degree, (F k ) n (F k ) n+ 1 (resp. (G k ) n (G k ) n + 1 ) is isomorphic to an embedding 
A C A ]J B of pointed sheaves. 

Theorem 4. The class of A 1 -equivalences is the A-closure of the union of the 
classes of: 

1. Local equivalences 

2. Morphisms ( U x A^+ -> U^for U in Sm/k 

In particular, the class of A 1 -equivalences is A-closed. 


3.4 The Class of X 1 -Equivalences Is X-Closed 


The properties 4(1), 4(2), 4(3) are clear. The last property is proved in Proposi- 
tion 20. 

Lemma 5. Let A he a pointed simplicial set and X a pointed simplicial sheaf If X 
is fibrant and A 1 -local, then X A is A 1 -local. 

Proof Because X is fibrant, for any F, one has in the homotopy category 


Hom Ho (Y , X A ) = Hom Ho (A A Y, X) (17.1) 

Applying this to Y and Y A (A^) and using 

(A A Y) A (A+) = A A (Y A (A+)) 

one deduces from the A^ 1 -locality of X that of X A . □ 

Lemma 6. Let f : K — >► L be a morphism of pointed simplicial sheaves and Abe a 
pointed simplicial set. If f is an A 1 -equivalence, then so is f A A : X A A -> Y A A. 
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Proof. One has to check that for any A 1 -local X one has in the homotopy category 

HoniHo(A A L, X) = HoniHo(A A K , X) 

Replacing X by a fibrant replacement, one may assume X fibrant. Applying (17.1) 
one is reduced to Lemma 5. □ 

Lemma 7. Let f : K — >► L be a morphism of pointed simplicial sheaves. If K and 
L are cofibrant, then f is a A 1 -equivalence if and only if for any fibrant A 1 -local 
X, the morphism of simplicial sets 

S(L, X) -> S(K , X) 


is a weak equivalence. 

Proof. “If’ Taking ttq one deduces from the assumptions that 


HomH 0 (L , X) ^ HomH 0 (K , X) 

“Only if’ The assumptions imply that S (K, X) and S(L, X) are fibrant. For any 
pointed simplicial set A one has 

Homn 0 (A , S(K , A)) = HomH 0 (K A A, X) 


and similarly for L and one applies Lemma 6. □ 

Proposition 18. The coproduct of a family of A 1 -equivalences 


fa-X a 


is an A 1 -equivalence. 

Proof. There are commutative diagrams 


K 


fa 


■> Y' 

a 


I 


I I 

* V* Y a 


where morphisms on the first line are cofibrations, and where the vertical maps are 
local equivalences, and similarly for Y. Replacing X a (resp. Y a ) by X' a (resp. Yf) 
we may and shall assume that the X a and Y a are cofibrant. The coproducts uv, 
[] Y a are then cofibrant too. One has 
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and similarly for the Y a , and one applies Lemma 7, and the fact that a prod- 
uct of a family of weak equivalences of fibrant pointed simplicial sets is a weak 
equivalence. □ 

Proposition 19. The colimit 


f : colimF n colimG n 

of an inductive sequence of A 1 -equivalences f n : F n — >► F n is again an A 1 - 
equivalence. 

Proof One inductively constructs an inductive sequence of commutative squares 


i i 

„ fn „ 


in which the vertical maps are local equivalences, the F' n and G' are cofibrant and 
the transition maps F' n -> 7^ +1 , G' -> G' +1 are cofibrations. A colimit of local 
equivalences being a local equivalence, it is sufficient to prove the proposition for 
the sequence (ff). We hence may and shall assume that * ^ F\ ^ ... ^ F n ^ 
is a sequence of cofibrations and similarly for the * -> G\ -> ... -> G n — k The 
colimits F and G of those sequences are then cofibrant. 

If X is fibrant and A 1 -local, S(G , X ) -> S(F , A) is the limit of the sequence of 
weak equivalences 


S(G n ,X)^S(F n ,X) 

In the sequences S(G n ,X) and S(F n ,X) the transition maps are fibrations of 
fibrant objects. It follows that the limit is again a weak equivalence: the tt/ of the 
limit map onto the limit of tt/, with fibers (//m^+ij-torsors. It remains to apply 
Lemma 7. □ 

Proposition 20. Let T 7 ** G** be a morphism of pointed bisimplicial sheaves. If 

all F p * -» G p * are A 1 -equivalences, so is A (F) -> A(G). 

To prove Proposition 20 we will functorially attach to T 7 ** an inductive sequence 
of pointed simplicial sheaves F^ n \ whose colimit maps to A (F) by a local equiv- 
alence. We will then inductively prove that F^ n) G^ is an A 1 -equivalence, and 
apply Proposition 19. We begin with preliminaries to the construction of the F^ n K 

Proposition 21. Let A i n j be the category of finite ordered sets A n = (0, . . . , n) 
and increasing injective maps. For any category C with finite coproducts, 
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the forgetting functor 


CO : A op C -> A ° p nj C 


has a left adjoint co': “formally adding degenerate simplicies” : (of X )„ is the 
coproduct, over all p and all increasing surjective maps s : A n — > A p , of copies 
ofX p 


(co'X) n = 1[X P 


S 


We define the wrapping functor Wr : A op C -> A op C as the composite Wr : = 
oo 1 co. For C the category of sets or of pointed sets one has the following. 


Lemma 8. The adjunction map a : Wr(X) — X is a weak equivalence. 


Proof. We will prove it for C the category of sets. The pointed case is similar. The 
fundamental groupoid of X is the category with set of objects Xo, in which all maps 
are isomorphisms, and universal for the property that: 

(1) o' G X\ defines a morphism f(or) : 3i(a) -> do (or). 

(2) For r e X 2 , /( 3it) = /(3 0 t)/(3 2 t). 

One has Xo = Wr(X)o. To handle tto and tt\ it suffice to show that a induces 
an isomorphism of fundamental groupoids. For any X and any p e Xo , / (so(p)) is 
the identity of p. This results from (2) applied to sqSq(p) which gives 


f(so(p)) = f(s 0 (p))f(s 0 (p)) 


As generators of the fundamental groupoid, it hence suffices to take non degenerate 
or e X i. For relations, it then suffices to take those coming from non degenerate 
r G X 2 : the degenerate r give nothing new. 

If we apply this to Wr (X), we find as set of generators X\, and relations indexed 
by X 2 , the same relations as for X. 

The functor W r commutes with passage to connected components and to passage 
to a covering. To handle higher tt/, this reduces us to the case where X (and hence 
Wr(X)) is connected and simply connected. In this case it suffices to check that 
a induces an isomorphism in homology. It does because one has a commutative 
diagram 

C*(X) -> C*(Wr(X))/ degeneracies 

\ 4 

C* (X )/ degeneracies 

in which the first arrow is an isomorphism, the second the effect of a on homology, 
and the composite is a homotopy equivalence. □ 

Proposition 22. For X a pointed simplicial sheaf let sk n (X) be the n-th skeleton 
of X, i.e. simplicial sub sheaf of X for which (sk n (X)) p is the union of the images 
of the degeneracies X q -> X p forq < n. One has push- out squares 
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X,+, A (9A”+') + * skJWriX)) 

1 1 < 221 > 

Xfi+i A (A w+1 )+ > sk n+l (Wr(X)) 

Let now F be bisimplicial. Each F n ^ is simplicial, and they form a simplicial system 
of pointed simplicial sheaves. Let us apply Wr and sk n to the first variable, i.e. to 
the simplicial sheaf F m Jn for each fixed m. We again have diagrams (22.1) and, 
taking the diagonal A, one obtains push-out squares: 

F„+i a(3A"+') + * At?t,(irr(F))) 

1 1 < 22 ' 2 > 

Fn+1 A (A” +1 )+ > A (sk n+l (Wr(F))) 

where F n now stands for the pointed simplicial sheaf F n . This way the simplicial 
sheaf A(Wr(F)), which by Lemma 8 maps to A (F) by a local equivalence, appears 
as an inductive limit of (22.2). 

Proof of Proposition 20: With the notations of 22 it suffice to show that the 
A skn Wr(F ) -> A sk n Wr(G) 

(with sk n Wr applied in the first variable) are A 1 -equivalences. We prove it by 
induction on n. 

For n = 0, AskoWr(F) = Fq, and Fq -> Go is assumed to be an A 1 - 
equivalence. From n to n + 1, we have a morphism of push out squares 

(22.2) for F -> (22.2) for G 

As F n + 1 -> G n +\ is an A 1 -equivalence, by Lemma 6, so are its smash product with 
(9A W+1 )+ and (A w+1 )+. It remain to apply the 

Lemma 9. Suppose given a morphism of push out squares 



which is an A 1 -equivalence in positions 1, 2 and 3. If in each square the first vertical 
map is injective, then the morphism of squares is an A 1 -equivalence in position 4 as 
well. 

Proof. Replacing the push out squares by push out squares of local equivalent 
objects, we may and shall assume that all objects considered are cofibrant, and that 
the vertical maps are cofibrant. 
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If X is fibrant applying S(—,X) to each of the squares we get a morphism 
of cartesian squares, of pointed simplicial sets in which the vertical maps are 
cofibrations: 


5(4, X) 

I 

-* 5(3, X) 

I 

5(4', X) 

1 

> 5( 3',X) 

1 

1 

5(2, X) 

1 

-* 5(1, X) 

1 

5(2', X) 

1 

> 5(1', X) 


If X is in addition A 1 -local, it is a weak equivalence in positions 1,2 and 3, 
hence also in position 4. By Lemma 7, this proves Lemma 9, finishing the proof 
of Proposition 20 as well as of the claim that the class of A ^equivalences is 
A-closed. □ 


3.5 The Class of A 1 -Equivalences as a A - Closure 


In this section we finish the proof of Theorem 4. 

Proposition 23. The homotopy push-out of a diagram 

K > L 

Q : | (23.1) 

M 

is the push-out Kq of 

Kv K ► MvL 

Q : | (23.2) 

K a(A')+ 

where the vertical map K A (A 0 ]J A°)+ -> ATa(A 1 )+ is induced by d i , 9o • A 0 ^ 
A 1 mapping A 0 to 0 (resp. 1) in A 1 . In the case of simplicial sets, \Kq \ maps to 
| A 1 1 = [0, 1] with fibers \M\ above 0, \L\ above 1, and \K\ above (0, 1). 

The homotopy push-out Kq is the diagonal of the bisimplicial object with 
columns M V K Wn v L obtained by formally adding degeneracies to 

K^MvL 

in A° i f l jA op (Sh 9 ) (cf. 21) [9 0 maps K to L, 9i maps K to M]. If / : Q Q' is 
a morphism of diagrams (23.1), the induced morphism from Kq to Kq / is hence in 
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the closure of the three components of / for the operation of finite coproduct and 
diagonal (4(3), (4)). 

A commutative square 

K > L 


i i 

M ► N 

induces a morphism Kq -> N . 


(23.3) 


Example 1. Let / : K — ► L be a morphism. The homotopy push-out of 

K ► L 

id 

K 

is the cylinder cyl(f) of /. The morphisms 

L -* cyl(f) -> L 

are homotopy equivalences. To check that the composite cyl( f ) -> L -> cyl(f) is 
homotopic to the identity, one observes that cyl(f) is the push-out of 

K ► L 

K a(A')+ 

(the vertical map induced by 9o • A 0 -> A 1 mapping A 0 to 1) and that the composite 
eyl(f) cy 1(f) is induced by A 1 -> A 0 -> A 1 , homotopic to the identity by a 
homotopy fixing 1 . 

Similar arguments would show that the homotopy push out cyl'(f) of 


M 

is homotopic to L by L cyl'(L) -> L. 


Example 2. In any category with finite coproducts, a coprojection is a map isomor- 
phic to the natural map A — >► A ]J B for some A and B . If in a push-out square of 
pointed simplicial sheaves 


Voevodsky’s Lectures on Motivic Cohomology 2000/2001 


385 


(23.4) 

M > N 

the morphism / is a coprojection: L = K V A, the square (23.4) is the coproduct 
of the squares 

K - > K * » A 

and | | (23.5) 

M — M * * A 

and the resulting morphism Kq -> N is a homotopy equivalence, being the coprod- 
uct of the homotopy equivalences of Example 1 resulting from the two squares 
(23.5). The same conclusion applies if K -> M is a coprojection. 

A morphism of pointed simplicial sheaves K —> L is a termwise coprojection 
if each K n -> L n is a coprojection of pointed sheaves. Example: for any diagram 
(23.1), the morphisms L,M Kq are termwise coprojections. For any morphism 
/ : K - 4 - L, this applies in particular to K,L cyl(f). 


Proposition 24. If in a cocartesian square (23.3) either K — ► L or K — M is 
a termwise coprojection, then the resulting morphism from Kq to N is in the A- 
closure of the empty set of morphisms. 


Proof. For each n , we have a cocartesian square of pointed sheaves 


Qn '■ [ 1 

M n ^ N n 

Let us view it as a cocartesian square of pointed simplicial sheaves. By Example 2, 
it gives rise to a homotopy equivalence Kq h -> N n . One concludes by observing 
that Kq N is the diagonal of this simplicial system of morphisms. □ 

Corollary 25. If in a cocartesian square (23.3): 


? 1 k 

M - > N 


f or g is a termwise coprojection, then: 

1. f r is in the A-closure of{f}. 

2. g' is in the A-closure of{g}. 
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Proof of (1): The morphism of cocartesian squares 

K — K K * L 

Q '■ 1 I 

M > N 


Kq 

I 

N 

in which the vertical maps are in the A-closure of the empty set by Proposition 24, 
while the first horizontal map is in the A-closure of / by 8. 

Proof of (2 )\ One similarly uses 

K ► L K ► L 

Q' : a | [id — > Q : [ j 

K — ► L M > N. 

Proposition 26. A pointed simplicial sheaf F m is reliably compact if it coincides 
with its n- skeleton for some n and each T 7 / is compact in the sense that the functor 
Hom(Fi , — ) commutes with filtering colimits. This property is stable by F m — >► F m A 
K for K a finite pointed simplicial set (finite number of non degenerate simplices) 
and implies that F m is compact. 

Construction 27. Let E and N be classes of morphisms such that: 

(a) Sources and targets are reliably compact. 

(b) Each / in N is a termwise coprojection. 

We will construct a functor Ex from pointed simplicial sheaves to pointed simplicial 
sheaves and a morphism Id Ex such that: 

(i) For any F, F Ex(F) is in the A-closure of E 

(ii) If / : K L is in E, the morphism 

S(L, Ex(X)) -> S(K , Ex(X)) (27.1) 

is a weak equivalence. 

(iii) If / : K — L is in N , the morphism (27.1) is a Kan fibration. 


Q' ■ | — ► 

id 

M > M 

defines a commutative square 

K Q! ► 

I 

M ► 
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Let us factorize / : K -> L as K cy 1(f) -> L. As the second map is 
a homotopy equivalence, the first is in the A-closure of E. In the corresponding 
factorization of (27.1): 

S(L , Ex(F)) -> S(cyl(f ), £x(F)) £x(F)) 

the first map is a homotopy equivalence. To obtain (ii), it hence suffices that 
S(cyl(f ), Ex(F)) -> S (AT, Ex(F)) be a weak equivalence. 

Replacing each / : K -> L in E by the corresponding K -> cyl(f), this 
reduces us to the case where 

(c) each / in E is a termwise coprojection, 

and we will construct in this case a functor Ex such that 

(iii)* for / in E , (27.1) is a trivial fibration. 

The conditions (ii), (iii)* are lifting properties: 

for / in E, in squares: 

3A”. > S(L, Ex(F)) 

i i 

A'; * S(K,Ex(F )) 

for / in A, in squares: 

(A'')+ > S(L,Ex(F )) 

I I 

A'; ► S(7C, Ex(F)) 

In the first case, the data are morphisms A+aK -> Ex(F) and 9 A+ aL -> Ex(F) 
agreeing on 9A+ A AT, i.e. a morphism 

(A'; A AT) ]J (9 A'; aL)-> £x(F) 

and we want it to extend to A n + A L. Similarly in the second case, with 9 A” replaced 
by A»: 

for / in E : 

(A'; a a:) UaA» +A A 9A + a l) * £x(F) 

I I 

A n + A L > * 


(27.2) 
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for / in N: 


( 1 ’+A f )LlB i , t M'(W)t''« ► Ex(F) 

l l (273) 

A+ A L > * 

The left vertical maps are termwise coprojections, and their sources are compact. 
One now uses the standard trick of defining Ex(F ) as the inductive limit of the 
iterates of functors F -> T(F ), where T(F ) is deduced from F by push out, 
simultaneously for all 

(A'; A K) ]J (3A'| A L) — > Ex(F ) (/ : K -* L in E) 

9 A^a K 


and 


(A'; A K) ]J ((A»)+ A L)^Ex(F) (f:K^L in N) 

(ad+ak 


The push out is by 


\J (sources) -> \J (A+ A L ) 

a morphism which is a termwise coprojection. By 26, to check that the resulting 
F -> Ex(F ) is in the A-closure of E , it suffices to check that the left vertical 
morphism in (27.2) (resp. (27.3)) is in the A-closure of E (resp. of the empty set). 


For (27.2), this is the map marked 3 in 


3 A'; A K — 9 A'; A L 

I I 

A" + a^ — ... — A'|Ai 

The morphisms 1 and 3 o 2 are in the A-closure of E. So is 2 by 26 and one applies 
the 2 out of 3 property. 


For (27.3), the diagram is 

(A»)+ A K » (A»)+ A L 

l 1 l 2 

A'| A K > 


> A" + aL 
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with 1 and 3 o 2 in the A-closure of the empty set. Indeed, A n k and A n are both 
contractible. 

Remark 4. Let P be a property of pointed simplicial schemes stable by coproduct, 
and suppose that: 

(a) For / : K -> L in E, the K n and L n have property P. 

(b) For / : K -> L in N, f is in degree n isomorphic to the natural map K n -> 
K n V A for some A having property P . 

The functor Ex constructed in Construction 27 is then such that for any K , each 
morphism K n —> Ex(K) n is isomorphic to some K n — > K n V A where A has 
property P. In particular, if the K n have property P, so have the Ex(K) n . 


Proposition 28. (Proof of Theorem 4 ) We apply Construction 1 1 , on the site QP/G , 
taking for E and N the following classes. 

E : For any X in the site, the morphism 



X 

> 

+ 

(28.1) 

and for any upper distinguished square 



B ^ Y 

{ i 

(28.2) 


A > X, 


the morphism 

(Kq)+ ^ 

(28.3) 

N : For any X in the site, 

(0)+ -> X+ 

(28.4) 


If a pointed simplicial sheaf G is of the form Ex(F), that (28.4) is in N ensures 
that each G(X) is Kan. That (28.3) is in E ensures that for each upper distinguished 
square (28.2), the morphism 


G(X)^S((K e )+,G) 

is a weak equivalence. As each G(Y) is Kan, S((Kq)+, G) is the homotopy fiber 
product of G(A) over G(B ), and 

G(X) ► G(A) 

i i 

G(Y) » G(B) 

is homotopy cartesian: G is flasque. 
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Further, as (28.1) is in E, for each X , 

G(X) -> G(X x A 1 ) 

is a weak equivalence: by Theorem 3, G is A 1 -local. 

Suppose now that / : F -> G is a A 1 -equivalence. In the commutative diagram 

F ► G 

i i 

£x(F) ► Ex(G) 

the vertical maps are in the A-closure of the morphisms (28.1) and (28.2), the later 
being local equivalences. In particular, they are A ^equivalences and Ex(F ) — ► 
Ex(G) is an A ^equivalence between A 1 -local objects , hence is a local equivalence. 
It follows that / is in the required A-closure, proving Theorem 4. 

The functor Ex used introduced in 28 can also be used to prove the following 
lemma. 

Lemma 10. If — ► is a filtering system of A 1 -equivalences, then F^ — ► 

colimiF ^ is again an A 1 -equivalence. 

Proof Consider the square: 

F {n > > colimiF & 

i i 

Ex(F (n) ) > Ex{colim i F (i) '). 

Since the functor Ex commutes with filtering colimits, the bottom arrow is a filter- 
ing colimit of local equivalences, hence a local equivalence. The vertical maps are 
A 1 -equivalences, hence the top map is an A 1 -equivalence. □ 


3.6 One More Characterization of Equivalences 

Denote by [QP/G]+ the full subcategory in the category of pointed sheaves on 
QP/G generated by all coproducts of sheaves of the form {hx)+- 

Theorem 5. The class of local equivalences (resp. A 1 -equivalences) in A op 
[QP/G]+ is the smallest class W which contains morphisms ( Kq)+ X+ for 
Q upper distinguished and has the following properties: 

1. Simplicial homotopy equivalences (resp. and A l -homotopy equivalences ) are 
in W. 
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2. If two of f , g and fg are in W then so is the third. 

3. If F is a filtering system of termwise coprojections in W, then F^ 
colimiF ^ is again in W . 

4. If Z 7 ** -> F^ is a morphism of bisimplicial objects, and if all F* p -> F* p are 
in W , so is the diagonal A (F) -> A (F'). 

The proof is given in 32. 

Lemma 11. If the morphism f : F -> G is such that, for each U , F(U ) -> G(U ) 
is a weak equivalence, and if the F n and G n are all of the form (U h Ut)+> then f is 
in the A-closure of the empty set. 

The proof will use the following construction. 

Construction 29. Let C be a category, and let Co be a set of objects of C, such that 
any isomorphism class has a representative in Co. Let z* be the functor which to a 
presheaf of pointed sets on C attaches the family of pointed sets ( F(U))uec 0 • It has 
a left adjoint i * : 


family (Au) ue c 0 ^ \/((^l)+ a A v ) = 
u 

= (disjoint sum over the U e Co and (Au — *) of /zzy)+ 

If Co is viewed as a category whose only morphisms are identities, the natural 
functor 


Z ! Co — ^ C 

defines a morphism of sites C *-> Co, both endowed with the trivial topology 
(any presheaf a sheaf), and z*, z* are the corresponding direct and inverse image 
of pointed sheaves. 

By a general story valid for any pair of adjoint functors, for any pointed presheaf 
L on C, the (z*z*)" +1 (F) form a pointed simplicial presheaf R(F ) augmented 
to T 7 : 


a : fl(F) F 


Further: 

(a) If F is of the form z M, i.e. of the form (LJ hu t )+, a is a homotopy equivalence. 

(b) For any F , z*(a) is a homotopy equivalence: for each U in C, R(F)(U) -> 
F(C) is a homotopy equivalence. 

For a simplicial presheaf T 7 we define 


^(T 7 ) = A(simplicial system of R{F p )) 
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Proposition 30. (Proof of Lemma 11) Let us say that X in QP/G is connected 
if it is not empty and is not a disjoint union: G should act transitively on the set 
of connected components of X. Let C c QP/G be the full subcategory of con- 
nected objects. A sheaf F on QP/G is determined by its restriction to C. Indeed, 
F(U X/) = Y[ F(Xi). To apply Construction 29, we will use this remark to identify 
the category of sheaves on QP/G to a full subcategory of the category of presheaves 
on C . For any Co as in Construction 29, the functor / * takes values in sheaves, that 
is in the restriction of sheaves to C. Indeed, for X connected, (]J h Ui )+(X) is the 
same, whether ]J and + are taken in the sheaf or in the presheaf sense. 

Fix / : F -> G as in Lemma 11. For each n , the assumption on F n ensures that 
R(F n ) -> F n is in the A-closure of the empty set, and similarly for G. 

For each (connected) U, the morphism of pointed simplicial sets F(U) G(U ) 
is a weak equivalence, hence in the A-closure of the empty set. It follows that 
i*i*(F) -> z*/*(G): the v over Co of the 

(M+ A F(U) -> (h v )+ A G(U) 

is in the A-closure of the empty set. Iterating one finds the same for (i*i*) n (F) -> 
(/*/*)” (G), and R(F ) -> R(G) is in this A-closure too. It remains to apply the two 
out of three property to 

R(F) > R(G) 

i i 

F > G 

Lemma 12. If f : F -> G is a local equivalence and if the F n and G n are all of 
the form (\Jhu i )+, then f is in the K-closure of the ( Kq)+ — X+ for Q upper 
distinguished. 

Proof We will use the Construction 27 for E the class of morphisms (Kq)+ -> 
X+ for Q upper distinguished, and for N the class of morphisms * X+. 

By Remark 4, if the F n are of the form so are the Ex(F) n . In the 

commutative diagram 

F > G 

i i 

Ex(F) ► Ex(G) 

the vertical maps are in the required A-closure. They are in particular local equiva- 
lences and so is Ex(f). One verifies as in 28 that Ex(F) and Ex(G) are flasque. 
By Construction 27(ii), for each U, Ex(f)(U) is a weak equivalence, and it 
remains to apply Lemma 1 1 to Ex(f). □ 

Lemma 13. If f : F — >► G is an A 1 -equivalence and if the F n and G n are all of 
the form (Li ^ then f is in the K-closure of the ( Kq)+ X+ for Q upper 

distinguished and (I x A 1 ^ X)+forX e QP. 

Proof Similar to the proof of Lemma 12. □ 
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Proposition 31. Since for any simplicial sheaf F the map R(F) — ► F is a local 
equivalence Lemmas 12 and 13 imply that for any local (resp. A 1 -) equivalence 
f : F — >► G, the morphism R(f ) belongs to the A-closure of the ( Kq)+ X+ 
for Q upper distinguished (resp. the ( Kq)+ -> X+for Q upper distinguished and 
(IxA Ul)+/orI e QP). 

Proposition 32. Proof of Theorem 5: We consider only the case of A 1 -equivalences. 
Proposition 20 and Lemma 10 imply that A ^equivalences contain the class W . In 
view of Lemma 13 it remains to see that W is A-closed. The only condition to check 
is that it is closed under coproducts. Let 

f a : F (a) -> H (a \ a e A 

be a family of morphisms in W . For a finite subset I in A set 

*i = (U /f( “ ) )ll( U f{a)) 

ael aeA-I 


For I e J we have a morphism 0/^0/ and the map is isomorphic to the 
map 

O0 — >► colimicA^i 

It remains to show that 0/ -> ^/uia is in W. This morphism is of the form 
Idn U(f • F F') where / is in W. Using the fact that W is closed for diag- 
onals we reduce to the case H = ]J (hu)+- Using the same reasoning as above we 
further reduce to the case H = (hu)+- 

Consider the class of / such that Idg tu ) + ]J / is in IF. This class clearly con- 
tains morphisms (Kq)+ -> X+, has the two out of three property and is closed 
under filtering colimits. It also contains simplicial homotopy equivalences. It con- 
tains morphisms of the form p+ : (X xA% — A+ because such morphisms are 
A^ 1 -homotopy equivalences. 


4 Solid Sheaves 

4.1 Open Morphisms and Solid Morphisms of Sheaves 

We fix S and G as in Sect. 3.1, and will work in ( QP/G)ni S . The story could be 
repeated in ( Sm/S)m s . 

Definition 6. A morphism of sheaves / : F — >► G is open if it is relatively rep- 
resentable by open embeddings, i.e. if for any morphism u : hx — ► G (that is, 
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u e G(X), X in QP/G ), the fiber product F x G hx mapping to hx is isomorphic 
to hu -> hx for U a G-stable open subset of X. 


In other words: / should identify F with a subsheaf of G and, for any s e G(X ), 
there is U open in X and G-stable such that the pull-back of s with respect to 
Y -> X is in F(Y) if and only if Y maps to U . 

The property “open” is stable under composition. It is also stable by pull-back: 
if in a cartesian square 

F' — - — > G' 


(32.1) 


/ is open, then f is open. This follows from transitivity of pull-backs. Conversely, 
if /' is open and u is an epimorphism, then / is open. Indeed, 



Lemma 14. For F hx a morphism, the property that F is represented by U 
open in X is local on X ( for the Nisnevich topology). 


Proof. Suppose that the X a cover X , and that each F a = F Xj lx hx a is represented 
by U a C X a . For Y -> X a , Fy := F Xj lx hy is then represented by Uy C Y with 
Uy the inverse image of U a . By descent for open embedding, the U a come from 
some U C X, we have locally on X an isomorphism F -> h G and by descent for 
isomorphisms of sheaves one has F — >► h G . □ 

Given a square of the form (32.1) with f' open and u an epimorphism, if s is in 
G(X),s can locally be lifted to a section of G'. As /' is open, it follows that locally 
on X , Fx G hx is represented by an open subset. Applying Lemma 14 one concludes 
that / is open. The same argument shows that if we have cartesian diagrams 


K G' 

i ! h " 

/ 

F > G 

with each /J open and ]J u a : ]J G' a G onto, then / is open. 
Proposition 33. The property “open ” is stable by push-outs. 
Proof. Suppose 

/ 

F — G 

i i 

F’ — - — » G' 
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is a cocartesian diagram, with / open. In particular / is a monomorphism, and it 
follows that /' is a monomorphism and that the square is cartesian as well. The 
morphism F' ]J G -> G' is onto. The pull-back of f by /' : F f -> G' is an 
isomorphism (/' being a monomorphism) hence open. The pull-back of /' by G —>► 
G' is just /, open by assumption. It follows that f is open. □ 

We now fix a class C of open embeddings U — ► V in ( QP/G ). We require the 
following stabilities 

Conditions 34. 1. If U U' -> V are open embeddings and if U -> V is in C, 
so is U' -> V. 

2. If U -> V is an open embedding in C, and if / : V' F is etale, with 
/ -1 (F) C T for T the complement of £/ in F, then f~ l (U ) -> F' is in C. 

The classes C we will have to consider are the following: 

1. The open embeddings U V with V smooth. 

2. The open embeddings U V with V smooth such that the action of G is free 
on V — U. Equivalently: V is the union of U and the open subset on which the 
action of G is free. 

3. When working in ( Sm/S): all open embeddings. 

Definition 7. A morphism / : F -> G is C -solid if it is a composite F = Fo -> 
F\ — > . . . — > F n = G where each T 7 / -> T/+i is deduced by push-out from some 
hjj — > hx> U c X in G. 

A sheaf T 7 is solid if 0 -> T 7 is C -solid. 

In the pointed context, a pointed sheaf is (pointed) C -solid if the morphism 
pt F is C -solid. 

Example 1. For U open in X, let hx/u be the sheaf hx , with the subsheaf hjj con- 
tracted to a point p. If U X is in C, then p : pt hx/u is solid: it is the 
push-out of hu — ► hx by hu -> pt. Thom spaces are of this form: starting from 
a vector bundle F on Y, one contracts, in the total space of this vector bundle, the 
complement of the zero section to a point. 

The class of solid morphisms is the smallest class closed by compositions and push- 
outs which contains all hu — ► hx for U C X in C. By Proposition 33 solid 
morphisms are open. 

For F G a monomorphism of sheaves, define G/F to be the pointed sheaf 
obtained by contracting F to a point: one has a cocartesian square 

F ► G 

i i 

* F/G 


pt 
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By transitivity of push-out, any cocartesian diagram 

F > G 

i i 

F' > G’ 

induces an isomorphism G/F G'/F'. 

Proposition 35. A morphism of sheaves f : F -> G is C -solid if and only if it is 
a composite F = Fo -> F\ -> . . . -> F n = G of monomorphisms where each 
FfFi+i is isomorphic to some hy/u = hy/hjj for U C V in C. 

Proof If a morphism F -> G is deduced by push-out from U -> V, G/F is 
isomorphic to hy/u . From this, “only if” results. Conversely, if we have 

F > G hu > hy 

i i - i i (35 -‘> 

* > hy/u * > hy/u 

cocartesian, and if hy hy/u lifts to G, then F -> G is deduced by push-out from 
hu — ► hy. Indeed, the diagrams (35.1) being cartesian as well as cocartesian, we 
have a cartesian 

hu > hy 


F ► G 

If Gi is deduced from hu hy by push-out: 


hu 


i 


h v 

G\ 


I 

* G 


then G\/F = G/F and it follows that G\ = G. 

Let us suppose only that we have v : V — > L etale, inducing an isomorphism 
from F - v _1 (G) to F - U and a lifting of hy -> to G. If G := V^G), 
hy/u ^ hy/u is an isomorphism. This is most easily checked by applying the fiber 
functors defined by a G -local henselian Y : a morphism Y K, if it does not map 
to G, lifts uniquely to a morphism to V. The assumptions made hence imply that 
F G is a push-out of h/y hy. Note that by the second stability property of C, 
U FisinC. 

We will reduce the proof of “if” to that case. We have to show that if a monomor- 
phism / \ F ^ G is such that G/F = hy/u with G — >► V in C, then / is C solid. 
The cocartesian square 
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G 


pt 


i 

F/G 


(35.2) 


induces an epimorphism pt\\G — ► hy/u ■ The natural section of hy/u on V can 
hence locally be lifted to pt or to G: for some filtration 0 = Z n C ••• C Zi c 
Z 0 = V of V by closed equivariant subschemes, we have etale maps 0/ : F/ -> V 
with a (equivariant) section over Z/ — Z/+i, and a lifting of /zy ? . hy/u to pt or to 
G. Note V/ := V — Z i+ \. We may: 

1. Start with Vo = U, taking F 0 = U : here the lifting is to pt 

2. Assume V/ ^ Vi+V the succeeding liftings then cannot be to pt: they must 
be to G 

3. Shrink F/ , first so that it maps to V ,- , next so that it induces an isomorphism from 
Yi-friVi- i)to Zi-Z i+l 

As T 7 -> G is a monomorphism the cocartesian (35.2) is cartesian as well. The 
composition 

pt = hvo/u h Vl /u ^ h V /u 

gives by pull-back a factorization of F -> G as 

F ^ FW . . . G 


with each 




*/+i 


/Zi/. 


hy i + l /U 


Vi/U 

cartesian and cocartesian, hence F}+i / F t ^ hy i+l /hy i . Further, the morphism 
0/ + i • ^7 /+ i h 

It follows that Fi 
solidity follows. 


+i ' 

v i+l hy/u lifts to G, hence hy i+l 
F i+ 1 is a push-out of (j)~l x { Vi) -> 


-> hy i + l/u lifts to F/ + 1 . 
F/+i, which is in C, and 
□ 


Remark 1. Another formulation of Proposition 35 is: a morphism F -> G is C- 
solid if and only if the pointed sheaf G/F is an iterated extension of hy/u’s with 
U V in C , in the sense that there are morphisms 


pt = Ho 


H n = G/F 


with each /// + 1 / /// of the form h y/u . 

Proposition 36. If f : F -> G is open and G is C - solid , then f is C -solid. 

Proof. In the proof we say “solid” instead of “C-solid”. Let (*) be the property of 
a sheaf G that any open / : F -> G is solid. If G is solid, G sits at the end of a 
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chain 0 = Go -> G\ -> . . . -> G n = G with each G/ -> G /+ 1 push out of some 
hu hx for U -> X in C. We prove by induction on i that G/ satisfies (*). 

For i = 1, Gi = hx is representable and 0 -> X is in C. If / : F -> G\ is 
open, it is of the form hu -> hx for U open in X, hence solid by Condition 34(1). 
It remains to check that if in a cocartesian square 

hu > hx 

(36.1) 

G' ► G 

the sheaf G' satisfies (*), so does G. In (36.1), hu — ► hx is a monomorphism and 
the square (36.1) hence cartesian as well as cocartesian. 

Fix / : F G open, and take the pull-back of (36.1) by /.It is again a 
cartesian and cocartesian square and, / being open, it is of the form 

hv ^ hy 

(36.2) 

F' > F 

where Y is open in X and V = U D Y . The diagram 

F' > F > hy/y 

i i i 

G' > G > h X /u 

^ 

G f / F' > G / F > hx/(uuv) 

expresses G/F as an extension of hx/(uuY) by G'/F' and one concludes by 
Remark 1 using (*) for G' and the fact that U U Y ^ X is in C . □ 


Proposition 37. The pull-back of a solid morphism f by an open morphism s is 
solid. In particular, if g : F — >► G is open and if G is solid, so is F. 

Proof Since the pull-back of an open morphism is open, it suffices to check the 
proposition for / a push-out of hu C hx for U open in X : 

hu > hx 


! 


f 


G 


* G 
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Pulling back by g, we obtain a cocartesian square 

hi y ► h X ' 


F' ► F 

with U r open in U and X' open in X. This shows that F r — > F is solid. □ 

Suppose now that we are given two classes C and C' of open embeddings satis- 
fying conditions 34. We define C x C' as the smallest class stable by Condition 34 
containing the 


(U x V') U (£/' x V) C V x V' 
for U C V in C and U f C V f in C". 

Example 2. If C is a class of all open embeddings and C' is the class of those 
U' C V' for which G acts freely outside £/', then C xC' = C’ . 

Proposition 38. If the pointed sheaves F and F' are respectively C and C’ -solid, 
the F A F' is C x C r -solid. 

Proof By assumption, F is an iterated extension in the sense of Remark 1 of 
pointed sheaves hy i ju i with U[ -> V\ in C. Similarly for F ', with t/j -> Vj in 
C . The smash product F A F r is then an iterated extension of the 

hVi/Ui A hyjixjt =h Vi ^yt/ (([/.x^U^xf/j)), 

taken for instance in the lexicographical order, hence it is C xC ; solid. □ 

Definition 8. A morphism is called ind-solid relative to C if it is a filtering colimit 
of C -solid morphisms. 

Exercise 39. We take G to be the trivial group. A section on Y of a push-out 

hu ► h x 

i 

F > G 

can be described as follows. For an open subset V of Y and a section f of F on V 
consider on the small Nisnevich site Y^is of Y the presheaf 0(F, <fi ) which sends 
a : W Y to the set of morphisms / : W X such that f~ l (U ) = a~ l (V ) and 
<j>\ a -i(v) = /"m A section of G on Y is given by data: 

1 . An open subset V of Y . 

2. A section <fi of F on V. 
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3. A section of i*(aNi S ®(V, f)) on Y — V where i is the closed embedding 
Y — V -> Y and a^is denotes the associated Nisnevich sheaf. 

Exercise 40. In the notations of Exercise 39, if F is a sheaf for the etale topology, so 
is G. For any Y, the ( V , f) as in (1),(2) above form a sheaf for the etale topology. It 
hence suffices to prove that for (V, (jf) fixed, the datum (3) forms a sheaf for the etale 
topology. This is checked by using the following criterion to check if a Nisnevich 
sheaf is etale. For y e Y, and for L a finite separable extension of k y , let O h L y 
be deduced by “extension of the residue field” from the henselization O l \ of Y at 
y. The criterion is that Spec(L) i-> F(Spec(O h L )) should be an etale sheaf on 
Spec(k y ) et . 

Exercise 41. It follows from Exercises 39 and 40 that if / : F -> G is ind solid, 
and if F is etale, then G is etale. In particular, a solid sheaf, as well as a pointed 
solid sheaf, are etale sheaves. 

Remark 2. The same formalism of open and solid morphisms holds in the site of all 
schemes of finite type over S with the etale topology. 


4.2 A Criterion for Preservation of Local Equivalences 

We work with pointed sheaves on QP/G. Our aim in this section is to prove the 
following result 

Theorem 6. Let O be a functor from pointed sheaves to pointed sets. Suppose 
that O commutes with all colimits , and that for any open embedding U — X, 
0((/z£/)+) — >► 0((/?x)+) is a monomorphism. Then if f : F m — >► G. is a 
local equivalence and if F n and G n are ( pointed ) ind- solid, then <£(/) is a weak 
equivalence. 

Suppose that 

B ► Y 

q ■ i i 

A > X 

is an upper distinguished square. Adding a base point, we obtain Q + . The morphism 
Kq + -> X+ is then a local equivalence. Eet us check that ®(Kq + ) -> 0(A + ) is a 
weak equivalence. As O commutes with coproducts, this morphism is deduced from 
the commutative square 


$((*2?)+) > 0((Ay)+) 

i i 


<H(h A )+) 


■> H(hx)+) 
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by applying the same construction (23.3). This square is cocartesian because Q is. 
The top horizontal line being a monomorphism, it is homotopy cocartesian, and the 
claim follows. As commutes with colimits, this special case implies that more 
generally one has 

Lemma 15. If f is in the A- clo sure of the ( Kq)+ X+ as above, then <£(/) is 

a weak equivalence. 

Proposition 42. (Proof of Theorem 6) For any pointed sheaf F , R(F ) -> F is a 
local equivalence. Indeed for any connected X in QP/G , R(F)(X ) F(X) is 

a weak equivalence by Construction 29. It follows that for / : F -> G a local 
equivalence, 

R(F) > R(G) 

i i 

F ► G 

is a commutative square of local equivalences. By Lemmas 15 and 12, (R(f)) is a 

weak equivalence. It remains to see that &(R(F)) -> &(F) is a weak equivalence - 
and the same for G. For this it suffices to see that for a pointed ind-solid sheaf F , 
^(^(T 7 )) — * ^(T 7 ) is a weak equivalence. As and R commute with filtering 
colimits, the ind-solid reduces to solid, and by the inductive definition of solid, it 
suffices to prove the following lemma. 

Lemma 16. Let U — X be an open embedding. If in a cartesian square of pointed 
sheaves 

(hu)+ > (h x )+ 

e : 1 1 
F > G 

F is such that $>R(F) -> ^(T 7 ) is a weak equivalence, the same holds for G. 

Proof. Consider the cocartesian square 

R((h v )+) > R((h x )+) 

e' : I I 

R(F) ^ R 

One can easily see that the top morphism is a monomorphism. It follows that Q' is 
point by point homotopy cocartesian, and R -> R(G) is a local equivalence. The 
functor / */* of Construction 29 transforms a monomorphism into a coprojection of 
the form A — »* A v ((U h v , )+). It follows that each R n is of the form (LJ hu t )+ 
and, by Lemmas 15 and 12, <&(R) -> 0(/?(G)) is a weak equivalence. It remains 
to show that <&(R) -> ^(G) is a weak equivalence. 
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Let us apply O to the morphism of cocartesian squares Q r -> Q. By Con- 
struction 29 both R((hjj)+) -> ( hu)+ and R((hx)+) -> (h x )+ are homotopy 
equivalences, and remain so by applying O. We assumed &R(F) -> 0(F) to be a 
weak equivalence. As 0(2') and O(Q) are cocartesian with a top morphism which 
is a monomorphism (by the assumption on O, for Q), it follows that 0(F) — >► 0(G) 
is a weak equivalence. Hence so is 0(F(G)) -> 0(G). □ 


5 Two Functors 

5.1 The Functor X \-+ X/G 

One has a natural morphism of sites 


1 • (QP / G) Nis -> (QR) Nis 


given by the functor 

rjf : QP — >► QP/ G : I ^ (I with the trivial G-action) 

Indeed, the functor rjf commutes with finite limits and transforms covering families 
into covering families. 

In particular the functor rjf is continuous: if F is a sheaf on (QP / G)^i S , the 
presheaf 

X \- ^ F(X with the trivial G-action) 

is a sheaf on (QP)nis- The functor rjf has a left adjoint A/ : X i-> X/G. As rjf 
is continuous, the functor A/ is cocontinuous, and the functor rj* from sheaves on 
(QP)ms to sheaves on (QP/G) Nis is 

F (sheaf associated to the presheaf X F (X/G)) 

Proposition 43. The cocontinuous functor : X X/G is also continuous, that 
is, ifF is a sheaf on (QP)nis, the presheaf X \-> F(X/G) on (QP/G)xis is a sheaf 

Proof By Lemma 2 it is sufficient to test the sheaf property of X i-> F (X/G) for a 
covering of X deduced by pull-back from a Nisnevich covering V\ -> X/G of X/G. 
Passage to quotient commutes with flat base change. Taking as base X/G , this gives 
that 

X x z/G Vi -> Vi 

identifies V- L with the quotient of X x X /g Vi by G. Similarly, if Vij = V\ x X /g Vj, 
the quotient by G of the pull-back to X of Vij is V- t j again. This reduces the sheaf 
property of I ^ F(X/G ), for the covering of X by the X x X / G Vi, to the sheaf 
property of F for the covering (VQ of X/G. □ 
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The functor A/ : X i-> X/G gives rise to a pair of adjoint functors (A*, A*) 
between the categories of presheaves on ( QP/G ) and ( QP ), with A *(F) being 
X i-> F(X/G). As A^ is continuous , it induces a similar pair of adjoint functors 
between the categories of sheaves. This pair is 

(rj# := (associated sheaf) o A = A*), 

so that one has a sequence of adjunctions ( rj #, rf , 77 *). If F on (QP/G) is repre- 
sentable: F = hx, then q# (F) = hx/G • In particular, 77 # transforms the final sheaf 
/zy on (QP/G)xis> also called “point”, into the final sheaf on (QP)nis, and ( 77 #, 77 *) 
is a pair of adjoint functors in the category of pointed sheaves as well. It is clear that 
?]# takes solid sheaves to solid sheaves. We also have the following. 

Proposition 44. Let F be a pointed sheaf solid with respect to open embeddings 
U C V of smooth schemes such that the action of G on V is free outside U. Then 
rj#(F) is solid with respect to open embeddings of smooth schemes. 

Proof If V' is the open subset of V where the action of G is free, then U U V 1 = V 
and if U r := U Pi V r , a push-out of U -> V is also a push-out of U f -> V': we 
gained that the action is free everywhere. The next step is applying 77 #, from pointed 
sheaves on (QP/G) to pointed sheaves on (QP). This functor is a left adjoint, hence 
respects colimits and in particular push-outs. It transforms hu to hu/G, and in par- 
ticular, for U = S, the final object into the final object. To check that it respects 
solidity it is hence sufficient to apply: 

Lemma 17. IfG acts freely on U smooth over S, then U/G is smooth. 

Proof. If G is finite etale, for instance S n , the case which most interests us, this is 
clear, resulting from U -> U/G being etale. In general one proceeds as follows. 
The assumption that G acts freely on U implies that U is a G-torsor over U/G. 
In particular, U U/G is faithfully flat. As U is flat over S , this forces U/G to 
be flat over S . To check smoothness of U /G over S it is hence sufficient to check 
it geometric fiber by geometric fiber. For s a geometric point of S , smoothness 
of (U/G)s amounts to regularity. As U; s is smooth over s, hence regular, and U; s -> 
(U/G)s is faithfully flat, this is [4] (an application of Serre’s cohomological criterion 
for regularity). □ 


Proposition 45. The functor rj# respects local (resp. A 1 -) equivalences between 
termwise ind-solid simplicial sheaves. 

Proof. Let / : F F r be a local equivalence between termwise ind-solid simpli- 
cial sheaves on QP/G. To verify that q#(f) is a local equivalence it is sufficient to 
check that for any X in QP and x e X the map 


r l#(F)(SpecO n x x ) r,#(F')(SpecO n Xx ) 


404 


P. Deligne 


is a weak equivalence of simplicial sets. Since rj# is a left adjoint, the functor 

F h* m (F)(SpecO n x J (45.1) 

commutes with colimits. For an open embedding U -> V in QP/G , U/G ^ V/G 
is again an open embedding and we can apply to (45.1) Theorem 6. 

Let / : T 7 -> F' be an A 1 -equivalence. Consider the square 

R(f) 

R(F ) > R(F ') 

i i 

77 — 77' 

By the first part of proposition r]# takes the vertical maps to local equivalences. 
Since rj# commutes with colimits, Lemma 13 implies that rj#(R(f )) is in the A- 
closure of the class which contains tj#((Kq)+ -> X+) for Q upper distinguished 
and rj#((X x A 1 )-^ -> X+) for X in QP/G. By Theorem 4 it suffice to prove that 
morphisms of these two types are A 1 -equivalences. For morphisms of the first type 
it follows from the first half of the proposition. For the morphism of the second type 

7<ix{0} 

it follows from the fact that morphisms rj#((X xA‘) + X+) and r]#(X+ -> 

(X x A 1 ) +) are mutually inverse A^homotopy equivalences. □ 

Define L rj# : Ho m -> Ho m (and similarly on Ho A 1 # ) setting 

L m(F) := 

where R(F ) is defined in Construction 29. Proposition 45 shows that L rj# is well 
defined and that for a termwise ind-solid F one has L r]#(F) = rj#(F). 


5.2 The Functor X \-+ X w 

As in Sect. 3.1, we fix G and S. We also fix W in QP/G which is finite and flat 
over S . 

For F a presheaf on QP/G , we define F w to be the internal horn object 
Hom (hw, F ). Its value on U is F(U x s W). If F is a sheaf, so is F w . 

Example 6. Take G and W deduced from the finite group S n acting on {1, . . . , n} 
by permutations. In that case, if F is represented by X, with a trivial action of S n , 
then F w is represented by X n , on which S n acts by permutation of the factors. 

Remark 1. If F is representable (resp. and represented by X smooth over S), so is 
F w . More precisely, if F is represented by X in QP/G , consider the contravariant 
functor on Sch/S of morphisms of schemes from W to X, that is the functor 
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U i-> Homu(W x s U, X x s U) 

This functor is representable, represented by some Y quasi-projective over S (resp. 
and smooth). This Y carries an obvious action p of G, and (Y, p) in QP/G represents 
F w . Proof: by attaching to a morphism W -> X its graph, one maps the functor 
considered into the functor of finite subschemes of W x s X, of the same rank as W, 
that is the functor 

subschemes of (W x s X) x s U finite and flat over U, 
with the same rank as W x s U over U . 

The later functor is represented by a quasi-projective scheme Hilb , by the theory of 
Hilbert schemes. The condition that V C W Xs X be the graph of a morphism from 
W to X is an open condition. This means: let Y C (W x s X) x s U be a subscheme 
finite and flat over U . There is U' open in U such that for any base change V — ► U, 
the pull-back Yy of Y is the graph of some F-morphism from W xs V to W xs X 
if and only if V maps to U'. This gives the existence of the required Y, and that it 
is open in Hilb. If X is smooth the smoothness of Y follows from the infinitesimal 
lifting criterion. The quasi-projectivity follows from that of Hilb. On the functors 
represented, the action g(y) = gyg~ l of G is clear. For T in QP/G , one has 


U M- 


HomQp/oiT , Y) = Homa ( T, Hom (W, X)) = HomoiT x s W, X) = 

= Hom Q p/ G (T x s W,X) = F W (T ) 

Let C be a class of open embeddings in {QP/G)^i S . We will simply say “solid” for 
“C -solid”. 


Theorem 7. If F is a solid sheaf on {QP/G)^i S , so is F w . 

If a morphism of sheaves A F is open, i.e. relatively representable by 
open (equivariant) embeddings, there is a natural sequence of sheaves intermedi- 
ate between A w and F w . In the case considered in Example 6, and for hu — > hx, 
they are represented by the open equivariant subschemes ( X , U) n k of X n consisting 
of those n-uples (x\, ... , x n ) for which at least k of the X/ are in U. The formal 
definition is as follows. 

A section of F w over T is a section s of F over W x s T. Let U(s ) be the 
equivariant open subscheme of W x s T on which s is in A. The sheaf ( F , A)^ is 
the subsheaf of F w consisting of those s such that all fibers U(s) t of U(s ) over T 
are of degree at least k. The condition that the fiber at k be of degree > k is open in 
/, and it follows that the inclusion of ( F , A)^ in F w is open. For k = 0, ( F , A)^ 
is simply F w . For k large, it is A w . 

Lemma 18. Suppose that A — >► F is deduced by push-out from an open map 
B — >► G, so that we have a cocartesian square 
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B 


A - 

Then, for each k, the cartesian square 
(fiber product) 

i 

is cocartesian as well. 


Proof The site ( QP/G) X is has enough points: as a consequence of Lemma 2, for 
each X in QP/G and x e X/G, the functor 

F i-> colim F{X x X /g V), 

the limit being taken over the Nisnevich neighborhoods of x in X/G , is a point (= a 
fiber functor). The class of all such functors is clearly conservative. Such a functor 
depends only on Y := X x X /g (X/G) x , where (X/G) x is the henselization of X/G 
at x, and Y can be any equivariant S -scheme which is a finite disjoint union of local 
henselian schemes essentially of finite type over S , and for which Y/G is local. We 
call such a scheme G -local henselian, and write F m- F(Y) for the corresponding 
fiber functor. 

We will show that (45.3) becomes cocartesian after application of any of the fiber 
functors F i-> F(Y) defined above. It suffices to show that for any s in ( F , A)\ f (F), 
the fiber of (45.3)(F) above s is cocartesian in Set. This fiber is of the form 

KxL ► K 

i i 

L ► w 

and such a square is cocartesian if and only if whenever K or L is empty, the other 
is reduced to one element. Here, we also know that L -> {s} is a injective. It hence 
suffice to check that if L is empty, then K is reduced to one element. Fix s in 
( F , A)W (F), and view it as a section of F over W x s Y . Let U C W x s Y be 
the open equivariant subset where it is in A. The assumption that s be in ( F , A 
means that the degree of the fiber U g of U — > Y at a closed point y of Y is at least 
k. By G-equivariance of U, this degree is independent of the chosen y. We have to 
show that if s is not in ( F , A)™ (Y), that is if this degree is exactly k , then s is the 
image of a unique element of (A ]J G, A)^ . 


G 

i 

-► F 


(45.2) 


- 04 LI G,A)F 


- (F’AW 


(45.3) 


Voevodsky’s Lectures on Motivic Cohomology 2000/2001 


407 


The scheme W x s Y is a disjoint union of G -local henselian schemes (W x s 
Y)i. By assumption, (45.2 )((W x s F)/) is cocartesian, hence if s is not in A on 
(W x s Y)i , then on (W x s Y)i it comes from a unique s- L in G. Let (W x s Y) f be 
the union of those (W Xs Y)i on which s is in A, and (W Xs Y) rr be the union of 
(W x s Y)i on which it is not. That s is in (T 7 , A but not in (T 7 , A)^ +v means that 
(W x s Y) f is of degree d=k over Y. On (W x s Y)', s is in A. On (W x s Y)", it 
comes from a unique s in G. The section 

si := (s in A on (W x s Y )', s on (W x s Y)") 

of A]JG over W x s Y is a section of (A ]J G, A on Y lifting s. It is the unique 
such lifting: any other lifting S 2 , viewed as a section of A\JG on W x s Y , can be in 
A at most on (W x s Y) f , hence must be in A on the whole of (W x s Y) r which has 
just the required degree over Y . This determines S 2 uniquely on (W Xs T)', where 
it is in A, as well as on (W Xs Y) ff , where it is the unique lifting of s to G. □ 

Proof of Theorem 7: The induction which works to prove Theorem 7 is the follow- 
ing. As F is solid, it sits at the end of a sequence 

0 ^ F x ^ F n = F 

where each F, -> Fi+\ is a push-out of some open embedding in QP/G. We prove 
by induction on i that for any Y, (T 7 / ]J hy) w is solid. For i = 1, T 7 ! is representable, 
hence so is ( F\ ]J hy) w (1). A fortiori, (F\ ]J hy) w is solid. For the induction step 
one applies the following lemma to Fi Li hy ^ Fj + i Li hy- 

Lemma 19. Let 

hjj > hx 


F ^ G 

he a cocartesian square with U open in X. Suppose that for any Z, {F\\h z ) w is 
solid. Then F w — > G w is solid. 

Proof. As F G is open by Proposition 33, the (G, F)J are defined. It suffices 
to prove that for each /, the open morphism (G, F)J +l -> (G, F)J is solid. 

By Lemma 18, this morphism sits in a cartesian and cocartesian square 

[21 

(fiber product) > (F ]J hx, F)^ 

i i < 45 - 4 > 

(G.F)" +I — ^ (G.F)f 

By assumption, ( F ]J hx) w is solid. It follows that ( F ]J hx)™ is solid too (apply 
Proposition 37 to the open morphism ( F ]J hx)^ (F LJ hx) w )- As [1] is open, 
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so is [2], and by Proposition 36, [2] is solid. The map [1] is then solid as a push-out 
of a solid map. □ 

Example 7. It is not always true that if / : A -* B is a solid morphism, so is 
f w . Take G the trivial group and W two points (i.e. S ]J S ). Then F w = F 2 . For 
any sheaf F , the inclusion / of F in F ]J pt is solid (deduced by push-out from 
0 -> /?£)> and applying (— )^, we obtain F 2 —>■ F 2 ]\F \\F ]\pt . Pulling back 
by the natural map from F to one of the summands F (an open map), we see that if 
f w is solid, so is F . 

Corollary 46. If f : F ^ G is open and G solid, then f w :F w ^G w is solid. 
In particular, if G is pointed solid, so is G w . 

Proof f w is open and one applies Theorem 7 and Proposition 36. □ 

We now define for pointed sheaves on (QP/G)m s a “smash” variant of the con- 
struction F i-> F w . If we assume that the marked point pt -> F is open, it is 

F AW ._ F W/( F , pt ^W 

that is F w with ( F , pt)Y contracted to the new base point. This definition can be 
repeated for any pointed sheaf if, for any monomorphism A -a F, we define(7 7 , A)Y 
to be the following subsheaf of F w : a section s of F W (X) = FfX x W) is in 
(. F , A)Y if for any non empty X' -> X, there exists a commutative diagram 

X" > X xW 

i i 

X' ^ X 


with X" non empty and s in A on X 

Example 8. Under the assumptions of Example 6, if U is open in X with comple- 
ment Z and if F = hx/ hu, then F AW is hx»/ hx»-z n , where X n has the natural 
action of S n . In particular, if F is the Thom space of a vector bundle E over Y (that 
is, He with He-s^y) contracted to the base point), then F AW is the Thom space of 
the S n -equi variant vector bundle 0/?r* E on Y n . 

Proposition 47. If a pointed sheaf F is pointed solid, that is if pt -> F is solid, 
then so is F AW . 

Proof As F w is solid, the open morphism ( F , pt)Y F w is solid too (Proposi- 
tion 36), and pt -> F AW is deduced from it by push-out. □ 

The definition of F AW immediately implies the following: 

Lemma 20. Let Y be a G -local henselian scheme. Then 


F aW (Y ) = /\F((W x Y)i) 
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where ( W x F)/ are G-local henselian schemes such that 

W xY = jjor x Y), 

i 


Proposition 48. The functor F AW respects local and A} -equivalences. 

Proof Let / : F -> H be a local equivalence. To check that F w — ► H w is a local 
equivalence it is enough to show that for any G-local henselian F, the map 

F W (Y) = F(Y x W) H(Y x W) = H w (Y) 

is a weak equivalence of simplicial sets. This follows from Lemma 20. 

Let / be an A 1 -equivalence. By the first part it is sufficient to show that 
R(f) w : R(F) W -> R{H) W is an A 1 -equivalence. We use the characterization of 
A ^equivalences given in Theorem 5. Since F m- F aW commutes with filtering col- 
imits and preserves local equivalences it suffices to check that it takes A ^homotopy 
equivalences to A ^homotopy equivalences. This is seen using the natural map 

f aw A(h Al )+^(F A(h Al )+r w . 


□ 
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